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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 59 |. This is test number [ 129 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (59 ) | 0.00 (0)
Mathematica | 89.83 (53 ) | 10.17 (6 )
Fricas 60.49 (41) | 30.51 (18)
Maple | 69.49 (41) |30.51 (18)
Giac 69.49 (41) | 30.51 (18)
Mupad 55.93 (33 ) | 44.07 ( 26 )
Maxima | 42.37 (25) | 57.63 (34)
Sympy 5.08 (3) |94.92 (56)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 61.02 16.95 11.86 10.17
Maple 54.24 15.25 0.00 30.51
Giac 50.85 18.64 0.00 30.51
Fricas 30.51 38.98 0.00 30.51
Maxima, 20.34 22.03 0.00 57.63
Mupad N/A 50.85 0.00 44.07
Sympy 5.08 0.00 0.00 94.92

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 6 100.00 % 0.00 % 0.00 %

Maple 18 100.00 % 0.00 % 0.00 %

Fricas 18 100.00 % 0.00 % 0.00 %

Giac 18 100.00 % 0.00 % 0.00 %

Maxima 34 61.76 % 0.00 % 38.24 %

Sympy 56 94.64 % 1.79 % 3.57 %

Mupad 26 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.10 113.10 0.95 69.00 1.00
Mathematica | 1.81 95.26 1.28 76.00 1.16
Maple 0.18 186.07 2.55 77.00 1.32
Maxima 0.36 109.96 2.24 95.00 1.85
Fricas 3.36 253.37 3.37 181.00 3.05
Sympy 0.00 0.00 0.00 0.00 0.00
Giac 0.43 125.54 1.99 91.00 1.58
Mupad 1.19 467.45 4.42 89.00 1.81

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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1.4 list of integrals that has no closed form
antiderivative

(5758159}
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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Chapter 2

detailed summary tables of results

Local contents
2.1 List of integrals sorted by grade for each CAS

2.2 Detailed conclusion table per each integral for all CAS systems . .. .. ...
2.3 Detailed conclusion table specific for Rubi results . . . ... ... ... ....
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1}2}[3} 4[5} [6}[7},8) 9} [10} 11} 12}[13} 14} [15} [16} 17, 18} 19} 220} 21} 22} [23} [24} [25) 26} [27]
[28,[29,30} 31}, 32} 33} 34} 135} [36} 37, (38}, 139} (40}, A1} 12} 43} A4}, (43}, 46}, 47} 48, (49} 50} [p 1} 52} 53}, 54} 55,
56,57, 558,59 }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { 2,16} 7,8} 9} 10} [11} [12} 13} [14} [L5} 16} [17} [L&} [28} [29} 30} [31} [32} 39} [40} [4 1} 42} [43} |4} [45]
[46} [47} 148, 49, [50} [5 1, 53} 57 b8} [59] }

B grade: { [1)5)/4,5,19)/20} 56,57,58,52 )

C grade: { [21}[22)[23}[24} 25 [26}[27 }

F grade: { [33][34,[35][54[65}[56] }

2.1.3 Maple

A grade: { [1}[2,(3} 4}[5}[6} 7} 8} [9 (L0} [11} 12} 36} [37} [38} [39} |40} |41} [42} 43} |44} [45) [46), A7} (48} [49) [50)
[6263,57 58 69 }

B grade: { }

C grade: { }

F grade: { 21)[22)23) 24, 25) 26,27} 28,29, B0} 51,52 53, B4 85,4, 6556 )

2.1.4 Maxima

A grade: { [4[5}[6}[16}36} 37, [38} 62, 53} 67} 58} 59 }
B grade: { [1}2,[3}[7} 8} 9 [L0} [L1} [12} 13} [14} 15} [17] }

C grade: { }

F grade: { [18[19[20}21) 22, 23} 24} 2526} [27} [28} [29} 30} 31} 32} 33} 34} [35}[39) 40} A1} |42} (43} 44}
45,46, |47, (48} 49} 50} 51} 54} 65, 56) }
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2.1.5 FriCAS

A grade: { [5,[6,[7}[8} [9,[L0} 16, {43, (44} 45} 46} A7} 48} [52, 53} 57} 58} 59 }
B grade: { [1,[23 /4 [11}[12}[13,[14 15} 17} [18} 19} [20} 36,37, 38} 39} 40} 41} 42} 40} 50} 51 }

C grade: { }
F grade: { (21,2225 225, 26,27) 28 29, B0, 51} B2 33, B, B3 54 55,669 )

2.1.6 Sympy

A grade: { }
B grade: { }

C grade: { }

F grade: { [1,2,5)85}6)(7) 010} 12 (3[4 15 16,7 15[ 20} 21 22, 23) 24,25, 26,2
I}E@@@@@@@@@@@@@@@@@@@@@@@@

2.1.7 Giac

A grade: { [T}[2}[3, 4} 5}[6} [7[8 [9 (L0} [T} L2} [37}[39} 40} AT} |42} (43} |44, [45 [46), 47} 48} 49}, 50} [52; 53}
678,59 }

B grade: { [T3 T4 15 16715 13, 20,56 38,51 }

C grade: { }

F grade: { 21,22 23, 24 25, 20) 27 25) 29, 50} 1) 52 53 5 55 6 65,661}

2.1.8 Mupad

A grade: { FTE8E)
B grade: { [1}[2,(3}4} 5}[6} (78} 9} 10} [L 1} [12} 36} (37} 38} 39} 40} 41} 42} 43} 4 [45, [46, (47 48} 49, 50
F1E3E3 )

C grade: { }

F.gﬁdf: { (314 [15,[16,[17}[18}[19}[20, 21} [22} 23} 24} 25,26} [27} [28} [29} 30} 31} 32} 33} 34} 35} [54}
5556
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A B A B B F A B
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 55 55 113 68 120 168 0 96 89
N.S. 1 1.00 2.05 1.24 2.18 3.05 0.00 1.75 1.62

time (sec) N/A 0.050 0.881 0.086 0.258 3.611 0.000 0.426 0.350

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A B B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 44 44 83 54 97 134 0 73 69
N.S. 1 1.00 1.89 1.23 2.20 3.05 0.00 1.66 1.57
time (sec) N/A 0.050 0.363 0.067 0.258  2.684 0.000 0.438 0.256

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A B A B B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 63 36 68 91 0 53 49
N.S. 1 1.00 2.33 1.33 2.52 3.37 0.00 1.96 1.81

time (sec) N/A 0.065 0.171 0.063 0.259 3.331 0.000 0.420 0.253
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 20 20 44 21 31 53 0 24 23
N.S. 1 1.00 2.20 1.05 1.55 2.65 0.00 1.20 1.15
time (sec) N/A 0.041 0.059 0.046 0.262 3.689 0.000 0.427 0.183
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 12 12 26 14 16 22 0 13 13
N.S. 1 1.00 2.17 1.17 1.33 1.83 0.00 1.08 1.08
time (sec) N/A 0.016 0.027 0.033 0.265 4400 0.000 0.411 0.172
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 28 28 47 37 50 54 0 32 27
N.S. 1 1.00 1.68 1.32 1.79 1.93 0.00 1.14 0.96
time (sec) N/A 0.010 0.092 0.065 0.464  3.546 0.000 0417 0.216
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 32 36 78 35 0 44 46
N.S. 1 1.00 1.28 1.44 3.12 1.40 0.00 1.76 1.84
time (sec) N/A 0.037 0.077 0.063 0.468 3.629 0.000 0.401 0.236
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 40 40 42 58 128 53 0 56 59
N.S. 1 1.00 1.05 1.45 3.20 1.32 0.00 1.40 1.48
time (sec) N/A 0.047 0.138 0.064 0.534 5.0565 0.000 0.422 0.273
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 49 66 180 70 0 67 78
N.S. 1 1.00 0.92 1.25 3.40 1.32 0.00 1.26 1.47
time (sec) N/A 0.052 0.181 0.079 0.469  3.438 0.000 0.433 0.347
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 66 66 57 90 230 81 0 91 93
N.S. 1 1.00 0.86 1.36 3.48 1.23 0.00 1.38 1.41
time (sec) N/A 0.058 0.232 0.084 0.475 3.889 0.000 0.398 0.402
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 108 67 142 124 0 60 52
N.S. 1 1.00 1.89 1.18 2.49 2.18 0.00 1.05 0.91
time (sec) N/A 0.053 0.342 0.109 0.488  3.007 0.000 0.439 0.406
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 88 88 123 97 228 181 0 86 78
N.S. 1 1.00 1.40 1.10 2.59 2.06 0.00 0.98 0.89
time (sec) N/A 0.084 0.972 0.133 0.474  3.571 0.000 0.434 2.178
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 80 535 417 318 0 250 -1
N.S. 1 1.00 1.23 8.23 6.42 4.89 0.00 3.85  -0.02
time (sec) N/A 0.068 1.943 0.165 0.480 5.051 0.000 0.584 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 44 44 69 275 200 212 0 195 -1
N.S. 1 1.00 1.57 6.25 4.55 4.82 0.00 443  -0.02
time (sec) N/A 0.022 0.098 0.128 0.476  4.140 0.000 0.563 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 32 199 148 120 0 353 -1
N.S. 1 1.00 1.23 7.65 5.69 4.62 0.00 13.58 -0.04
time (sec) N/A 0.012 0.059 0.223 0.482 3.825 0.000 0.586 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 62 62 54 221 83 219 0 205 -1
N.S. 1 1.00 0.87 3.56 1.34 3.53 0.00 3.31  -0.02
time (sec) N/A 0.045 0.137 0.125 0.497 2502 0.000 0.565 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 81 81 129 1141 150 427 0 243 -1
N.S. 1 1.00 1.59 14.09 1.85 5.27 0.00 3.00 -0.01
time (sec) N/A 0.078 0.442 0.132 0.485 4551 0.000 0.470 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 100 100 139 1961 0 546 0 286 -1
N.S. 1 1.00 1.39 19.61 0.00 5.46 0.00 2.86 -0.01
time (sec) N/A 0.115 0.540 0.116 0.000  3.274 0.000 0.494 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 37 37 108 114 0 309 0 111 -1
N.S. 1 1.00 2.92 3.08 0.00 8.35 0.00 3.00 -0.03
time (sec) N/A 0.041 0.439 1.336 0.000 4.121 0.000 0.806 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 101 117 0 322 0 101 -1
N.S. 1 1.00 2.66 3.08 0.00 8.47 0.00 2.66  -0.03
time (sec) N/A 0.048 1.349 1.264 0.000  3.846 0.000 0.855 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 254 254 102 0 0 0 0 0 -1
N.S. 1 1.00  0.40 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.200 7.005 0.157 0.000  0.000 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 213 213 46 0 0 0 0 0 -1
N.S. 1 1.00 0.22 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.090 1.708 0.121 0.000  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 254 254 110 0 0 0 0 0 -1
N.S. 1 1.00 0.43 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.123 1.950 0.129 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 514 514 120 0 0 0 0 0 -1
N.S. 1 1.00 0.23 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.222 13.574 0.131 0.000  0.000 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 470 470 109 0 0 0 0 0 -1
N.S. 1 1.00 0.23 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.177 7.820 0.124 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 508 508 46 0 0 0 0 0 -1
N.S. 1 1.00 0.09 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.203 7.602 0.121 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 552 552 72 0 0 0 0 0 -1
N.S. 1 1.00 0.13 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.227 8.026 0.121 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 48 0 0 0 0 0 -1
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.043 0.682 0.133 0.000  0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 73 0 0 0 0 0 -1
N.S. 1 1.00 1.06 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.049 1.885 0.142 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 156 156 178 0 0 0 0 0 -1
N.S. 1 1.00 1.14 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.141 4418 0.115 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 109 109 126 0 0 0 0 0 -1
N.S. 1 1.00 1.16 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.074 1.225 0.089 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 74 74 60 0 0 0 0 0 -1
N.S. 1 1.00 0.81 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.040 0.228 0.088 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 84 84 0 0 0 0 0 0 -1
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.045 0.642 0.094 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 83 83 0 0 0 0 0 0 -1
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.062 3.906 0.113 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 84 84 0 0 0 0 0 0 -1
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.073 6.819 0.291 0.000  0.000 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 107 107 568 112 125 217 0 205 314
N.S. 1 1.00 5.31 1.05 1.17 2.03 0.00 1.92 2.93
time (sec) N/A 0.081 6.268 0.169 0.267 3.330 0.000 0.419 0.623
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 73 73 152 86 95 155 0 134 234
N.S. 1 1.00 2.08 1.18 1.30 2.12 0.00 1.84 3.21
time (sec) N/A 0.036 0.688 0.142 0.275 3.477 0.000 0.423 0417
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 34 34 76 46 43 7 0 74 105
N.S. 1 1.00 2.24 1.35 1.26 2.26 0.00 2.18 3.09
time (sec) N/A 0.019 0.204 0.081 0.285 3.396 0.000 0.415 0.329
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 112 112 125 156 0 607 0 194 588
N.S. 1 1.00 1.12 1.39 0.00 5.42 0.00 1.73 5.25
time (sec) N/A 0.264 1.863 0.205 0.000 3.821 0.000 0.422 0.789
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 84 84 144 112 0 524 0 141 515
N.S. 1 1.00 1.71 1.33 0.00 6.24 0.00 1.68 6.13
time (sec) N/A 0.171 0.535 0.162 0.000 3.263 0.000 0.427 0.580
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 62 62 106 7 0 308 0 98 135
N.S. 1 1.00 1.71 1.24 0.00 4.97 0.00 1.58 2.18
time (sec) N/A 0.103 0.221 0.138 0.000 2751 0.000 0.417 0.485
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 62 53 0 245 0 63 129
N.S. 1 1.00 1.17 1.00 0.00 4.62 0.00 1.19 2.43
time (sec) N/A 0.072 0.068 0.108 0.000 2790 0.000 0.423 0.429
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 40 40 40 39 0 154 0 48 36
N.S. 1 1.00 1.00 0.98 0.00 3.85 0.00 1.20 0.90
time (sec) N/A 0.044 0.029 0.058 0.000 2944 0.000 0.414 0.287
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 59 68 0 238 0 7 184
N.S. 1 1.00 1.04 1.19 0.00 4.18 0.00 1.35 3.23
time (sec) N/A 0.042 0.119 0.096 0.000 3.817 0.000 0.426 0.452
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 61 61 56 73 0 235 0 7 766
N.S. 1 1.00 0.92 1.20 0.00 3.85 0.00 1.26 12.56
time (sec) N/A 0.069 0.104 0.092 0.000  3.157 0.000 0.404 0.652
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 82 82 78 112 0 285 0 112 1147
N.S. 1 1.00 0.95 1.37 0.00 3.48 0.00 1.37  13.99
time (sec) N/A 0.171 0.128 0.103 0.000  3.411 0.000 0.427 0.840
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 98 145 0 329 0 149 1218
N.S. 1 1.00 0.89 1.32 0.00 2.99 0.00 1.35  11.07
time (sec) N/A 0.263 0.256 0.125 0.000 4375 0.000 0.433 0.945
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 144 144 129 234 0 410 0 252 1639
N.S. 1 1.00  0.90 1.62 0.00 2.85 0.00 1.75  11.38
time (sec) N/A 0.376 0.331 0.148 0.000  3.386 0.000 0.408 1.258
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 108 108 139 168 0 493 0 158 2677
N.S. 1 1.00 1.29 1.56 0.00 4.56 0.00 1.46  24.79
time (sec) N/A 0.116 0.460 0.168 0.000  3.687 0.000 0.437 4.179
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 170 170 216 314 0 933 0 297 2500
N.S. 1 1.00 1.27 1.85 0.00 5.49 0.00 1.75 14.71
time (sec) N/A 0.210 1.176 0.259 0.000 3.330 0.000 0.416 8.803
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 239 239 279 545 0 1554 0 535 2500
N.S. 1 1.00 1.17 2.28 0.00 6.50 0.00 2.24 10.46
time (sec) N/A 0.338 2.131 0.389 0.000 4.263 0.000 0.449 12.384
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 66 34 49 33 0 49 39
N.S. 1 1.00 2.13 1.10 1.58 1.06 0.00 1.58 1.26
time (sec) N/A 0.021 0.053 0.073 0.477  3.439 0.000 0.428 0.245
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 68 68 67 48 71 52 0 45 27
N.S. 1 1.00 0.99 0.71 1.04 0.76 0.00 0.66 0.40
time (sec) N/A 0.026 0.056 0.071 0.476  3.877 0.000 0.426 0.291




34

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 274 274 0 0 0 0 0 0 -1
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.240 4.682 0.115 0.000  0.000 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 220 220 0 0 0 0 0 0 -1
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.156 2.936 0.095 0.000  0.000 0.000 0.000 0.000
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A F F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 104 104 0 0 0 0 0 0 -1
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.052 2.124  0.092 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 15 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.007 1.700 0.086 0.000  0.000 0.000 0.000 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.021 8443 0.112 0.000  0.000 0.000 0.000 0.000
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.027 6.174 0.309 0.000 0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [20] had the largest ratio of [28]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 6 5 1.00 13 0.385
2 A 6 6 1.00 13 0.462
3 A 4 4 1.00 13 0.308
4 A 3 3 1.00 13 0.231
5! A 1 1 1.00 11 0.091
6 A 2 2 1.00 12 0.167
7 A 4 4 1.00 11 0.364
3 A 5 5 1.00 13 0.385
9 A 6 ) 1.00 13 0.385
10 A 7 5 1.00 13 0.385
11 A 3 3 1.00 12 0.250
12 A 4 4 1.00 12 0.333
13 A ) ) 1.00 10 0.500
14 A 4 4 1.00 10 0.400
15 A 2 2 1.00 10 0.200
16 A 5 4 1.00 10 0.400
17, A 6 ) 1.00 10 0.500
18 A 7 6 1.00 10 0.600
19 A 2 2 1.00 25 0.080
20 A 2 2 1.00 28 0.071
21] A 4 4 1.00 25 0.160
22 A 3 3 1.00 25 0.120
23] A 4 4 1.00 25 0.160
24 A 6 6 1.00 25 0.240
25) A ) ) 1.00 25 0.200
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A 6 6 1.00 25 0.240
27 A 7 6 1.00 25 0.240
28 A 2 2 1.00 23 0.087
29 A 3 3 1.00 24 0.125
30 A ) ) 1.00 21 0.238
31 A 4 4 1.00 21 0.190
32 A 3 3 1.00 19 0.158
33 A 3 3 1.00 12 0.250
34 A 3 3 1.00 19 0.158
35 A 3 3 1.00 21 0.143
36 A 6 ) 1.00 12 0.417
37 A 5 4 1.00 12 0.333
38] A 4 4 1.00 12 0.333
39 A 9 9 1.00 13 0.692
40| A 8 8 1.00 13 0.615
41 A 7 7 1.00 13 0.538
42 A 6 6 1.00 13 0.462
43 A 4 4 1.00 11 0.364
44 A 4 4 1.00 12 0.333
45 A 6 6 1.00 11 0.546
46 A 7 7 1.00 13 0.538
47 A 8 7 1.00 13 0.538
48 A 9 7 1.00 13 0.538
49 A 6 6 1.00 12 0.500
50 A 7 7 1.00 12 0.583
51 A 8 7 1.00 12 0.583
52 A 2 2 1.00 12 0.167
53 A ) 4 1.00 12 0.333
54 A 8 5 1.00 21 0.238
55 A 7 4 1.00 21 0.190
56 A 3 3 1.00 19 0.158
57 A 0 0 0.00 0 0.000
58 A 0 0 0.00 0 0.000
59 A 0 0 0.00 0 0.000
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i csc”(c +dz)/a—acsclc+dz) dr . . . ...
Jes(e+ fz)(a+acscle+ fx))™dz . . . ..o
[esct(e+ fz)(a+acscle+ fx))™dx . . . . ..o
{(csc(e + fa(v) (a;lc— c)z)cscd(e +fx)™dr ...
a+acscle+ fx))™dr . . .. .o
[(a+ acsc(e+ fz))™ sin(e +fx)de ...
ﬁa+ chc e +CJ;:U)))) sin?(e+ fr)dr . . . . ...
a+ besc(c+dx
Jl@+besc(c+dz))ddr .. . ..o
Jl@+besclc+dz))®dr .. ...

SE@) G
a+bcsc(z)

)
a+bcsc(z)

3 ()
JaS@ i dn

S
a+bcsc(z)

(2@ gy

a+bcsc(z)

ISR =Y

~—
&.
8

f a+bcsc(c+dx)
f ()

a+bcsc(z)

i SIND) Gy

a+bcsc(z)

S dr

a+bcsc(z)

D)
a+b csc(m

f (a+b csc(c+dx))2
d ................................

(a+b csc(c+dz))3

(a+b csc(c+dac))4
L da: ...................................

p yous g dz . . . e
Jesc(e+ fz)(a+bescle+ fx)™dz . . . . .o
Jesc*(e+ fz)(a+bescle+ fr)™dr . . . ..o
[escle+ fx)(a+besc(e+ fx))™dz . . . ..o
Jla+bescle+ fe))™dx . . . . oo
J(a+besc(e+ fz))™sin(e+ fz)dr . . . . ...
[(a+besc(e+ fz))"sin®(e+ fr)ds . . . . . ...

345 csc(c+dx)
1

40
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CSC5 X
3.1 [ de

Optimal. Leaf size=55

3tanh™'(cos(z)) 4cot(z) 4cot®(z) 3cot(z)csc(z)  cot(z)cscd(z)
- - + +
2a a 3a 2a a + acsc(x)

[Out] 3/2*arctanh(cos(x))/a-4*cot(x)/a-4/3*cot(x)~3/a+3/2*cot (x)*csc(x)/a+cot(x)*
csc(x)~3/(at+a*csc(x))

Rubi [A]

time = 0.05, antiderivative size = 55, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.385,
integrand size

steps used = 6, number of rules used = 5, integrand size = 13
Rules used = {3903, 3872, 3853, 3855, 3852}

4cot’(z) 4cot(r) 3tanh'(cos(z)) cot(z)csc}(x)  3cot(z)csc(x)
- + +
3a a 2a acsc(z) +a 2a

Antiderivative was successfully verified.
[In] Int[Csc[x]"5/(a + a*Csc[x]),x]

[Out] (3*ArcTanh[Cos[x]])/(2*a) - (4*Cot[x])/a - (4*Cot[x]"3)/(3*a) + (3*Cot[x]*C
sclx])/(2%a) + (Cot[x]*Csc[x]~3)/(a + a*Csc[x])

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*xCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3872

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])"n, x], x] + Dist([b/d, Int[
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(d*Cscle + fxx])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, xl]

Rule 3903

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*x(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[d~2*Cot[e + f*x]*((d*Cscl[e + f*x])~(n - 2)/(fx(a +
bxCscl[e + f*x]))), x] - Dist[d~2/(axb), Int[(d*Cscl[e + f*x])~(n - 2)*(b*x(n
- 2) - ax(n - 1)*Cscle + £*x]), x], x] /; FreeQl[{a, b, d, e, £}, x] && EqQ[

a”2 - b™2, 0] && GtQ[n, 1]

Rubi steps

_ cot(z)esc®(x) [ escP(w)(3a — 4acsc(x)) do

a + acsc(z) a?
_ cot(z) csc’(z) 3 [csc’(z)dx N 4 [ csc*(z) dz
a + acsc(z) a a
_ 3cot(z)csc(z) | cot(z)csc*(z) 3 [csc(x)dz  4Subst (f (1 + 2?) dz, z, cot(z))
2a a + acsc(x) 2a a

_ 3tanh™'(cos(z)) 4cot(z)  4cot’(x) N

3cot(z) cse(z)  cot(z) csc?(z)

2a

a 3a 2a a + acsc(x)

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 113 vs. 2(55) =

110.

time = 0.88, size = 113, normalized size = 2.05

48sin (%)

—20cot (Z) +3csc? (2) + 361og (cos (Z)) — 361og (sin (%)) — 3sec? () + 8csc3(x) sin® (Z) + S (E) o) L ese! () sin(z) 4 20 tan (£)

24a

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~5/(a + a*Csc[x]),x]

[Out] (-20%Cot[x/2] + 3*Csc[x/2]"2 + 36*Logl[Cos[x/2]] - 36*Log[Sin[x/2]] - 3*Sec[
x/2]1°2 + 8*Csc[x] ~3*Sin[x/2]"4 + (48*Sin[x/2])/(Cos[x/2] + Sin[x/2]) - (Csc

[x/2] ~4xSin[x])/2 + 20%Tan[x/2])/(24%a)

Maple [A]
time = 0.09, size = 68, normalized size = 1.24
method | result size
7(%“3(%))— tan?(Z))+7tan(Z)— 1 + 1 S —12ln(tan(§))— 16
defa,ult 3 ( (2)) (2) 3tan(%)38atan(%)2 tan(%) 2 tan(%)+1 68
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- __ 9ie%i® 40 e8i7 2476”24 474 TieiT 439 27 —16 _ 3In(e*—1) | 3In(e**+1)
risch 3(e2® 1) (ito)a 5 T 2 99
ta;i ) tan ( ) _ (tanj(%)) (ta,n (%)) tan7( ) +tan284(%) _15(taz4(%)) 3ln(tan(%))
norman a o 2a o a — 103
tan(Z)* (tan(%)ﬂ) 20

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~5/(ata*csc(x)),x,method=_RETURNVERBOSE)

[Out] 1/8/a*(1/3*tan(1/2%x)"3-tan(1/2*x) " 2+7*tan(1/2%x)-1/3/tan(1/2%x)~3+1/tan(1/
2%x) ~2-7/tan(1/2%x)-12*1n(tan(1/2*x))-16/(tan(1/2*x)+1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 120 vs.

2(49) = 98.

time = 0.26, size = 120, normalized size = 2.18

21 sin(z) 3 sin(x)? sin(z)? 2sin(z) 18 sin(z)? 69 sin(z)? . ( sin(x) )
cos(z)+1 (cos(z)+1)2 (cos(z)+1)3 + cos(z)+1 (cos(z)+1)2 (cos(z)+1)3 1 . 3 lOg cos(z)+1
24 a 24 < asin(x)3 + asin(av)4 > 2a
(cos(z)+1)3 (cos(z)+1)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(ata*csc(x)),x, algorithm="maxima")

[Out] 1/24%(21*sin(x)/(cos(x) + 1) - 3*sin(x)~2/(cos(x) + 1)72 + sin(x)~3/(cos(x)
+ 1)73)/a + 1/24x(2*sin(x)/(cos(x) + 1) - 18*sin(x)~2/(cos(x) + 1)72 - 69%
sin(x)~3/(cos(x) + 1)73 - 1)/(a*sin(x)~3/(cos(x) + 1)°3 + axsin(x)~4/(cos(x

) + 1)74) - 3/2*log(sin(x)/(cos(x) + 1))/a

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 168 vs.

2(49) = 98.

time = 3.61, size = 168, normalized size = 3.05

52 cos (&) + 14 con (2)" — 48 cos o)+ (c0s (&) 2 cos (2 — (cos(a)" + 08 0)" = cos (&) — 1) sin (&) + 1) Iog & ms(l)p] 9 (cos ()" st(z) (pos(_ 2)° + cos (z)° — ( ) = 1) sin (2) + 1) log (—4 cos (&) + §) +2 (16 c0s ()" +9 cos (2)* — 15 cos (x) — 6) sin () 18 cos (&) + 12
12 (acos ()" ~ 2acos (z)" ~ ( cos (z)” + acos (z)” ~ acos (z) ~ a) sin (z) +a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(a+a*csc(x)),x, algorithm="fricas")

[Out] 1/12%(32*cos(x)"4 + 14*cos(x)”3 - 48*cos(x)”"2 + 9*(cos(x)"4 - 2*cos(x)"2 -
(cos(x)73 + cos(x)”2 - cos(x) - 1D)*sin(x) + 1)xlog(1l/2*cos(x) + 1/2) - 9*(c
os(x)~4 - 2*cos(x)"2 - (cos(x)"3 + cos(x)”2 - cos(x) - 1D)*sin(x) + 1)*log(-
1/2%cos(x) + 1/2) + 2x(16*cos(x)"3 + 9*cos(x)"2 - 15*cos(x) - 6)*sin(x) - 1
8*%cos(x) + 12)/(axcos(x)"4 - 2*a*cos(x)”"2 - (axcos(x)"3 + a*cos(x)”2 - axco

s(x) - a)*sin(x) + a)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
csc® (x)
f csc (z)+1 dx

a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**5/(ata*csc(x)),x)

[Out] Integral(csc(x)**5/(csc(x) + 1), x)/a
Giac [A]

time = 0.43, size = 96, normalized size = 1.75

_310g(|tan(%x)|) +aQtan(%z)s—3a2tan(%z)2+21a2tan(%x) a 2 +66 tan(%x)g—ﬂ tan(%x)2+3tan(%z)—l
2a 24 a3 a(tan (%z) +1) 24 a tan (%1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(ataxcsc(x)),x, algorithm="giac")

[Out] -3/2%log(abs(tan(1/2*x)))/a + 1/24x(a"2xtan(1/2*x)"3 - 3*a~2*tan(1/2*x)"2 +
21*%a~2*tan(1/2*x))/a~3 - 2/(a*x(tan(1/2*x) + 1)) + 1/24*(66*tan(1/2*x)~3 -
21*%tan(1/2*x) "2 + 3*xtan(1/2*x) - 1)/(axtan(1/2*x)~3)

Mupad [B]
time = 0.35, size = 89, normalized size = 1.62

7tan(Z) _ 23tan(§)3 + 6tan(§)2 - % + 3 _ tan(§)2 N tan(%)3 3 1n (tan(%))
8a 8atan (%)4+8atan (%)3 8a 24a 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(x)~5*(a + a/sin(x))),x)
[Out] (7*tan(x/2))/(8%a) - (6*tan(x/2)"2 - (2*%tan(x/2))/3 + 23*tan(x/2)"3 + 1/3)/
(8*axtan(x/2) "3 + 8*axtan(x/2)"4) - tan(x/2)"2/(8*%a) + tan(x/2)"3/(24*a) -

(8*log(tan(x/2)))/(2*a)
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CSC4 X
32 e de

Optimal. Leaf size=44

3 tanh ™' (cos(z)) 4 2cot(z)  3cot(z)csc(z) | cot(z) csc?(x)
2a a 2a a + acsc(x)

[Out] -3/2*arctanh(cos(x))/a+2*cot(x)/a-3/2*cot (x)*csc(x)/a+cot (x)*csc(x) 2/ (atax
csc(x))

Rubi [A]

time = 0.05, antiderivative size = 44, normalized size of antiderivative = 1.00, number of

number of rules _ ( 469
integrand size ’

steps used = 6, number of rules used = 6, integrand size = 13,
Rules used = {3903, 3872, 3852, 8, 3853, 3855}

2cot(z) 3tanh'(cos(z))  cot(z)csc?(x) _ 3cot(z) esc(z)
a 2a acsc(z) +a 2a

Antiderivative was successfully verified.
[In] Int[Csc[x]~4/(a + a*Csc[x]),x]

[Out] (-3*ArcTanh[Cos[x]])/(2%a) + (2*Cot[x])/a - (3*Cot[x]*Csc[x])/(2*a) + (Cotl[
x]*Csc[x]~2)/(a + a*Csc[x])

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cot[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]
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Rule 3872

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])"n, x], x] + Dist([b/d, Int[
(d*Cscle + f*x])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 3903

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (
a_)), x_Symbol] :> Simp[d~2xCot[e + f*x]*((d*Cscle + fxx])~(n - 2)/(fx(a +
bxCscl[e + f*x]))), x] - Dist[d~2/(a*b), Int[(d*Cscle + f*x])~(n - 2)*(b*x(n
- 2) - ax(n - 1)*Csc[e + f*x]), x], x] /; FreeQ[{a, b, d, e, £}, x] && EqQ[
a~2 - b~2, 0] && GtQ[n, 1]

Rubi steps

/ csct(x) i — cot(z) csc*(z) [ esc®(x)(2a — 3acsc(z)) dz

a + acsc(x) a + acsc(x) a?
_ cot(z)esc®(x) 2 [esc’(z)dz N 3 [esc®(z) dz
"~ a+acse(x) a a
_ 3cot(z) cse(x) | cot(x)cesc®(x) 3 [ csc(x)dz N 2Subst( [ 1dz, z, cot(z))
N 2a a + acsc(x) 2a a
3tanh™'(cos(x)) = 2cot(z) 3cot(z)csc(z) = cot(z)csc?(x)
=- + —~ +
2a a 2a a + acsc(x)

Mathematica [A]
time = 0.36, size = 83, normalized size = 1.89

16sin(%)

4cot (£) —csc? (2) —121og (cos (£)) + 121og (sin (%)) + sec? (%) — o (E) o)

8a

— 4tan (%)

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~4/(a + a*Csc[x]),x]

[Out] (4xCot[x/2] - Csc[x/2]72 - 12xLogl[Cos[x/2]] + 12#Log[Sin[x/2]] + Sec[x/2]"2
- (16%Sin[x/2])/(Cos[x/2] + Sin[x/2]) - 4*Tan[x/2])/(8%*a)

Maple [A]
time = 0.07, size = 54, normalized size = 1.23

] method \ result \ size ‘
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(2(8) o o 1 ,
S 2tan() 4 — —2+ v t6n(tan(5))
default ‘ (f)+14a“a“(7) 2 (?) 54
s(in?(5)) _can(5)  3(wr?(3)) _3(om(5) , e (5) z
a — a + a — a + a 3ln(ta‘n(7))
norman 8 e ?tan(Z)—i—l) b 8o 4 2 81
. —5e2iT 1 376317 1.3 o417 1 4 _jeiT 31n(ei1’_]_) _ 3ln(eiz+1)
risch < (e2i;e_1)2(ijeia:)a =+ 2a 2% 83

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~4/(at+a*csc(x)),x,method= RETURNVERBOSE)

[Out] 1/4/a*(1/2*tan(1/2%x)"2-2*tan(1/2*x)+8/(tan(1/2*x)+1)-1/2/tan(1/2*x)"2+2/ta
n(1/2*x)+6*1n(tan(1/2*x)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 97 vs.

2(40) = 80.
time = 0.26, size = 97, normalized size = 2.20

4sin(x) sin(z)? 3 sin(z) 20 sin(z)? _ < sin(z) )
_ cos(z)+1 (cos(z)+1)2 cos(z)+1 (cos(w)+1)2 1 n 3 log cos(z)+1
8a 8 ( asin(z)? + asin(z)3 ) 2a
(cos(z)+1)2 (cos(z)+1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(ata*csc(x)),x, algorithm="maxima")

[Out] -1/8%(4*sin(x)/(cos(x) + 1) - sin(x)"2/(cos(x) + 1)72)/a + 1/8%(3*sin(x)/(c
os(x) + 1) + 20*sin(x)"2/(cos(x) + 1)°2 - 1)/(a*sin(x)"2/(cos(x) + 1)°2 + a
*sin(x) "3/ (cos(x) + 1)73) + 3/2%log(sin(x)/(cos(x) + 1))/a

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 134 vs.
2(40) = 80.
time = 2.68, size = 134, normalized size = 3.05

8 008 (2)° + 6 cos (¢)” 3 (cos (x)° + cos () + (cos (z)” 1) sin (z) — c0s () — 1) Iog (2 cos ( )+ ) 3 (cos ()" + cos () + (cos («) ) 1) n (z) — cos () — 1) log (=4 cos (#) + 1) — 2 (4 cos ()* + cos () — 2) sin (#) — 6 cos (z) — 4
4 (acos( 08 (2)? —acos (2) + (acos (2) —a) sin (2) — a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(ata*csc(x)),x, algorithm="fricas")

[Out] 1/4*(8*cos(x)~3 + 6*cos(x)”"2 - 3*(cos(x)"3 + cos(x)"2 + (cos(x)"2 - 1)*sin(
x) - cos(x) - 1)*log(1/2*cos(x) + 1/2) + 3*(cos(x)”"3 + cos(x)"2 + (cos(x)"2

- 1)*sin(x) - cos(x) - 1)*log(-1/2*cos(x) + 1/2) - 2*x(4*cos(x)~2 + cos(x)

- 2)*sin(x) - 6*cos(x) - 4)/(a*cos(x)"3 + a*cos(x)~2 - a*cos(x) + (a*cos(x)

~2 - a)*sin(x) - a)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

csc? (x)
f csc (z)+1 dx

a
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(x)**4/(at+ta*csc(x)),x)

[Out] Integral(csc(x)**4/(csc(x) + 1), x)/a

Giac [A]
time = 0.44, size = 73, normalized size = 1.66

3log(han(%x)0 +_atan(%x)2——4atan(%x)_% 2 __18tan(%m)2——4tan(%x)4—1
2a 8 a? a(tan (3 ) +1) Satan (%mf

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(ataxcsc(x)),x, algorithm="giac")

[Out] 3/2*log(abs(tan(1/2*x)))/a + 1/8*(a*tan(1/2*x)~2 - 4*axtan(1/2*x))/a~2 + 2/
(ax(tan(1/2*x) + 1)) - 1/8+(18*tan(1/2*x)"2 - 4*tan(1/2*x) + 1)/(axtan(1/2*

x)"2)

Mupad [B]
time = 0.26, size = 69, normalized size = 1.57

10ten ()’ +**5% — 5 tan(5)  tan(3)’ 3 1n(tan(3))
z 2a 8a 2a

4 atan ( )3 + 4 atan (%)2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(x)~4*(a + a/sin(x))),x)
[Out] ((3*tan(x/2))/2 + 10*tan(x/2)"2 - 1/2)/(4xaxtan(x/2)"2 + 4*axtan(x/2)"3) -
tan(x/2)/(2*a) + tan(x/2)~2/(8*a) + (3*log(tan(x/2)))/(2*a)
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CSC3 X
33 [iaande

Optimal. Leaf size=27

tanh ™' (cos(z)) _cot(z)  cot(z)
a a a + acsc(z)

[Out] arctanh(cos(x))/a-cot(x)/a-cot(x)/(a+ta*xcsc(x))

Rubi [A]
time = 0.07, antiderivative size = 27, normalized size of antiderivative = 1.00, number of

number of rules _ ( 303
’ integrand size ’

steps used = 4, number of rules used = 4, integrand size = 13
Rules used = {3875, 3874, 3855, 3879}

_ cot(z) 4 tanh ™" (cos(r)) __ cot(z)
a a acsc(z) +a

Antiderivative was successfully verified.

[In] Int[Csc[x]~3/(a + a*Csc[x]),x]

[Out] ArcTanh[Cos[x]]/a - Cot[x]/a - Cot[x]/(a + axCsc[x])
Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3874

Int[cscl(e_.) + (£_.)*x(x_)]1"2/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscl[e + f*x], x], x] - Dist[a/b, Int[Cscle + f*x]/(a
+ bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3875

Int[cscl(e_.) + (£_.)*(x_)173/(cscl(e_.) + (f_.)*(x_)I*(b_.) + (a_)), x_Sym
bol] :> Simp[-Cot[e + fx*x]/(b*f), x] - Dist[a/b, Int[Cscle + f*x]~2/(a + b*
Cscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3879

Int[cscl(e_.) + (f_.)*x(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(fx(b + a*Csc[e + f*x])), x] /; FreeQl[{a, b, e, f}
, x] && EqQ[a~"2 - b~2, 0]

Rubi steps
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/ csc3(x) i — cot(z) / csc?(x) i

a + acsc(x) a a + acsc(x)
cot(z) [ esc(z)dz csc(z)
T a a +/a+acsc(x)dx
_ tanh ™ (cos(z)) _cot(z)  cot(z)
a a a + acsc(x)

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 63 vs. 2(27) =

54.
time = 0.17, size = 63, normalized size = 2.33

—cot (£) + 2log (cos (%)) — 2log (sin (%)) + % + tan (%)

2a

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~3/(a + a*Csc[x]),x]
[Out] (-Cot[x/2] + 2xLogl[Cos[x/2]] - 2*Log[Sin[x/2]] + (4%Sin[x/2])/(Cos[x/2] + S
in[x/2]) + Tan[x/2])/(2x%a)

Maple [A]
time = 0.06, size = 36, normalized size = 1.33

method | result size
an(Z)——4_ —— 1 __9In(tan(Z
default ) n(g) 1 an(%) ) 36
_S(tanQ(%))_tan(%)+tan4(%) ln(tan(ﬁ))
RO | T () e |
. 2(e2"m—2+ie”) ln(e”-i-l) ln(e”—l)
risch T (€2 1) (i+e®)a a - a 66

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~3/(at+a*csc(x)),x,method= RETURNVERBOSE)
[Out] 1/2/a*(tan(1/2*x)-4/(tan(1/2*x)+1)-1/tan(1/2*x)-2*1n(tan(1/2*x)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 68 vs.
2(27) = b4.
time = 0.26, size = 68, normalized size = 2.52
5 sin(z sin(z)
_ cos(x)(—i-)l +1 _ log <cos(w)+1> I sin (iL')
asin(z) asin(z)? a 2a(cos(xz) +1
2 (s + i) (eos (2) +1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(ata*csc(x)),x, algorithm="maxima")

[Out] -1/2%(5*sin(x)/(cos(x) + 1) + 1)/(a*sin(x)/(cos(x) + 1) + a*sin(x)~2/(cos(x
) + 1)72) - log(sin(x)/(cos(x) + 1))/a + 1/2*xsin(x)/(a*(cos(x) + 1))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 91 vs.

2(27) = 54.

time = 3.33, size = 91, normalized size = 3.37

4 cos (z)* + (cos (z)” — (cos (z) + 1) sin (z) — 1) log (} cos (z) + }) — (cos (z)* — (cos (z) + 1) sin (z) — 1) log (—1 cos (z) + 1) +2(2 cos (z) + 1) sin (z) + 2 cos (z) — 2
2 (acos ()* — (acos (z) + a) sin (z) — a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(ata*csc(x)),x, algorithm="fricas")

[Out] 1/2%(4*cos(x)”2 + (cos(x)”2 - (cos(x) + 1)*sin(x) - 1)*log(1l/2*cos(x) + 1/2
) = (cos(x)"2 - (cos(x) + 1)*sin(x) - 1)*log(-1/2*cos(x) + 1/2) + 2*(2*cos(
x) + 1)*sin(x) + 2xcos(x) - 2)/(a*cos(x)"2 - (a*cos(x) + a)*sin(x) - a)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
csc3 (x)
f csc (z)+1 dx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**3/(ata*xcsc(x)),x)
[Out] Integral(csc(x)**3/(csc(x) + 1), x)/a
Giac [A]
time = 0.42, size = 53, normalized size = 1.96
_log (!tan (% x) |) 4 tan (%x) n tan (% x)2 — 4 tan (% :c) -1
a 2a 2(tan (%x)z—i-tan (1z))a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(ataxcsc(x)),x, algorithm="giac")
[Out] -log(abs(tan(1/2*x)))/a + 1/2%tan(1/2*x)/a + 1/2*(tan(1/2*x)"2 - 4xtan(1/2x
x) - 1)/((tan(1/2*x)"2 + tan(1/2%x))*a)

Mupad [B]
time = 0.25, size = 49, normalized size = 1.81

tan (%) B 5tan(%) + 1 In (tan(5))

2a 2 a tan (§)2+2atan (%) a
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(x)~3*(a + a/sin(x))),x)

[Out] tan(x/2)/(2*%a) - (5*tan(x/2) + 1)/(2*a*tan(x/2) + 2%a*tan(x/2)"2) - log(tan
(x/2))/a
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3.4 [0 gy

a+a csc(z)

Optimal. Leaf size=20
_tanh_l(cos(x)) N cot(z)
a a + acsc(x)

[Out] -arctanh(cos(x))/at+cot(x)/(ata*csc(x))

Rubi [A]
time = 0.04, antiderivative size = 20, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.231,

steps used = 3, number of rules used = 3, integrand size = 13,
Rules used = {3874, 3855, 3879}

cot(z) tanh ™" (cos(r))
acsc(z) + a a

Antiderivative was successfully verified.

[In] Int[Csc[x]"2/(a + a*Csc[x]),x]

[Out] -(ArcTanh[Cos[x]]/a) + Cot[x]/(a + a*Csc[x])
Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3874

Int[cscl(e_.) + (£f_.)*(x_)172/(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscl[e + f*x], x], x] - Dist[a/b, Int[Cscle + f*x]/(a
+ bxCscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3879

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + axCsc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] && EqQ[a~2 - b~2, 0]

Rubi steps

csc?(z) _ Jesc(z)dz csc(x)
/ a + acsc(x) do = a / a + acsc(x)
B tanh ™' (cos(z)) cot(x)
a + acsc(x)
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Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 44 vs. 2(20) =

40.
time = 0.06, size = 44, normalized size = 2.20

2sin(%)
cos(Z)+sin(3)

—log (cos (%)) +log (sin (%)) —

a

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~2/(a + a*Csc[x]),x]
[Out] (-Logl[Cos([x/2]] + Log[Sin[x/2]] - (2*Sin[x/2])/(Cos[x/2] + Sin[x/2]))/a

Maple [A]
time = 0.05, size = 21, normalized size = 1.05

method | result size
- 2

default ln(tan(Q)):mn(%)H 21

norman a(tan(Qg)H) + ln(taz(%)) 24

risch (i+e2iw)a n 1n(ei:—1) _ 1n(e’:+1) 49

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~2/(ata*csc(x)),x,method=_RETURNVERBOSE)
[Out] 1/a*x(In(tan(1/2*x))+2/(tan(1/2*x)+1))

Maxima [A]
time = 0.26, size = 31, normalized size = 1.55

sin(z)
log (cos(m)+1> 2
a + a+ asin(z)
cos(z)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(ata*csc(x)),x, algorithm="maxima")
[Out] log(sin(x)/(cos(x) + 1))/a + 2/(a + a*sin(x)/(cos(x) + 1))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 53 vs.
2(20) = 40.
time = 3.69, size = 53, normalized size = 2.65

_ (cos (z) +sin (z) + 1) log (3 cos (z) + 1) — (cos (z) + sin (z) + 1) log (—21 cos (z) + 3) — 2 cos () + 2 sin (z) — 2
2(acos (z) + asin (z) + a)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(ata*csc(x)),x, algorithm="fricas")

[Out] -1/2%((cos(x) + sin(x) + 1)*log(1/2*cos(x) + 1/2) - (cos(x) + sin(x) + 1)x1
og(-1/2xcos(x) + 1/2) - 2%cos(x) + 2*sin(x) - 2)/(a*cos(x) + a*sin(x) + a)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

csc? (x)
f csc (z)+1 dx

a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**2/(ata*csc(x)),x)

[Out] Integral(csc(x)**2/(csc(x) + 1), x)/a

Giac [A]
time = 0.43, size = 24, normalized size = 1.20
log (|tan (3 z)|) 2
+ 1
a a(tan (5 x) + 1)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(x)~2/(ataxcsc(x)),x, algorithm="giac")
[Out] log(abs(tan(1/2*x)))/a + 2/(a*x(tan(1/2*x) + 1))

Mupad [B]
time = 0.18, size = 23, normalized size = 1.15

: (tan (g) - 1) 4 In (taél(g))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(x)~2*(a + a/sin(x))),x)
[Out] 2/(a*(tan(x/2) + 1)) + log(tan(x/2))/a
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3.5 | _osola) g

a+a csc(z)

Optimal. Leaf size=12
cot(z)
a + acsc(x)

[Out] -cot(x)/(ata*xcsc(x))

Rubi [A]
time = 0.02, antiderivative size = 12, normalized size of antiderivative = 1.00, number of
number of rules __

A =2 — (.091
integrand size ’

steps used = 1, number of rules used = 1, integrand size = 11,
Rules used = {3879}

_ cot(z)
acsc(z) +a

Antiderivative was successfully verified.
[In] Int[Csc[x]/(a + a*Csc[x]),x]
[Out] -(Cot[x]/(a + axCsc[x]))
Rule 3879

Int[cscl(e_.) + (£_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + a*Cscl[e + f*x])), x] /; FreeQl[{a, b, e, f}
, x] && EqQ[a~2 - b~2, 0]

Rubi steps

a + acsc(x) a + acsc(x)

/ csc(z) dr — — cot(z)

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 26 vs. 2(12) =
24.
time = 0.03, size = 26, normalized size = 2.17

2sin (%)

a (cos (5) +sin (5))

Antiderivative was successfully verified.

[In] Integrate[Csc[x]/(a + a*Csc[x]),x]
[Out] (2*Sin[x/2])/(a*(Cos[x/2] + Sin[x/2]))
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Maple [A]

time = 0.03, size = 14, normalized size = 1.17
method | result size
default —W 14
norman —m 14
risch —m 16

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)/(at+a*csc(x)),x,method=_RETURNVERBOSE)
[Out] -2/a/(tan(1/2*x)+1)

Maxima [A]
time = 0.27, size = 16, normalized size = 1.33
2
- asin(z)
a+ cos(z)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(at+a*csc(x)),x, algorithm="maxima")
[Out] -2/(a + a*sin(x)/(cos(x) + 1))
Fricas [A]
time = 4.40, size = 22, normalized size = 1.83
__cos(z) —sin(z) +1
acos(z) + asin(z) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(ata*csc(x)),x, algorithm="fricas")

[Out] -(cos(x) - sin(x) + 1)/(a*cos(x) + axsin(x) + a)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
csc ()
f csc (z)+1 dx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(ata*csc(x)),x)



[Out] Integral(csc(x)/(csc(x) + 1), x)/a
Giac [A]
time = 0.41, size = 13, normalized size = 1.08
2
a(tan (% :L') + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(at+a*csc(x)),x, algorithm="giac")
[Out] -2/(a*x(tan(1/2%x) + 1))

Mupad [B]
time = 0.17, size = 13, normalized size = 1.08
2

a (tan (£) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(x)*(a + a/sin(x))),x)

[Out] -2/(ax(tan(x/2) + 1))

o8
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1
3.6 f a+a csc(c+dx) dx

Optimal. Leaf size=28
x cot(c + dz)

a + d(a + acsc(c + dzr))

[Out] x/a+cot(d*x+c)/d/(ata*csc(d*xx+c))

Rubi [A]
time = 0.01, antiderivative size = 28, normalized size of antiderivative = 1.00, number of

number of rules _ 147
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3862, 8}
cot(c + dx) z

d(acsc(c+dz)+a) a

Antiderivative was successfully verified.

[In] Int[(a + a*Cscl[c + d*x])~(-1),x]

[Out] x/a + Cot[c + d*x]/(d*(a + a*Csc[c + d*x]))
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3862

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c

+ d*x])*((a + b*Cscl[c + d*x])"n/(d*x(2*n + 1))), x] + Dist[1/(a"2%(2*n + 1))
, Int[(a + b*Csc[c + d*x])"(n + 1)*(ax(2*n + 1) - bx(n + 1)*Csc[c + d*x]),

x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b2, 0] && LeQ[n, -1] && Inte
gerQ[2*n]

Rubi steps
/ 1 e — cot(c + dzx) N [adz
a+acsc(c+dz) ~  d(a+ acsc(c+ dz)) a?
T cot(c + dx)

a d(a+ acsc(c+dz))

Mathematica [A]
time = 0.09, size = 47, normalized size = 1.68

2sin (1 (ct+dx))
cos( % (c+dx))+sin (% (c+dz))

ad

c+dx —
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Antiderivative was successfully verified.

[In] Integrate[(a + a*Csc[c + d*x])~(-1),x]
[Out] (c + d*x - (2*Sin[(c + d*x)/2])/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))/(axd
)

Maple [A]
time = 0.06, size = 37, normalized size = 1.32

method result size
) = 5
I'lSCh a + da(i+ei(dz+c)) 29
2 arctan(tan(%’-ﬁ%) ) ++
. N « . 2tan( &L+ S )42
derivativedivides — an (4 +5) 37
2 arctan(tan(%+%> ) ++
2t L S)+2
default — an(4+5) 37

+ztan(d7w+%) _ 2tan(d7z+%)

S}

norman 52

a a.
tan<%+%)+l

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(ata*csc(d*x+c)),x,method=_RETURNVERBOSE)
[Out] 4/d/a*x(1/2*arctan(tan(1/2*d*x+1/2*c))+1/2/(tan(1/2*d*x+1/2*c)+1))

Maxima [A]
time = 0.46, size = 50, normalized size = 1.79

in(dz+c)
2 <arCtan(coss?dzic)+l> + 1 )

a asin(dz+c)
a+ cos(dz+c)+1

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(d*x+c)),x, algorithm="maxima")
[Out] 2*(arctan(sin(d*x + c)/(cos(d*x + c) + 1))/a + 1/(a + axsin(d*x + c)/(cos(d
*x + ¢c) +1)))/d
Fricas [A]
time = 3.55, size = 54, normalized size = 1.93
dz+ (dr +1)cos(dz +c) + (dr — 1)sin(dz +¢) + 1
ad cos (dz + ¢) + adsin (dz + ¢) + ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*csc(d*x+c)),x, algorithm="fricas")
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[Out] (d*x + (d*x + 1)*cos(d*x + c) + (d*x - 1)*sin(d*x + c) + 1)/(axd*cos(d*x +

c) + a*xd*sin(d*x + c) + axd)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
f csc (c—:dx)—i-l dzx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*csc(d*x+c)),x)

[Out] Integral(1l/(csc(c + d*x) + 1), x)/a

Giac [A]
time = 0.42, size = 32, normalized size = 1.14

dz+c + 2
a a(tan(% da:—l—% c)—i—l)

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+axcsc(d*x+c)),x, algorithm="giac")
[Out] ((d*x + c)/a + 2/(a*x(tan(1/2*d*x + 1/2xc) + 1)))/d
Mupad [B]
time = 0.22, size = 27, normalized size = 0.96

2
P c dz
a ad (tan ($+4%) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a/sin(c + d*x)),x)
[Out] x/a + 2/(a*xd*(tan(c/2 + (d*x)/2) + 1))
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3.7 | _sin@@) _ g0,

a+a csc(z)

Optimal. Leaf size=25
T 2cos(z) N cos(z)

a a a + acsc(z)

[Out] -x/a-2*cos(x)/a+cos(x)/(a+a*xcsc(x))

Rubi [A]
time = 0.04, antiderivative size = 25, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.364,

steps used = 4, number of rules used = 4, integrand size = 11,
Rules used = {3904, 3872, 2718, 8}

z  2cos(z) cos(z)

a a acsc(z) +a

Antiderivative was successfully verified.

[In] Int[Sin[x]/(a + a*Csc[x]),x]

[Out] -(x/a) - (2%Cos[x])/a + Cos[x]/(a + a*Csc[x])
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
({c, d}, x]

Rule 3872

Int[(cscl(e_.) + (f_.)*(x_)1*(@d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])"n, x], x] + Dist[b/d, Int[
(d*Cscle + fxx])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, xl]

Rule 3904

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Cscle + f*x])"n/(f*(a + b*Cscle +
f*x]))), x] - Dist[1/a"2, Int[(d*Cscl[e + f*x]) n*(a*x(n - 1) - b*n*Cscle + f
*x]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[n, O]

Rubi steps
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/ sin(z) dp — cos(z) [(—2a + acsc(z)) sin(z) dz

a + acsc(x) a + acsc(x) a?
_ cos(x) [1ldz N 2 [sin(z) dz
~ a+acsc(x) a a
x  2cos(z) cos(z)
=-=- +
a a a + acsc(z)

Mathematica [A]
time = 0.08, size = 32, normalized size = 1.28

T + cos(x) — %

a

Antiderivative was successfully verified.

[In] Integrate([Sin[x]/(a + a*Csc[x]),x]
[Out] -((x + Cos[x] - (2xSin[x/2])/(Cos[x/2] + Sin[x/2]))/a)

Maple [A]
time = 0.06, size = 36, normalized size = 1.44

method | result size
—— 2 _2arctan(tan(Z))— 2
default | —2(3)+ (o) e 36
: T et e~ 2
risch e 2% % T Grenya 43
_é_i’tan(%) _2(tan2(%)) _g_ztan(%) _z(tanz(%)) —z(tans(%)) 86
norman (tan?(3)+1) (tan(3)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(at+a*csc(x)),x,method=_RETURNVERBOSE)
[Out] 8/ax(-1/4/(tan(1/2*x) "2+1)-1/4*arctan(tan(1/2*x))-1/4/(tan(1/2*x)+1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 78 vs.
2(25) = 50.
time = 0.47, size = 78, normalized size = 3.12

2 sin(z) + sin(z)? +9 92 arctan sin(z)
cos(z)+1 (cos(z)+1)? _ cos(z)+1
asin(z) + asin(z)? + asin(z)? a

a+ cos(z)+1 (cos(z)+1)2 (cos(z)+1)*



64

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(ata*csc(x)),x, algorithm="maxima")

[Out] -2*(sin(x)/(cos(x) + 1) + sin(x)"2/(cos(x) + 1)°2 + 2)/(a + a*sin(x)/(cos(x
) + 1) + a*sin(x)"2/(cos(x) + 1)72 + a*sin(x)~3/(cos(x) + 1)73) - 2*xarctan(
sin(x)/(cos(x) + 1))/a
Fricas [A]
time = 3.63, size = 35, normalized size = 1.40
_ (= +2)cos () + cos (2)> + (x4 cos () — 1) sin (z) + z + 1
acos (x) + asin () + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(ata*csc(x)),x, algorithm="fricas")

[Out] -((x + 2)*cos(x) + cos(x)"2 + (x + cos(x) - 1)*sin(x) + x + 1)/(a*xcos(x) +
a*sin(x) + a)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
sin (z)
f csc (z)+1 dx
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(a+a*csc(x)),x)
[Out] Integral(sin(x)/(csc(x) + 1), x)/a
Giac [A]

time = 0.40, size = 44, normalized size = 1.76

. 2 (tan (32)° + tan (L 2) +2)

a (tan (% :u)3—|—tan (% x) + tan (% ) —|-1>a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(ata*csc(x)),x, algorithm="giac")

[Out] -x/a - 2x(tan(1/2*x)"2 + tan(1/2*x) + 2)/((tan(1/2*x)"3 + tan(1/2*x)"2 + ta
n(1/2%x) + 1)*a)

Mupad [B]
time = 0.24, size = 46, normalized size = 1.84

T 2tan(

%) 2tan(§) +4
a g <tan (%)2

) (tan (%) +1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(a + a/sin(x)),x)
[Out] - x/a - (2*tan(x/2) + 2*%tan(x/2)"2 + 4)/(ax(tan(x/2)"2 + 1)*(tan(x/2) + 1))
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2
sin®(z)
3.8 f a+a csc(z) dx
Optimal. Leaf size=40

3z | 2cos(z) 3cos(z)sin(z) cos(z)sin(z)
2a a 2a a + acsc(z)

[Out] 3/2*xx/a+2*cos(x)/a-3/2*cos(x)*sin(x)/a+cos(x)*sin(x)/(a+a*csc(x))

Rubi [A]
time = 0.05, antiderivative size = 40, normalized size of antiderivative = 1.00, number of

: number of rules _ ( gg5
integrand size ’

steps used = 5, number of rules used = 5, integrand size = 13
Rules used = {3904, 3872, 2715, 8, 2718}

3z  2cos(z) 3sin(z)cos(z)  sin(z)cos(z)
2a a 2a acsc(z) +a

Antiderivative was successfully verified.
[In] Int[Sin[x]"2/(a + a*Csc[x]),x]

[Out] (3*x)/(2*a) + (2*Cos[x])/a - (3*Cos[x]*Sin[x])/(2*a) + (Cos[x]*Sin[x])/(a +
a*Csc[x])

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3872

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])"n, x], x] + Dist([b/d, Int[
(dxCscle + f*x])"(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]

Rule 3904
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Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])~n/(fx(a + bxCscle +
f*x]))), x] - Dist[1/a"2, Int[(d*Csc[e + f*x]) n*(ax(n - 1) - b*n*Cscle + f
*xx]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[n, O]

Rubi steps

/ sin?(x) i — cos(z)sin(z)  [(—3a + 2acsc(z))sin’(z) dz

a + acsc(x) a + acsc(x) a?

_ cos(z)sin(z) 2 [ sin(z) dz N 3 [ sin®(z) dz

a + acsc(x) a a

2cos(z)  3cos(z)sin(z)  cos(z)sin(z) 3 [1ldz
= + +

a 2a a + acsc(x) 2a

_ 3z 2cos(z) 3cos(z)sin(z)  cos(z)sin(z)
"~ 2a a 2a a + acsc(z)

Mathematica [A]
time = 0.14, size = 42, normalized size = 1.05

8s1n( )
cos( )—i—sm(%)

4a

—6x — 4 cos(z) + + sin(2x)

Antiderivative was successfully verified.

[In] Integrate([Sin[x]~2/(a + a*Csc[x]),x]

[Out] -1/4%(-6*x - 4*Cos[x] + (8+Sin[x/2])/(Cos[x/2] + Sin[x/2]) + Sin[2#*x])/a

Maple [A]
time = 0.06, size = 58, normalized size = 1.45

method | result

. 3 iz —ix 2 in(2 )

risch % + e2_0, + eW + (i+e®)a : 4a$

2<(tan3(g>)+ta (%)_tangg) +1>

+3arctan(tan(%))+ 16
(tan2(“”)+1)2 8tan(§)+8

default 2 -

§_1:21.r15(%)_’_2(1:an4(%))—‘r_‘cane’(%) 3(tan (%))+3l 3ztan(§) 3z(tan2(%)) 3z(tan3(%)) Sz(tan4(%)) 3z(tan5(%))
norman a a a a a 2a 2a a a 2a 2a

(tan(§)+1)" (tan(§)+1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sin(x)~2/(ata*csc(x)),x,method=_RETURNVERBOSE)

[Out] 16/a*x(1/8%(1/2*tan(1/2*x) " 3+tan(1/2%x)~2-1/2*tan(1/2*x)+1)/(tan(1/2%x)~2+1)
~2+3/16*arctan(tan(1/2*x))+1/8/(tan(1/2*x)+1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 128 vs.

2(36) = 72.
time = 0.53, size = 128, normalized size = 3.20
sin(z) 5 sin(z)? 3 sin(z)® 3 sin(x)* ( sin(z) )
cos(xz)+1 (cos(z)+1)2 + (cos(z)+1)3 + (cos(z)+1)* +4 + 3 arctan cos(z)+1

asin(x) 2 a sin(z)? 2asin(z)® asin(z)*
a+ cos(z)+1 + (cos(z)+1)2 + (cos(z)+1)3 + (cos(z)+1)* + (cos(z)+1)®

asin(z)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(ata*csc(x)),x, algorithm="maxima")

[Out] (sin(x)/(cos(x) + 1) + 5*xsin(x)"2/(cos(x) + 1)72 + 3*sin(x)~3/(cos(x) + 1)~
3 + 3*sin(x)~"4/(cos(x) + 1)"4 + 4)/(a + axsin(x)/(cos(x) + 1) + 2*a*sin(x)”
2/(cos(x) + 1)72 + 2xa*sin(x)~3/(cos(x) + 1)°3 + ax*sin(x)~4/(cos(x) + 1)74

+ a*sin(x)~5/(cos(x) + 1)75) + 3*arctan(sin(x)/(cos(x) + 1))/a

Fricas [A]
time = 5.06, size = 53, normalized size = 1.32
cos (z)® + 3 (z + 1) cos () + 2 cos (z)* — (cos (2)? — 3z — cos () + 2)sin (z) + 3z +2
2 (acos (z) + asin (z) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(ata*csc(x)),x, algorithm="fricas")
[Out] 1/2*(cos(x)"3 + 3*(x + 1)*cos(x) + 2*xcos(x)"2 - (cos(x)"2 - 3*x - cos(x) +
2)*sin(x) + 3*x + 2)/(a*cos(x) + a*sin(x) + a)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

f sin? (z) dz

csc (z)+1
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)*#*2/(ata*csc(x)),x)

[Out] Integral(sin(x)**2/(csc(x) + 1), x)/a

Giac [A]
time = 0.42, size = 56, normalized size = 1.40

3z tan(%x)3+2tan(%x)2—tan(%a:)—|—2+ 2
2a (tan (%.’I,‘)2+1>2a a(tan (%1’) +1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(ata*csc(x)),x, algorithm="giac")

[Out] 3/2*x/a + (tan(1/2*x)"3 + 2*xtan(1/2*x)"2 - tan(1/2*x) + 2)/((tan(1/2*x)"2 +
1)72%a) + 2/(a*(tan(1/2*x) + 1))

Mupad [B]
time = 0.27, size = 59, normalized size = 1.48

3z 3tan(%)’ +3tan(2)’ +5tan(2)” + tan(2) +4
2a a (tan (2)* + 1)2 (tan (2) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)"2/(a + a/sin(x)),x)

[Out] (3*x)/(2*%a) + (tan(x/2) + 5*xtan(x/2)"2 + 3*xtan(x/2)"3 + 3*xtan(x/2)"4 + 4)/(
ax(tan(x/2)"2 + 1)~2%(tan(x/2) + 1))
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3.9 [-S@ gy

a+a csc(z)

Optimal. Leaf size=53

3z 4cos(z) 4cos®*(z) 3cos(z)sin(z) = cos(z)sin?(x)
+ +
2a a 3a 2a a + acsc(z)

[Out] -3/2*x/a-4*cos(x)/a+4/3*cos(x)~3/a+3/2*cos(x)*sin(x)/a+cos(x)*sin(x) "2/ (a+a
*csc(x))

Rubi [A]

time = 0.05, antiderivative size = 53, normalized size of antiderivative = 1.00, number of

number of rules _ 0.385,
’ integrand size

steps used = 6, number of rules used = 5, integrand size = 13
Rules used = {3904, 3872, 2713, 2715, 8}

3r 4cos’(x) 4cos(x) 3sin(z)cos(z)  sin?(z) cos(x)
-—+ - +
2a 3a a 2a acsc(z) +a

Antiderivative was successfully verified.
[In] Int[Sin[x]~3/(a + a*Csc[x]),x]

[Out] (-3*x)/(2*a) - (4*Cos[x])/a + (4*Cos[x]~3)/(3*a) + (3*Cos[x]*Sin[x])/(2*a)
+ (Cos[x]*Sin[x]~2)/(a + a*Csc[x])

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)7((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3872

Int[(cscl(e_.) + (f_.)*(x_)1*(@d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])~"n, x], x] + Dist[b/d, Int[
(d*Cscle + f*x])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]
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Rule 3904

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])~n/(fx(a + bxCsc[e +
f*x]))), x] - Dist[1/a"2, Int[(d*Cscl[e + f*x]) n*(a*x(n - 1) - b*n*Cscle + f
*x]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[n, 0]

Rubi steps

/ sin®(z) _ cos(z) sin’(z)  [(—4a + 3acsc(x)) sin’(z) dz
a + acsc(x) a + acsc(x) a?
_ cos(z) sin’(z) 3 [sin®(z)dz N 4 [ sin®(z) dz
a + acsc(x) a a

_3 cos(z) sin(x)

N cos(z)sin’*(z) 3 [1ldr 4Subst(/ (1 —2°) d,z,cos(z))

2a a + a csc(z) 2a a
3z 4cos(z) 4cos®(z)  3cos(z)sin(z) = cos(z)sin?(z)
=—0 - +
2a a 3a 2a a + acsc(x)
Mathematica [A]
time = 0.18, size = 49, normalized size = 0.92
. . SSin(%) .
21 cos(z) + cos(3z) + 3( —6x + s (@) ey T sin(2z)
2 2

12a
Antiderivative was successfully verified.

[In] Integrate[Sin[x]~3/(a + a*Csc[x]),x]

[Out] (-21%Cos[x] + Cos[3*x] + 3*(-6*x + (8*Sin[x/2])/(Cos[x/2] + Sin[x/2]) + Sin

[2%x]))/(12*a)
Maple [A]
time = 0.08, size = 66, normalized size = 1.25
method | result
R
(s (g agen(g))- g z
default (B (ta“2(%):1) “Serctan(ten(3))
_S(ten?(8))  5(on®(§)) gy g 2mten(§) Selten(§)) se(tend(§)) sa(ten(§)) sx(ten®(§)) 2z(tend(§)) oa(:
notman (1an(3)+1)° (an(3)+1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~3/(ata*csc(x)),x,method=_RETURNVERBOSE)
[Out] 32/a*x(-1/16/(tan(1/2*x)+1)-1/16*(1/2*xtan(1/2*x) “5+tan(1/2*x) ~4+4*tan(1/2%x)
~2-1/2xtan(1/2*x)+5/3) /(tan(1/2*x) ~2+1) ~3-3/32*arctan(tan(1/2*x)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 180 vs.

2(47) = 94.
time = 0.47, size = 180, normalized size = 3.40

7 sin(z) 39 sin(z)? 24 sin(z)* 24 sin(z)* 9 sin(z)® 9 sin(z)® ( sin(z) )
_ cos(z)+1 (cos(z)+1)2 + (cos(z)+1)3 + (cos(z)+1)% + (cos(z)+1)° + (cos(z)+1)° +16 _ 3 arctan cos(z)+1
asin(z) 3asin(z)? 3asin(z)? 3asin(z)? 3asin(z)® asin(z)® asin(z)” a
3 <a + cos(x)+1 + (cos(z)+1)2 + (cos(z)+1)3 + (cos(z)+1)% + (cos(z)+1)° + (cos(z)+1)° + (cos(z)+1)7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(at+a*csc(x)),x, algorithm="maxima")

[Out] -1/3*%(7*sin(x)/(cos(x) + 1) + 39*sin(x)~2/(cos(x) + 1)72 + 24*sin(x)~3/(cos
(x) + 1)73 + 24*sin(x)"4/(cos(x) + 1)74 + 9*sin(x)~5/(cos(x) + 1)75 + 9%sin
(x)"6/(cos(x) + 1)76 + 16)/(a + a*sin(x)/(cos(x) + 1) + 3*xa*sin(x)~2/(cos(x

) + 1)72 + 3*a*sin(x)"3/(cos(x) + 1)°3 + 3*a*sin(x)~"4/(cos(x) + 1)74 + 3*a*
sin(x)~5/(cos(x) + 1)°5 + a*sin(x)~6/(cos(x) + 1)76 + a*sin(x)~7/(cos(x) +

1)77) - 3*arctan(sin(x)/(cos(x) + 1))/a

Fricas [A]
time = 3.44, size = 70, normalized size = 1.32

2 cos (z)* — cos (z)* — 3 (3 + 5) cos () — 12 cos (z)* + (2 cos (z)° + 3 cos (z)* — 9z — 9 cos (z) + 6) sin (z) — 9z — 6
6 (acos (z) + asin (z) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(ataxcsc(x)),x, algorithm="fricas")

[Out] 1/6*%(2%cos(x)"4 - cos(x)"3 - 3*%(3*x + 5)*cos(x) - 12%cos(x)"2 + (2*cos(x)"3
+ 3%cos(x)"2 - 9%x - 9%cos(x) + 6)*sin(x) - 9*%x - 6)/(axcos(x) + a*sin(x)

+ a)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

sin? (z)
f csc (z)+1 dx

a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(x)**3/(at+a*csc(x)),x)

[Out] Integral(sin(x)*#*3/(csc(x) + 1), x)/a

Giac [A]
time = 0.43, size = 67, normalized size = 1.26
3z 2

3 tan (3 x)5 + 6 tan (3 x)4 + 24 tan (%x)z —3tan(3z)+10

2a  a(tan (3z) +1) 3<tan (%x)2+1>3a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(ataxcsc(x)),x, algorithm="giac")
[Out] -3/2*x/a - 2/(a*x(tan(1/2%x) + 1)) - 1/3%(3*tan(1/2*x)"5 + 6*%tan(1/2*x)"4 +
24xtan(1/2%x)"2 - 3*xtan(1/2*x) + 10)/((tan(1/2*x)"2 + 1)"3%a)

Mupad [B]
time = 0.35, size = 78, normalized size = 1.47

3z 3tan(%)°+3tan(2)’ +8tan(%)" + 8tan(2)’ + 13tan(5)”* + 53 4 10

2a a (tan (%)2 + 1)3 (tan (%) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~3/(a + a/sin(x)),x)
[Out] - (3*x)/(2*a) - ((7*tan(x/2))/3 + 13*xtan(x/2)"2 + 8*tan(x/2)"3 + 8*tan(x/2)
~4 + 3*tan(x/2)°5 + 3*xtan(x/2)°6 + 16/3)/(a*x(tan(x/2)"2 + 1)~ 3*x(tan(x/2) +

1))
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3.10 [-S0@ gy

a+a csc(z)

Optimal. Leaf size=66

15z  4cos(z) 4cos®(z) 15cos(z)sin(z) 5cos(z)sind®(z)  cos(z)sin®(z)
+ = = = +
8a a 3a 8a 4a a+ acsc(x)

[Out] 15/8*x/a+4*cos(x)/a-4/3*cos(x)~3/a-15/8*cos(x)*sin(x)/a-5/4*cos(x)*sin(x) "3
/at+cos (x)*sin(x) ~3/(ata*csc(x))

Rubi [A]

time = 0.06, antiderivative size = 66, normalized size of antiderivative = 1.00, number of

number of rules _ ( gg5
’ integrand size ’

steps used = 7, number of rules used = 5, integrand size = 13
Rules used = {3904, 3872, 2715, 8, 2713}

15z 4cos’(x) N 4cos(z) 5sin’(z)cos(z) 15sin(x)cos(z) | sin’(z)cos(z)
8a 3a a 4a 8a acsc(z) +a

Antiderivative was successfully verified.
[In] Int[Sin[x]~4/(a + a*Csc[x]),x]

[Out] (15%x)/(8%a) + (4*Cos[x])/a - (4*Cos[x]~3)/(3*a) - (15*%Cos[x]*Sin[x])/(8*a)
- (5%Cos[x]*Sin[x]~3)/(4*a) + (Cos[x]*Sin[x]~3)/(a + a*xCsc[x])

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)7((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3872

Int[(cscl(e_.) + (f_.)*(x_)1*(@d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Dist[a, Int[(d*Csc[e + f*x])~"n, x], x] + Dist[b/d, Int[
(d*Cscle + f*x])~(n + 1), x], x] /; FreeQ[{a, b, d, e, f, n}, x]
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Rule 3904

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])~n/(fx(a + bxCsc[e +
f*x]))), x] - Dist[1/a"2, Int[(d*Cscl[e + f*x]) n*(a*x(n - 1) - b*n*Cscle + f
*x]), x], x] /; FreeQ[{a, b, d, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[n, 0]

Rubi steps
sin(z) _cos(z)sin®(z)  [(—5a+ 4acsc(z))sin’(z) dz
/ a+acsc(zr)  a+acse(zr) a?
_ cos(z)sin’(z) 4 [sin’(z)dz N 5 [ sin*(z) dz
a + acsc(x) a a
_ 5cos(z)sin’(z) | cos(z)sin’(z) N 15 [ sin®(z) dz N 4Subst ([ (1 — #?) dz, , cos(:
4a a + acsc(zx) 4a a
4cos(z) 4cos®(z) 15cos(z)sin(z) 5cos(z)sin®(z) cos(z)sin®(z) 15 [1a
" a4 3a 8a B 4a a + acsc(zx) 8a
_ 15z N 4cos(z) 4cos’(x) 15cos(z)sin(z)  5cos(z)sin’(z)  cos(z)sin’(z)
8a a 3a 8a 4a a + acsc(x)

Mathematica [A]
time = 0.23, size = 57, normalized size = 0.86

64sin(%)
cos(Z)+sin(L)

96a

168 cos(z) — 8 cos(3z) + 3 (601’ - — 16sin(2z) + sin(4x)>

Antiderivative was successfully verified.

[In] Integrate([Sin[x]~4/(a + a*Csc[x]),x]

[Out] (168*Cos[x] - 8*Cos[3*x] + 3*(60*x - (64*Sin[x/2])/(Cos[x/2] + Sin[x/2]) -
16xSin[2*x] + Sin[4x*x]))/(96*a)

Maple [A]
time = 0.08, size = 90, normalized size = 1.36

method | result

: 15z 7e® Te i@ 2 sin(4x) cos(3z) sin(2z)
risch Bt 8¢ T 80 Taremat 3¢ — 12 2
7 tan? (& 15(tan® (2 15(tan3 (2 17(tan2 (2 7tan( &
() g D) ) o) ) g
32tan(£)+32+ (tan2(z)+1)4 + 1
default 2 2

a
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2 3 4 5(x 6(x T(x 8(x
18572; % 15:bt::(%)+15z(ta2na (%))+15z(ta2na (%))+45z(ta:a (%))+45z(ta:a (7))+15z(ta2na (7)>+15m(ta2na (7))+15m(ta8na (7)

(tan? (3) -

norman

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~4/(at+a*csc(x)),x,method=_RETURNVERBOSE)

[Out] 64/ax(1/32/(tan(1/2*x)+1)+1/32*%(7/8*tan(1/2*x) ~7+tan(1/2*x) ~6+15/8xtan(1/2*
x) "5+5xtan(1/2*x) ~4-15/8*tan(1/2*x) ~3+17/3*tan(1/2*x) ~2-7/8*tan(1/2*x)+5/3)
/(tan(1/2*x) ~2+1)~4+15/256*xarctan(tan(1/2*x)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 230 vs.
2(58) = 116.
time = 0.48, size = 230, normalized size = 3.48

19 sin(z) 211 sin(z)? 91 sin(z)® 219 sin(z)* 165 sin(z)® 165 sin(z)® 45 sin(z)” 45 sin(z)® ( sin(x) )
cos@H T (cos@+1)? T Cos@11) T os@+1)T T cos@+1)® T (cos@+1)® T Geos@+1)” T (eos@t)® T 64 + 15 arctan | ooy
asin(z) 4asin(z)? 4asin(z)® 6 asin(z)* 6asin(z)® 4asin(z)® 4asin(z)” asin(z)® asin(z)® 4a

12 <a + cos(z)+1 + (cos(z)+1)2 + (cos(z)+1)3 + (cos(z)+1)* + (cos(z)+1)° + (cos(z)+1)8 + (cos(z)+1)7 + (cos(x)+1)8 (cos(z)+1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(ata*csc(x)),x, algorithm="maxima")

[Out] 1/12*x(19*sin(x)/(cos(x) + 1) + 211*sin(x)~2/(cos(x) + 1)°2 + 91xsin(x)~3/(c

os(x) + 1)73 + 219*sin(x)~4/(cos(x) + 1)74 + 165*sin(x)"5/(cos(x) + 1)°5 +
165*%sin(x) "6/ (cos(x) + 1)76 + 45xsin(x)"7/(cos(x) + 1)°7 + 45*sin(x)~8/(cos

(x) + 1)°8 + 64)/(a + axsin(x)/(cos(x) + 1) + 4*a*sin(x)~"2/(cos(x) + 1)72 +
4xaxsin(x) "3/ (cos(x) + 1)73 + 6*axsin(x)~4/(cos(x) + 1)74 + 6*a*xsin(x)~5/(
cos(x) + 1)°5 + 4xa*sin(x)~6/(cos(x) + 1)76 + 4xa*sin(x)~7/(cos(x) + 1)°7 +
a*sin(x) "8/ (cos(x) + 1)78 + a*sin(x)~9/(cos(x) + 1)79) + 15/4*arctan(sin(x

)/(cos(x) + 1))/a

Fricas [A]
time = 3.89, size = 81, normalized size = 1.23

6 cos (z)° + 8 cos (z)* — 25 cos (z)* — 45 (z + 1) cos () — 48 cos (z)* — (6 cos (z)* — 2 cos (z)* — 27 cos (z)® + 452 + 21 cos (z) — 24) sin () — 452 — 24
B 24 (acos () + asin (z) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(ata*csc(x)),x, algorithm="fricas")

[Out] -1/24*%(6*cos(x)"5 + 8*cos(x)"4 - 25%cos(x)”~3 - 45%(x + 1)*cos(x) - 48xcos(x
)"2 - (6%cos(x)"4 - 2*cos(x)"3 - 27*cos(x)"2 + 45%x + 21*cos(x) - 24)*sin(x

) - 45%x - 24)/(a*cos(x) + a*sin(x) + a)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

sin* (z)
f csc (z)+1 dx

a



(s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)*#*4/(ata*csc(x)),x)
[Out] Integral(sin(x)*#*4/(csc(x) + 1), x)/a

Giac [A]
time = 0.40, size = 91, normalized size = 1.38

1510Jr 2 21 tan (%z)7+24 tan (%z)6+45 tan (%m)5+120 tan (%x)4—45 tan (%z)3+136 tan (%z)2—21 tan (3 z) + 40
1
8a  af(tan(37)+1) 12 (tan (%z)z-‘rl) a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(a+a*csc(x)),x, algorithm="giac")

[Out] 15/8*x/a + 2/(a*(tan(1/2*x) + 1)) + 1/12x(21xtan(1/2*x)"7 + 24*xtan(1/2*x)”6
+ 45%tan(1/2*x)"5 + 120*tan(1/2%x) "4 - 45%tan(1/2*x)"3 + 136*tan(1/2*x) "2

- 21xtan(1/2*x) + 40)/((tan(1/2*x)~2 + 1) 4xa)

Mupad [B]
time = 0.40, size = 93, normalized size = 1.41

z)8 an(Z)” an(Z)8 an(Z)° an(Z)* an(2)? an(Z)?2 an(Z
151 N 15tai(2) gL 4(2) 4 55 4(2) 4 558 4(2) I 4(2) 4o 12(2) 211t12(2) n 19t12(2) 16
4
8a a (tan (%)2 + 1) (tan (g) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~4/(a + a/sin(x)),x)

[Out] (15%x)/(8%a) + ((19%tan(x/2))/12 + (211xtan(x/2)~2)/12 + (91xtan(x/2)"3)/12
+ (73*tan(x/2)"4)/4 + (55%tan(x/2)"5)/4 + (55%tan(x/2)"6)/4 + (15%tan(x/2)
~7)/4 + (15%tan(x/2)"8)/4 + 16/3)/(ax(tan(x/2)~2 + 1)~4x*(tan(x/2) + 1))
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1
3.11 f (a+a csc(c+dzx))? dx

Optimal. Leaf size=57

L2 4 cot(c + dx) cot(c + dzx)
a?  3a%d(1+csc(c+dx))  3d(a+ acsc(c+ dr))?

[Out] x/a"2+4/3*cot(d*x+c)/a~2/d/(1+csc(d*x+c))+1/3*cot (d*x+c)/d/ (a+axcsc(d*x+c))
-2

Rubi [A]

time = 0.05, antiderivative size = 57, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {3862, 4004, 3879}

4 cot(c + dzx) L2y cot(c + dzx)
3a%d(csc(c+dx)+1)  a?  3d(acsc(c+ dx) + a)?

Antiderivative was successfully verified.
[In] Int[(a + a*Csclc + d*x])~(-2),x]

[Out] x/a"2 + (4*Cot[c + d*x])/(3*a"~2%d*(1 + Csc[c + d*x])) + Cotlc + d*xx]/(3*xdx*(
a + axCsclc + d*xx])~2)

Rule 3862

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + b*Cscl[c + d*x]) " n/(d*x(2*n + 1))), x] + Dist[1/(a"2%(2*n + 1))
, Int[(a + b*Csc[c + d*x])"(n + 1)*(a*x(2*n + 1) - b*(n + 1)*Csc[c + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b2, 0] && LeQ[n, -1] && Inte
gerQ[2*n]

Rule 3879

Int[cscl(e_.) + (£_.)*(x_)1/(cscl(e_.) + (£_)*(x_)]1*(_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + axCsc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] & EqQ[a~2 - b2, 0]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)1*(@d_.) + (c))/(cscl(e_.) + (£_)*x(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rubi steps
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f —3a+a csc(c+dz) dz

/ 1 dr — COt(C + dw) _ a+a csc(c+dz)
(a+acsc(c+dz))2 "~ 3d(a+ acsc(c+ dr))? 3a2
oz cot(c + dx) 4 J ajjcc(scc-{cd-f()iz) dz
~ a2 ' 3d(a+acsc(c+dr))? 3a
z cot(c + dx) 4 cot(c + dx)

A 3d(a+acsc(c+dx))?  3d(a?+ a?csc(c+ dx))

Mathematica [A]
time = 0.34, size = 108, normalized size = 1.89

3(—4 + 3¢+ 3dz) cos (3(c + dz)) + (10 — 3c — 3dz) cos (3(c + dx)) + 6(—3 + 2¢c + 2dx + (¢ + dz) cos(c + dz)) sin (3 (c + dz))
6a2d (cos (3(c + dz)) + sin (3(c+ dz)))?

Antiderivative was successfully verified.

[In] Integrate[(a + a*Csc[c + d*x])~(-2),x]

[Out] (3*(-4 + 3*c + 3*d*x)*Cos[(c + d*x)/2] + (10 - 3*c - 3*d*x)*Cos[(3*(c + d*x
))/2] + 6%(-3 + 2%c + 2%d*x + (c + d*x)*Cos[c + d*x])*Sin[(c + d*x)/2])/(6%
a~2xd*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])"3)

Maple [A]

time = 0.11, size = 67, normalized size = 1.18

method result size

. 6iei(dz+c)+4e2i(dw+c)_m
z 3
risch a? + da? (i+ei(de+o)) 3 54

2arCtan(tan(d2z+c)> + da:20 2+4t df c
+35)+4
derivativedivides (t‘“‘( )ZJ; (ton(%r5)+1)" 4ran(F+5) 67
2arctan(tan( 424+<))— 4 + 2 8
defau].t ( ( 2)) 3(tan(g}+%);r212ls (tan(%&+%)+1)2 4tan(d2l+%)+4 67
tan3 d—x+9 4(tan2 dz+g 3z tan d—z+9 3z (tan2(4Z + < 2(tan3 d—x+9
z 2 2 2 2 2 2 2 2 2
norman ot a - ad PR—. p tamaT e | 118

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+a*csc(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] 8/d/a"2%(1/4*arctan(tan(1/2*xd*xx+1/2*c))-1/6/(tan(1/2*d*x+1/2*%c)+1)"3+1/4/(t
an(1/2xd*xx+1/2*c)+1)"2+1/4/(tan(1/2*d*x+1/2*c)+1))
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Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 142 vs.

2(53) = 106.
time = 0.49, size = 142, normalized size = 2.49
9 sin(dz+c) 3 sin(d:c+c)2 in(dz+c)
cos(dz+c)+1 + (cos(dz+c)+1)2 +4 + 3 a'I‘Cta‘n<cossl(nd:cG-EQ—C)C-Q—I )
a2+ 3a2sin(dz+c) , 3a2sin(dz+c)? a2 sin(dz+c)3 a?
cos(dz+c)+1 ' (cos(dz+c)+1)2 ' (cos(dz+c)+1)3
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(d*x+c))~2,x, algorithm="maxima")
[Out] 2/3*((9*sin(d*x + c)/(cos(d*x + c) + 1) + 3*sin(d*x + c)~2/(cos(d*x + c) +
1)°2 + 4)/(a"2 + 3*xa"2*sin(d*x + c)/(cos(d*x + c) + 1) + 3*a~2*sin(d*x + c)
~2/(cos(d*x + c) + 1)72 + a"2xsin(d*x + c)~3/(cos(d*x + c) + 1)73) + 3*arct
an(sin(d*x + c)/(cos(d*x + c) + 1))/a~2)/d
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 124 vs.
2(53) = 106.
time = 3.01, size = 124, normalized size = 2.18
(3dz — 5) cos (dz + ¢)* — 6dx — (3dz + 4) cos (dz + ¢) — (6dz + (3dz + 5) cos (dz + ¢) + 1) sin (dz + ¢) + 1

3 (a2d cos (dz + ¢)* — a2d cos (dz + ¢) — 2 a2d — (a*d cos (dz + ) + 2 a%d) sin (dz + c))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(d*x+c))~2,x, algorithm="fricas")

[Out] 1/3%((3*%d*x - 5)*cos(d*x + c)~2 - 6xd*x — (3*d*x + 4)*cos(d*x + c) — (6*dx*x
+ (3*%d*x + B5)*cos(d*x + c) + 1)*sin(d*x + c) + 1)/(a"2*d*cos(d*x + c)~2 -
a~2*dxcos(d*x + c) - 2*a~2xd - (a"2*d*cos(d*x + c) + 2*%a~2xd)*sin(d*x + c))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dx

1
f csc? (c+dzx)+2 csc (c+dz)+1
a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+ax*csc(d*x+c))**2,x)
[Out] Integral(l/(csc(c + d*x)**2 + 2%csc(c + d*x) + 1), x)/a**2

Giac [A]
time = 0.44, size = 60, normalized size = 1.05

3 (dz+c) 2(3 tan(% dz+%c)2+9 tan(%dm+% c)+4>
a? a? (tan(% dz+% c)+1)3

3d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(d*x+c))~2,x, algorithm="giac")
[Out] 1/3*(3*(d*x + c)/a"2 + 2*%(3xtan(1/2*d*x + 1/2%c)”2 + 9*tan(1/2xd*x + 1/2xc)
+ 4)/(a~2x(tan(1/2*d*x + 1/2*c) + 1)73))/d

Mupad [B]
time = 0.41, size = 52, normalized size = 0.91
T %mm§+%f+6mM§+%)+g
E + 2 c dx 3
a?d (tan (5 + %) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a/sin(c + d*x))~2,x)
[Out] x/a~2 + (6%tan(c/2 + (d*x)/2) + 2xtan(c/2 + (d*x)/2)"2 + 8/3)/(a~2*d*(tan(c

/2 + (d*x)/2) + 1)73)
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1
3.12 f (a+a csc(c+dz))3 dx

Optimal. Leaf size=88

x cot(c + dx) 7 cot(c + dx) 22 cot(c + dx)

a®  bd(a+acsc(c+dx))®  15ad(a+ acsc(c+dx))?  15d(a® + a3 csc(c + dx))

[Out] x/a~3+1/5%cot (d*x+c)/d/ (ata*csc(d*x+c)) ~3+7/15*%cot (d*x+c)/a/d/ (ata*csc(d*xx+
c))"2+22/15*cot (d*x+c) /d/ (a~3+a~3*csc(d*x+c))

Rubi [A]
time = 0.08, antiderivative size = 88, normalized size of antiderivative = 1.00, number of

number of rules _ 0.333,
integrand size

steps used = 4, number of rules used = 4, integrand size = 12,
Rules used = {3862, 4007, 4004, 3879}

22 cot(c + dx) L F 7 cot(c + dx) n cot(c + dz)
15d (a3 csc(c+ dx) +a3) a3  1bad(acsc(c+dz)+a)? = 5d(acsc(c+ dzx) + a)?

Antiderivative was successfully verified.
[In] Int[(a + a*Csc[c + d*x])~(-3),x]

[Out] x/a"3 + Cot[c + d*x]/(5*%d*(a + a*Cscl[c + d*x])~3) + (7*Cot[c + d*xx])/(15*xax
dx(a + axCscl[c + d*x])"2) + (22*Cot[c + d*x])/(15*%d*(a"3 + a~3*Cscl[c + d*x]
))

Rule 3862

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + b*Csc[c + d*x])"n/(d*(2*%n + 1))), x] + Dist[1/(a"2*%(2*n + 1))
, Int[(a + b*Csclc + d*x])"(n + 1)*(a*x(2*n + 1) - b*(n + 1)*Csc[c + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] & EqQ[a~2 - b~2, 0] && LeQ[n, -1] && Inte
gerQ[2xn]

Rule 3879

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[-Cot[e + f*x]/(f*(b + axCsc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] && EqQ[a~"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscle + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]
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Rule 4007

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_))~(m_)*(cscl(e_.) + (£f_.)*(x_)]*(d
_.) + (c))), x_Symbol] :> Simp[(-(b*c - a*d))*Cot[e + f*x]*((a + bxCscle +
f*x]) "m/(bxfx(2*xm + 1))), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscle + f
*x]) " (m + 1)*Simp[a*c*(2xm + 1) - (b*c - a*d)*(m + 1)*Cscle + f*x], x], x],
x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[bxc - a*d, 0] && LtQ[m, -1] && E
qQ[a"2 - b~2, 0] && IntegerQ[2*m]

Rubi steps
1 dp — cot(c + dx) f Tfﬂi?&iﬁ% 2 do
(a+acsc(c+dz))® " bd(a+ acsc(c+ dr))3 5a?
(12— a2 CSC(C X

cot(c + dz) 7 cot(c + dx) / = a+¢:csc(c+(d:)d ) dz

~ 5d(a+acsc(c+dz))®  15ad(a + acsc(c+ dz))? 15a*

_z cot(c + dx) 7cot(c + dzx) 22 J afjcc(::(rjf;z)
5d(a + acsc(c+dz))®  15ad(a + acsc(c + dz))? 1502

_z cot(c + dzx) 4 7 cot(c + dx) 22 cot(c + da

5d(a + acsc(c+dx))®  15ad(a+ acsc(c+dzx))?  15d (a® + a?csc(c

Mathematica [A]
time = 0.97, size = 123, normalized size = 1.40

2sin (3 (c+dx)) (—38+16 cos(2(c+dx)) —51 sin(c-+dx))

1 1 d 3 _ 13
Sc+15dz + (cos (% (c+dz))+sin (3 (c+dac)))4 (cos(%(c+dw))+sin(%(c+dz)))2 + (cos(%(c—#—dz))-ﬁ-sin(%(c+dz)))5
15a3d

Antiderivative was successfully verified.

[In] Integrate[(a + a*Csc[c + d*x])~(-3),x]

[Out] (15%c + 15%d*x + 3/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])"4 - 13/(Cos[(c + d
*x)/2] + Sin[(c + d*x)/2])"2 + (2*Sin[(c + d*x)/2]1*(-38 + 16*Cos[2*%(c + dx*x
)] - 51%Sin[c + d*x]))/(Cos[(c + d*x)/2] + Sin[(c + d*x)/2])7"5)/(15%a~3*d)

Maple [A]
time = 0.13, size = 97, normalized size = 1.10

method result
74 e2i(dz+c)
_ racPildzte)

+184e3i(dm+e) _ w +6 eti(date) 4 64
da3 (i+ei(d:v+c))5

: T
risch =5+
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2arctan(tan<%’3+%)>— 4 <+ 8 =+ 4 5+ 2 _— d16
. . o e (tan(de+%)+1) 5(tan(%§+%)+1) 3(tan(4}+%)+1) (tan(gf-F%)-H) Stan({-k%)ﬁ
derivativedivides -
2 arctan (tan (d—”—i-%)) — 4 8 + 4 2 . d16
(tan(%ﬂ”-rg)-rl) 5(tan(d71+g)+1) B(tan(%ﬁ-k%)-}-l) (tan(dzgﬁ»%)-f_l) Stan( w+%)4
default —
z z(tans(d—z+%)) 2(tan4(d—w+%)) SZtan(dTZ+%) 102(tan2(d7w+%)) IOz(tanS(%—x-}—%))+5z(tan4(d7w+%))+ﬁ
norman a a ad a a - a 15a
a,2<tan<d2—m+%)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(ata*csc(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 16/d/a~3*%(1/8*arctan(tan(1/2*xd*x+1/2*c))-1/4/(tan(1/2xd*x+1/2*c)+1)~4+1/10/
(tan(1/2*d*x+1/2%c)+1)"5+1/12/(tan(1/2*d*x+1/2*c)+1) ~3+1/8/ (tan(1/2*d*x+1/2
*c)+1)"2+1/8/(tan(1/2*xd*xx+1/2*c)+1))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 228 vs.
2(82) = 164.
time = 0.47, size = 228, normalized size = 2.59

95 sin(dz+c) | 145 sin(d:z:+c)2 75 sin(da:+c)3 15 sin(dm+c)4 sin(dz+c)
9 cos(dz+c)+1 T (cos(dotc)+1)2 | (cos(detc)+1)3 | (cos(dotc)+1)% +22 + 15 arCta'n<cos(dx+c)+l)
a3+ 5 a3 sin(dz+c) , 10a3 sin(dac-H:)2 10 a3 sin(dz+c)3 5a3 sin(dz+c)4 a3 sin(dz-}—c)5 a3
cos(dz+c)+1 (cos(da:#»c)Jrl)2 (cos(da:+c)+1)3 (cos(dz+c)+1)4 (cos(dz+c)+1)°
15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(at+a*csc(d*x+c))~3,x, algorithm="maxima")

[Out] 2/15%((95*sin(d*x + c)/(cos(d*x + c) + 1) + 145%sin(d*x + c)~2/(cos(d*x + ¢

) + 1)72 + 75*%sin(d*x + c)~3/(cos(d*x + c) + 1)73 + 15*sin(d*x + c¢)~4/(cos(
d*x + c) + 1)74 + 22)/(a"3 + 5*xa"3*sin(d*x + c)/(cos(d*x + c) + 1) + 10*a"3
*sin(d*x + ¢)~2/(cos(d*x + c) + 1)72 + 10*a"3*sin(d*x + c)~3/(cos(d*x + c)

+ 1)73 + 5*xa~3*sin(d*x + c)"4/(cos(d*x + ¢c) + 1)74 + a~3*sin(d*x + c)~5/(co
s(d*x + c) + 1)75) + 1b*arctan(sin(d*x + c)/(cos(d*x + c) + 1))/a~3)/d

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 181 vs.
2(82) = 164.
time = 3.57, size = 181, normalized size = 2.06

(15dz + 32) cos (dz + ¢)* + (45 dz — 19) cos (dz + ¢)* — 60dz — 6 (5dw + 9) cos (dz + ¢) + ((15dz — 32) cos (dz + ¢)* — 60dz — 3 (10dz + 17) cos (dz + c) + 3) sin (dz +¢) — 3
15 (a3d cos (dz + ¢)* + 3a3d cos (dz + c)* — 2a®d cos (dz + ¢) — 4a3d + (a®d cos (dz + ¢)* — 2a3d cos (dz + ¢) — 443d) sin (dz + c))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(ata*csc(d*x+c))~3,x, algorithm="fricas")

[Out] 1/15%((15%d*x + 32)*cos(d*x + c)~3 + (45%d*x - 19)*cos(d*x + c)~2 - 60*d*x
- 6%(5*%d*x + 9)*cos(d*x + c) + ((15%d*x - 32)*cos(d*x + c)~2 - 60*d*x - 3*(
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10*%d*x + 17)*cos(d*x + ¢) + 3)*sin(d*x + c) - 3)/(a"3*d*cos(d*x + c)~3 + 3%
a~3xd*cos(d*x + c)~2 - 2*xa~3*xdxcos(d*x + c) - 4*%a~3*%d + (a~3*d*xcos(d*x + c)
~2 - 2%a”3*d*xcos(d*x + c) - 4*a~3*d)*sin(d*x + c))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

1
f cscd (e+dz)+3 csc? (c+dz)+3 csc (c+dx)+1
3
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(d*x+c))**3,x)
[Out] Integral(l/(csc(c + d*x)**3 + 3*csc(c + d*x)**2 + 3*csc(c + d*x) + 1), x)/a
*%3
Giac [A]
time = 0.43, size = 86, normalized size = 0.98
15 (dz-+c) 2 <15 ta,n(% dac-i—% c)4+75 ta,n(% dx-i—% c)3+145 tan(% dx—i—% c)2+95 tan(% dat—i—% c)+22)
a? a3 (tan(% dz—l—% c)—i—l)5

15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(d*x+c))~3,x, algorithm="giac")

[Out] 1/15%(15%(d*x + c)/a"~3 + 2%(16*xtan(1/2*d*x + 1/2%c)~4 + 75*xtan(1/2%d*x + 1/
2%c) "3 + 145%tan(1/2%d*xx + 1/2%c)”2 + 95%xtan(1/2xd*x + 1/2%c) + 22)/(a~3*(t

an(1/2xd*x + 1/2%c) + 1)75))/d

Mupad [B]
time = 2.18, size = 78, normalized size = 0.89

2
z 2tan(§ N %)4 4 10tan(§ + %w)s + 58tan(§+%> N 38tan(§+%) N %
a? a3 d (tan (§+d7x)+1)5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a/sin(c + d*x))~3,x)
[Out] x/a~3 + ((38*tan(c/2 + (d*x)/2))/3 + (58*tan(c/2 + (d*x)/2)~2)/3 + 10*tan(c
/2 + (d*x)/2)"3 + 2*xtan(c/2 + (d*x)/2)"4 + 44/15)/(a~3*d*(tan(c/2 + (d*x)/2

) + 1)°5)



86

3.13 [(a+ acsc(x))’?dx

Optimal. Leaf size=65

t 14a3 cot 2
—2a5/2ArCT&n< L) ) - =) 0” cot(z) \/a + acsc()

3va+acse(r) 3

[Out] -2*xa~(5/2)*arctan(cot(x)*a”~(1/2)/(ata*xcsc(x))~(1/2))-14/3*%a"3*xcot (x)/(ata*c
sc(x))~(1/2)-2/3*%a"2*xcot (x)* (ata*xcsc(x))~(1/2)

Rubi [A]
time = 0.07, antiderivative size = 65, normalized size of antiderivative = 1.00, number of

number of rules _ (50
’ integrand size ’

a + acsc(x)

steps used = 5, number of rules used = 5, integrand size = 10
Rules used = {3860, 4000, 3859, 209, 3877}

942 ArcTan ( V' cot(z) ) 14a® cot(z) 2

- — Za’cot(z)\/acsc(z) +a
acsc(z) +a 3vacse(z) +a 3

Antiderivative was successfully verified.

[In] Int[(a + ax*Csc[x])~(5/2),x]

[Out] -2xa~(5/2)*ArcTan[(Sqrt[al*Cot[x])/Sqrt[a + a*Csc[x]]] - (14*a~3*Cot[x])/(3
xSqrt[a + a*Csc[x]]) - (2*a~2xCot[x]*Sqrt[a + a*Csc[x]])/3

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 3859

Int[Sqrtlcscl(c_.) + (d_.)*(x_)1*(b_.) + (a_)], x_Symbol] :> Dist[-2x(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrtl[a + b*Cscl[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 3860

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csc[c + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[a/(n - 1)
, Int[(a + b*Csc[c + d*x])~(n - 2)*(ax(n - 1) + b*x(3*n - 4)*Csc[c + d*x]),

x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b2, 0] && GtQ[n, 1] && Integ
erQ[2x*n]

Rule 3877
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Intlcscl(e_.) + (f_.)*(x_)I1*Sqrtlcscl(e_.) + (f_.)*(x_)I1*(_.) + (a )], x_S
ymbol] :> Simp[-2*b*(Cot[e + f*x]/(f*Sqrt[a + b*Cscle + f*x]]1)), x] /; Free
Ql{a, b, e, f}, x] && EqQ[a"2 - b~2, 0]

Rule 4000

Int[Sqrtlcscl(e_.) + (£_.)*x(x_)I*(b_.) + (a_)]l*(cscl(e_.) + (£_.)*(x_)]=*(d_
.) + (c_)), x_Symbol] :> Dist[c, Int[Sqrt[a + bxCsc[e + f*x]], x], x] + Dis
t[d, Int[Sqrt[a + bxCsc[e + f*x]]1*Cscle + f*x], x], x] /; FreeQ[{a, b, c, d
, e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0]

Rubi steps

/(a + acsc(z))? de = —§a2 cot(z)v/a+ acsc(z) + %(Za) / v a+ acsc(x) (%a + ;a csc(ac)) dx
= —gaz cot(z)/a + acsc(z) + a? / va+acsc(z) dz + %(7a2) /csc(x) Va+a

3
___lda cot(@) _ 2a2 cot(z)v/a + acsc(z) — (2a*) Subst / 5 dT, T, —
3va+acse(r) 3 a+zx \
3
= —20°?tan™! va_ cot(z) __ ldloot(a) ga2 cot(x)+/a + acsc(x)
a + acsc(x) 3va+acse(x) 3

Mathematica [A]
time = 1.94, size = 80, normalized size = 1.23

Antiderivative was successfully verified.

[In] Integrate[(a + a*Csc[x])~(5/2),x]

[Out] (-2*a~2*Sqrt[a*(1 + Csc[x])]*(3*ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[-1 + Csclx
11%(8 + Csc[x]))*(Cos[x/2] - Sin[x/2]))/(3*Sqrt[-1 + Csc[x]]*(Cos[x/2] + Si
n[x/2]1))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 534 vs.

2(51) = 102.
time = 0.16, size = 535, normalized size = 8.23

] method \ result
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__cos(x)— \/5
sin(z)+sin(z)—cos(z)+1 3 —
—3sin(x) cos(z) In| — sin(a) ( CO:SZE) L ) —12sin(z) cos(x) arctan ( — Cosslflaé)z) ! Y,
\/_ COSSlElm?E) 1 2 sin(z)—sin(z)+cos(xz)—1
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*csc(x))~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/6*(-3*sin(x)*cos(x)*1n(-((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)*sin(x)+sin(x)

-cos(x)+1)/((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)-sin(x)+cos(x)-1) ) * (- (
cos(x)-1)/sin(x))~(3/2)-12*sin(x) *cos(x)*arctan((-(cos(x)-1)/sin(x))~(1/2)*
27 (1/2)+1) *(-(cos(x)-1) /sin(x) )~ (3/2)-12*sin(x) *cos (x) *arctan((-(cos(x)-1)/
sin(x))~(1/2)*2~(1/2)-1)*(-(cos(x)-1) /sin(x)) ~(3/2)-3*sin(x) *cos (x) *1n (- ((-
(cos(x)-1)/sin(x))~(1/2)*2~(1/2)*sin(x)-sin(x)+cos(x)-1)/((-(cos(x)-1) /sin(
x))~(1/2)*27(1/2) *sin(x) +sin(x)-cos(x)+1) ) *(-(cos(x)-1) /sin(x) )~ (3/2)-3*sin
(x)*1n(-((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2) *sin(x)+sin(x)-cos(x)+1) / ((-(cos
(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)-sin(x)+cos(x)-1) ) *(-(cos(x)-1) /sin(x)) "~
(3/2)-12*sin(x) *arctan((-(cos(x)-1)/sin(x)) "~ (1/2)*2"(1/2)+1)*(-(cos(x)-1)/s
in(x))~(3/2)-12*sin(x)*arctan((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2)-1)*(-(cos(
x)-1)/sin(x))~(3/2)-3*sin(x) *1n(-((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)
-sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)*sin(x)+sin(x)-cos(x)+
1)) *(-(cos(x)-1)/sin(x)) "~ (3/2)+16*sin(x) *cos(x) *2~(1/2)-16*cos (x) ~2*x2~(1/2)
-14xsin(x) %2~ (1/2)+2*cos (x)*2~(1/2)+14x2~(1/2) ) *sin(x) *(a*(sin(x)+1) /sin(x)
)~(5/2)/(sin(x) *cos(x) "2-cos(x) ~3+2*cos (x) *sin(x) +3*cos (x) "2-4*sin(x)+2*cos
(x)-4)*2~(1/2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 417 vs.
2(51) = 102.
time = 0.48, size = 417, normalized size = 6.42

()" e () 2 (Al L rd () 2 () (e (B (V2 2 ) ) o e (8 (2 ) v —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ataxcsc(x))~(5/2),x, algorithm="maxima")

[Out] 1/22*sqrt(2)*a~(5/2)*(sin(x)/(cos(x) + 1))~ (11/2) + 5/18*sqrt(2)*a~(5/2)*(s

in(x)/(cos(x) + 1))7(9/2) + 9/14*sqrt(2)*a~(5/2)*(sin(x)/(cos(x) + 1))~ (7/2
) + 1/2xsqrt(2)*a”~(5/2)*(sin(x)/(cos(x) + 1))7(5/2) - 2/3*sqrt(2)*a~(5/2)*(
sin(x)/(cos(x) + 1))~(3/2) + sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) +
2xsqrt(sin(x)/(cos(x) + 1)))) + sqrt(2)*arctan(-1/2*%sqrt(2)*(sqrt(2) - 2#*s
qrt(sin(x)/(cos(x) + 1)))))*a~(5/2) - 2xsqrt(2)*a”~(5/2)*sqrt(sin(x)/(cos(x)
+ 1)) - 1/1386%(693*sqrt(2)*a~(5/2)*sin(x)/(cos(x) + 1) + 1155*sqrt(2)*a~(
5/2)*sin(x)~2/(cos(x) + 1)72 + 1386*sqrt(2)*a~(5/2)*sin(x)~3/(cos(x) + 1)73
+ 990*sqrt(2)*a~(5/2)*sin(x)~4/(cos(x) + 1)~4 + 385*sqrt(2)*a~(5/2)*sin(x)
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~5/(cos(x) + 1)°5 + 63*sqrt(2)*a”~(5/2)*sin(x)~6/(cos(x) + 1)76)/sqrt(sin(x)
/(cos(x) + 1)) - 1/42%(7T*sqrt(2)*a~(5/2)*sin(x)/(cos(x) + 1) + 105*sqrt(2)=*
a~(56/2)*sin(x)~2/(cos(x) + 1)72 - 210*sqrt(2)*a~(5/2)*sin(x)~3/(cos(x) + 1)
~3 - 7O0xsqrt(2)*a~(5/2)*sin(x)~4/(cos(x) + 1)74 - 21xsqrt(2)*a”(5/2)*sin(x)
“5/(cos(x) + 1)75 - 3*sqrt(2)*a~(5/2)*sin(x)~6/(cos(x) + 1)76)/(sin(x)/(cos
(x) + 1))°(5/2)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 142 vs.
2(51) = 102.
time = 5.05, size = 318, normalized size = 4.89

setente) + 7o) SRELEE | |
|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*csc(x))~(5/2),x, algorithm="fricas")

[Out] [1/3*(3x(a"2*cos(x)"2 - a”2 - (a"2xcos(x) + a~2)*sin(x))*sqrt(-a)*log((2*xax
cos(x)”2 - 2x(cos(x)”"2 + (cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*xsin(x) +
a)/sin(x)) + a*cos(x) - (2*a*cos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)

) + 2% (8%a"2xcos(x)"2 + a"2*cos(x) - 7*a”"2 + (8*a~2*cos(x) + 7*a"2)*sin(x))

*xsqrt ((axsin(x) + a)/sin(x)))/(cos(x)"2 - (cos(x) + 1)*sin(x) - 1), 2/3*(3*
(a™2%cos(x)"2 - a”2 - (a™2*cos(x) + a~2)*sin(x))*sqrt(a)*arctan(-sqrt(a)*sq

rt((a*sin(x) + a)/sin(x))*(cos(x) - sin(x) + 1)/(axcos(x) + a*sin(x) + a))

+ (8*a"2xcos(x)"2 + a"2xcos(x) - 7*a"2 + (8*a~2xcos(x) + 7*a~2)*sin(x))*sqr
t((a*sin(x) + a)/sin(x)))/(cos(x)"2 - (cos(x) + 1)*sin(x) - 1)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(a csc (z) + a)% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(x))**(5/2),x)
[Out] Integral((axcsc(x) + a)**(5/2), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 250 vs. 2(51) =
102.
time = 0.58, size = 250, normalized size = 3.85

+ (@ VAT +alal?) arctan

(/T +alal?) arctan

LY el

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(x))~(5/2),x, algorithm="giac")
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[Out] (a~2*sqrt(abs(a)) + a*abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)
) + 2xsqrt(axtan(1/2*x)))/sqrt(abs(a))) + (a"2*sqrt(abs(a)) + axabs(a)~(3/2
))*arctan(-1/2*sqrt(2)*(sqrt (2) *sqrt(abs(a)) - 2xsqrt(a*xtan(1/2*x)))/sqrt(a
bs(a))) + 1/2x(a"2*sqrt(abs(a)) - a*abs(a)~(3/2))*log(a*tan(1/2*x) + sqrt(2
)xsqrt (axtan(1/2*x))*sqrt(abs(a)) + abs(a)) - 1/2x(a"2*sqrt(abs(a)) - a*abs
(a)~(3/2))*log(a*xtan(1/2*x) - sqrt(2)*sqrt(axtan(1/2*x))*sqrt(abs(a)) + abs
(a)) + 1/6%sqrt(2)*(sqrt(a*xtan(1/2*x))*a~2*tan(1/2*x) + 15xsqrt(a*xtan(l/2*x
))*a~2) - 1/6xsqrt(2)*(16%xa~4xtan(1/2*x) + a~4)/(sqrt(axtan(1/2*x))*a*xtan(1l
/2%x))

Mupad [F]

time = 0.00, size = -1, normalized size = -0.02

/ (a+ ﬁ)m dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(x))~(5/2),%)
[Out] int((a + a/sin(x))~(5/2), x)
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3.14 [(a+ acsc(x))*?dx

Optimal. Leaf size=44

2
—2a*?ArcTan va_ cot(z) — 2a” cot(z)
a + acsc(x) Va+ acse(z)

[Out] -2*a~(3/2)*arctan(cot(x)*a~(1/2)/(at+axcsc(x))~(1/2))-2*a~2xcot (x)/(a+a*csc(
x))~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 44, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.400,

steps used = 4, number of rules used = 4, integrand size = 10
Rules used = {3860, 21, 3859, 209}

2
—2a%?ArcTan va cot(a) _ _ 20 cot(z)
acsc(z) +a Vvacsc(z)+a

Antiderivative was successfully verified.
[In] Int[(a + a*Csc[x])~(3/2),x]

[Out] -2%a~(3/2)*ArcTan[(Sqrt[a]*Cot[x])/Sqrt[a + a*Csc[x]]] - (2*a~2*Cot[x])/Sqr
t[a + a*Csc[x]]

Rule 21

Int[(u_.)*((a_) + (b_.)*(v_)) " (m_.)*((c_) + (d_.)*(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[ux(c + d*v)~(m + n), x], x] /; FreeQ[{a, b, ¢, d, n}, x]
&& EqQ[bxc - a*d, 0] && IntegerQ[m] && ( !IntegerQ[n] || SimplerQ[c + d*x,
a + bxx])

Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 3859

Int[Sqrtlescl(c_.) + (A_.)*(x_)1*(b_.) + (a_)], x_Symbol]l :> Dist[-2*(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + bxCsc[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b2, 0]

Rule 3860

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csclc + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[a/(n - 1)
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, Int[(a + b*Csc[c + d*x])"(n - 2)*(a*x(n - 1) + b*x(3*n - 4)*Csc[c + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] & EqQ[a~2 - b~2, 0] && GtQ[n, 1] && Integ

erQ[2*n]

Rubi steps

2a? cot(z) + acsc(x)

/(a + acsc(z))??dx = — + (2a)
a + acsc(x) va+ acsc(x)

2a? cot(x)
=— +a | \Va+acsc(z) dzx
va+ acsc(x)

_ 2a? cot(x)  (94?) Subs 1 - a cot(x)
a + acsc(x) (28 bt(/a‘i‘xQd "7 Va+ acsce(x) )
Vv cot(x) ) _ 2d®cot(x)

a + acsc(x) a + acsc(z)

= —2a%?tan™" (

Mathematica [A]
time = 0.10, size = 69, normalized size = 1.57

2a<ArcTan(\/ —1+ csc(x) ) +v/-1+ CSC(CU)‘) Va(l+ csc(z)) (cos (§) —sin(3))
V—1+csc(z) (cos(5) +sin(3))

Antiderivative was successfully verified.

[In] Integrate[(a + a*Csc([x])~(3/2),x]

[Out] (-2*a*(ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[-1 + Csc[x]])#*Sqrt[ax(1 + Csc[x])]*

(Cos[x/2] - Sin[x/2]1))/(Sqrt[-1 + Csc[x]]*(Cos[x/2] + Sin[x/2]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 274 vs.

2(36) = 72.
time = 0.13, size = 275, normalized size = 6.25

method | result

cos(z)—1 sin(z) —4sin(zx)

" sin(z) n
\/_M \/E sin(z)—sin(z)4cos(z)—1

sin(z)

sin(z)

—sin(z)

__cos(x)—1
cos(z)—1 \/5 sin(z)+sin(z)—cos(z)+1 cos(x)—1 (
— arctan -

cos(z)—1
sin(z)

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*csc(x))~(3/2),x,method=_RETURNVERBOSE)
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[Out] 1/2*(-sin(x)*(-(cos(x)-1)/sin(x))~(1/2)*1n(-((-(cos(x)-1)/sin(x)) "~ (1/2)*2"(
1/2)*sin(x)+sin(x)-cos(x)+1)/((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)-sin
(x)+cos(x)-1))-4*sin(x)*(-(cos(x)-1)/sin(x)) "~ (1/2)*arctan((-(cos(x)-1)/sin(
x))~(1/2)*2~(1/2)+1)-4*sin(x) *(-(cos(x)-1)/sin(x)) ~(1/2) *arctan((-(cos(x)-1
)/sin(x))~(1/2)*2~(1/2)-1)-sin(x) *(-(cos (x)-1) /sin(x) ) ~(1/2) *1n (- ((-(cos (x)
-1)/sin(x))~(1/2)*2"(1/2)*sin(x) -sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x))~(1/
2)*27(1/2) *sin(x)+sin(x) -cos(x)+1) ) +2*sin(x) *2~ (1/2) +2*cos (x) *2~(1/2) -2%2~(
1/2))*sin(x)*(a*(sin(x)+1)/sin(x))~(3/2)/(cos(x)*sin(x)+cos(x) "2-2*sin(x)+c
os(x)-2)*2~(1/2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 200 vs.
2(36) = 72.

time = 0.48, size = 200, normalized size = 4.55

—

1 [t 1 [sin(@) L1 o sm(@ \}
ﬁ(ﬂt(ix/f?(ﬁu\ﬁ))Jrﬁr<—2ﬂ<ﬁ—z\ﬁ>>)—gﬁ(<(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(x))~(3/2),x, algorithm="maxima")

[Out] sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(sin(x)/(cos(x) + 1)))
) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1)))))*a
~(3/2) - 1/5*sqrt(2)*(a~(3/2)*(sin(x)/(cos(x) + 1))~(5/2) + 5xa~(3/2)*(sin(
x)/(cos(x) + 1))7(3/2) + 10*a~(3/2)*sqrt(sin(x)/(cos(x) + 1))) - 1/5%(b*sqr
t(2)*a~(3/2)*sin(x)/(cos(x) + 1) - 15*sqrt(2)*a~(3/2)*sin(x)~2/(cos(x) + 1)

~2 - Bb*sqrt(2)*a~(3/2)*sin(x) "3/ (cos(x) + 1)73 - sqrt(2)*a~(3/2)*sin(x)~4/(
cos(x) + 1)74)/(sin(x)/(cos(x) + 1))7(3/2)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 90 vs.
2(36) = 72.
time = 4.14, size = 212, normalized size = 4.82

Zacos(e)~2 (cos(o)?
(acos (z) + asin (z) + a)v/=a log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(x))~(3/2),x, algorithm="fricas")

[Out] [((a*cos(x) + a*sin(x) + a)*sqrt(-a)*log((2*a*cos(x)~2 - 2*(cos(x)~"2 + (cos
(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x)) + a*cos(x) - (2*a
xcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)) - 2x(a*xcos(x) - a*sin(x) +
a)*sqrt((axsin(x) + a)/sin(x)))/(cos(x) + sin(x) + 1), 2*((a*cos(x) + a*sin

(x) + a)*sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) - sin(

x) + 1)/(a*cos(x) + axsin(x) + a)) - (a*cos(x) - axsin(x) + a)*sqrt((a*sin(

x) + a)/sin(x)))/(cos(x) + sin(x) + 1)]
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(a csc (z) + a)% dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(x))**(3/2),x)
[Out] Integral((axcsc(x) + a)**(3/2), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 195 vs. 2(36)

72.
time = 0.56, size = 195, normalized size = 4.43

—_— 7 (VEVIT +2 fatan (L= VE(VE VT 2 faten (L2 ) R .
Vot () - x% + (o + 1t arton [Miz‘%(g))J + (o7 lf actan [,W} + 1 o7 - 1l g (m.. (32)+ V% ot (3) xTMﬂ\) - Yo AT - o) g <mn (32) - v fan (32) \mm\)
fatan (32

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(x))~(3/2),x, algorithm="giac")

[Out] sqrt(2)*sqrt(a*xtan(1/2*x))*a - sqrt(2)*a~2/sqrt(axtan(1/2*x)) + (a*sqrt(abs
(a)) + abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2*sqrt(a*ta
n(1/2*x)))/sqrt(abs(a))) + (a*sqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/2*sqrt
(2)*(sqrt(2)*sqrt(abs(a)) - 2xsqrt(axtan(1/2*x)))/sqrt(abs(a))) + 1/2x(a*sq
rt(abs(a)) - abs(a)~(3/2))*log(axtan(1/2*x) + sqrt(2)*sqrt(axtan(1/2*x))*sq
rt(abs(a)) + abs(a)) - 1/2x(a*sqrt(abs(a)) - abs(a)~(3/2))*log(a*xtan(1/2*x)

- sqrt(2)*sqrt(a*tan(1/2+*x))*sqrt(abs(a)) + abs(a))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

[(oraim) o

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(x))~(3/2),x)
[Out] int((a + a/sin(x))~(3/2), x)
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3.15 [ Va+acsc(z) dz

Optimal. Leaf size=26

—2ﬁArcTan< va_ cof() )

a + acsc(zx)

[Out] -2*arctan(cot(x)*a~(1/2)/(a+a*csc(x))~(1/2))*a~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 26, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.200,

steps used = 2, number of rules used = 2, integrand size = 10
Rules used = {3859, 209}

—2v/a’ ArcTan( va cot(z) )

Vacsc(z)+a

Antiderivative was successfully verified.

[In] Int[Sqrtl[a + a*Csc[x]],x]

[Out] -2#Sqrt[al*ArcTan[(Sqrt[a]*Cot[x])/Sqrt[a + a*Csc[x]]]
Rule 209

Int[((a) + (b_.)*(x.)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 21*Rt[b, 21))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0])

Rule 3859

Int[Sqrtlcscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_)], x_Symbol] :> Dist[-2x(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + bxCsc[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rubi steps

_{casabst [ L o0, 20t
/\/de_ ((2 )S bt(/a+x2d’ W))
= —2v/a tan™" ( Va colfz) >

a + acsc(x)
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Mathematica [A]
time = 0.06, size = 32, normalized size = 1.23

2aArcTan< —1 + csc(x) ) cot(x)
V=1 +csc(z) v/a(l+ csc(z))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + a*Csc[x]],x]

[Out] (-2*a*ArcTan[Sqrt[-1 + Csc[x]]1]*Cot[x])/(Sqrt[-1 + Csc[x]]*Sqrt[a*(1 + Csc[
x]1)1)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 198 vs.

2(20) = 40.

time = 0.22, size = 199, normalized size = 7.65

method | result

/ _cos(z)—1
a(sin(z)+1) ina) _cos'(az);l (1 ( Tsin(z) \/5 sin(z)+sin(z)—cos(x)+1 » arcf,an< __cos(z)—1
\V sin(z

sin(z) sin(z)
\/ COS(Z) 1 \/2 sin(z)—sin(z)+cos(z)—1

Tsin(z)

default 2—2 cos(z)+2sin(z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atax*csc(x))~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/2*2°(1/2)*(a*x(sin(x)+1)/sin(x))~(1/2)*sin(x)*(-(cos(x)-1)/sin(x)) "~ (1/2)*(
In(-((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2)*sin(x)+sin(x)-cos(x)+1) / ((-(cos(x) -
1)/sin(x))~(1/2)*2~(1/2) *sin(x)-sin(x)+cos(x)-1))+4*arctan((-(cos(x)-1)/sin
(x))~(1/2)*27(1/2)+1) +4*arctan((-(cos(x)-1) /sin(x)) ~(1/2)*2~(1/2)-1)+1n (- ((
-(cos(x)-1)/sin(x))~(1/2)*2"(1/2) *sin(x) -sin(x)+cos(x)-1)/((-(cos(x)-1)/sin
(x))~(1/2)*27(1/2) *sin(x) +sin(x)-cos(x)+1)))/(1-cos(x) +sin(x))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 148 vs.
2(20) = 40.
time = 0.48, size = 148, normalized size = 5.69

H 1 sin (z) 1 sin (z) sin (z) cos(z)+
_7\/_‘\/_‘<ﬁ> +ﬁ<ﬁarctan<§ﬁ<ﬁ+2 W))+f tn( ZVT(ﬁ—Z,/m)))«/E—Z«/Tﬁ @l Tt \/ v
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(x))~(1/2),x, algorithm="maxima")

[Out] -2/3*sqrt(2)*sqrt(a)*(sin(x)/(cos(x) + 1))~(3/2) + sqrt(2)*(sqrt(2)*arctan(
1/2%sqrt (2) *(sqrt(2) + 2*sqrt(sin(x)/(cos(x) + 1)))) + sqrt(2)*arctan(-1/2%
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sqrt (2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1)))))*sqrt(a) - 2xsqrt(2)*sqrt(
a)*sqrt(sin(x)/(cos(x) + 1)) + 2/3%(3*sqrt(2)*sqrt(a)*sin(x)/(cos(x) + 1) +
sqrt (2) *sqrt(a)*sin(x) "2/ (cos(x) + 1)72)/sqrt(sin(x)/(cos(x) + 1))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 44 vs.
2(20) = 40.
time = 3.82, size = 120, normalized size = 4.62

asin (z) + asin(z) +a

2acos (z)* — 2 (cos (2)° + (cos (z) + 1) sin (z) — 1) v/=a’ sin () 2 4 acos (z) — (2acos (z) + a)sin (z) — a) [ va sin (z) (eos(a) ~ein(a) +1) )]
,2/a’ arctan

cos () +sin (z) + 1 acos(z) +asin(z) +a

\/Tzlog[

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ataxcsc(x))~(1/2),x, algorithm="fricas")

[Out] [sqrt(-a)*log((2*a*cos(x)~2 - 2*(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt(-
a)*sqrt((axsin(x) + a)/sin(x)) + a*cos(x) - (2*a*xcos(x) + a)*sin(x) - a)/(c
os(x) + sin(x) + 1)), 2*xsqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))
*(cos(x) - sin(x) + 1)/(axcos(x) + a*sin(x) + a))l

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(x))**x(1/2),x)
[Out] Integral(sqrt(a*csc(x) + a), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 353 vs. 2(20) =
40.
time = 0.59, size = 353, normalized size = 13.58

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(x))~(1/2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*(2*sqrt(2)*(a*sqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2*x)"2 + ta
n(1/2*x) + 1) + abs(a)~(3/2)*sgn(tan(1/2+x)"3 + tan(1/2%x)"2 + tan(1/2*x) +

1) )*arctan(1/2*sqrt (2) *(sqrt(2) *sqrt(abs(a)) + 2*sqrt(axtan(1/2*x)))/sqrt(
abs(a)))/a + 2*sqrt(2)*(axsqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2*x)"2 + ta
n(1/2xx) + 1) + abs(a)~(3/2)*sgn(tan(1/2*x)"3 + tan(1/2*x)"2 + tan(1/2*xx) +

1) )*arctan(-1/2*sqrt (2) *(sqrt (2) *sqrt(abs(a)) - 2*sqrt(axtan(1/2*x)))/sqrt
(abs(a)))/a + sqrt(2)*(axsqrt(abs(a))*sgn(tan(1/2*x)~3 + tan(1/2*x)"2 + tan
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(1/2%x) + 1) - abs(a)~(3/2)*sgn(tan(1/2*x)~3 + tan(1/2*x)"2 + tan(1/2*x) +
1)) *log(axtan(1/2*x) + sqrt(2)+*sqrt(a*tan(1/2*x))*sqrt(abs(a)) + abs(a))/a
- sqrt(2)*(axsqrt(abs(a))*sgn(tan(1/2%x)~3 + tan(1/2*x)~2 + tan(1/2*x) + 1)
- abs(a)~(3/2)*sgn(tan(1/2*x) "3 + tan(1/2*x)"2 + tan(1/2*x) + 1))*log(a*ta
n(1/2*x) - sqrt(2)*sqrt(a*tan(1/2*x))*sqrt(abs(a)) + abs(a))/a)*sgn(sin(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

/,/a—!—ﬁ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(x))~(1/2),x)
[Out] int((a + a/sin(x))~(1/2), x)
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3.16 -dx

/ v a + acsc(z)

Optimal. Leaf size=62

2ArcTan( V/a cot(z) ‘ ) V2 ArcTan( V/a_cot(z) ‘ )
va + acsc(x) V2 /a+ acsc(z)

Va " Va

[Out] -2*arctan(cot(x)*a~(1/2)/(a+a*xcsc(x))~(1/2))/a~(1/2)+arctan(1/2*cot (x)*a~(1
/2)*27(1/2)/(ata*xcsc(x))~(1/2))*27(1/2) /a~(1/2)

Rubi [A]
time = 0.04, antiderivative size = 62, normalized size of antiderivative = 1.00, number of

number of rules __
0, integrand size 0.400,

steps used = 5, number of rules used = 4, integrand size = 1
Rules used = {3861, 3859, 209, 3880}

ﬁA T ( \/Ecot(x) ) 2ArcT: ( \/Ecot(x) )
rean V2 \/acsc(z) +a resan Vacsc(z) +a

va - Va

Antiderivative was successfully verified.

[In] Int[1/Sqrtla + a*Csc[x]],x]

[Out] (-2*ArcTan[(Sqrt[al*Cot[x])/Sqrt[a + a*Csc[x]]])/Sqrtl[a] + (Sqrt[2]*ArcTan[
(Sqrt[a]l *Cot [x])/(Sqrt[2]*Sqrt[a + a*Csc[x]])])/Sqrt[al

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 3859

Int[Sqrtlecscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_)], x_Symbol] :> Dist[-2x(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + bxCsc[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 3861

Int[1/Sqrtlcscl(c_.) + (d_.)*(x_)I*(b_.) + (a_)], x_Symbol] :> Dist[1/a, In
t[Sqrtl[a + bxCsclc + d*x]], x], x] - Dist[b/a, Int[Cscl[c + d*x]/Sqrt[a + b*
Csclc + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] & EqQ[2a~2 - b~2, 0]

Rule 3880
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Int[cscl(e_.) + (£f_.)*(x_)]1/Sqrtlcscl(e_.) + (£_.)*(x)I*(b_.) + (a )], x_S
ymbol] :> Dist[-2/f, Subst[Int[1/(2*a + x"2), x], x, b*(Cot[e + f*x]/Sqrt[a
+ bxCscle + f*x]1)], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a"2 - b~2, 0]

Rubi steps

/ 1 i — J Va+acsc(z) dr csc(z)
v a+ acsc(x) a v a + acsc(zx)

— | 2Subst / ;2 dz, z, acot(z) + 2Subst / % dz,z, L
a—+x a—l—acsc(m) 2a+a: \/ a+

) _Qtan‘l ( \/a\{faczs(:zw) ) V2 tan”! (\/E \%15 ;Z(z;c(x) )

- Va " Va

Mathematica [A]
time = 0.14, size = 54, normalized size = 0.87

(—2ArcTan< “Ttesc(@) ) + V2 ArcTan< ‘1\?2380(””) >) cot(z)
V=14 csc(z) a(l+csc(z))

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[a + a*Csc[x]],x]

[Out] ((-2#ArcTan[Sqrt[-1 + Csc[x]]] + Sqrt[2]*ArcTan[Sqrt[-1 + Csc[x]]/Sqrt[2]])
*Cot [x])/(Sqrt[-1 + Csc[x]]*Sqrt[a*x(1 + Csc[x])])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 220 vs.

2(47) = 94.
time = 0.12, size = 221, normalized size = 3.56

method | result

—C0S@)ZL /D (e rsine)—cos(a) +1 ‘

1 Sln(z) sin(x sin(x cos(x cos(x) 1

4/2 A/ —cos(z)—1 —4arct 1

\/_‘ arctan( Sll‘l(.’l) \/ Cos(z) 1 2 o o s arctan s1n(x) \/_"'l‘ |
— Sln(ﬂ)) sin(x sin(x cos(x

d f ].t - 1
efau 4 \/a(sin(x)—i—l)

sin(z)

sin(zx;

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(atax*csc(x))~(1/2),x,method=_RETURNVERBOSE)
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[Out] -1/4%(4%2~(1/2)*arctan((-(cos(x)-1)/sin(x))~(1/2))-1n(-((-(cos(x)-1)/sin(x)
)" (1/2)*%27(1/2) *sin(x)+sin(x) -cos(x)+1) / ((-(cos(x)-1) /sin(x) )~ (1/2)*2~(1/2)
*3in(x)-sin(x)+cos(x)-1))-4*arctan((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)+1)-4x*
arctan((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2)-1)-1n(-((-(cos(x)-1) /sin(x))~(1/2
)*27(1/2)*sin(x)-sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2) *sin(x
)+sin(x)-cos(x)+1)))*(1-cos(x)+sin(x))/(a*(sin(x)+1)/sin(x))~(1/2)/sin(x)/(
-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)

Maxima [A]
time = 0.50, size = 83, normalized size = 1.34

V2 (\/7 arctan <% V2 (\/5 +2 sin (z) )) + /2 arctan <7% V2 <\/§ -2 sin (z) ))) 2ﬁarctan< cozizlx()xj-l )

cos(z)+1 cos(z)+1

va - va

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(x))~(1/2),x, algorithm="maxima")

[Out] sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(sin(x)/(cos(x) + 1)))
) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1)))))/s
qrt(a) - 2xsqrt(2)*arctan(sqrt(sin(x)/(cos(x) + 1)))/sqrt(a)

Fricas [A]

time = 2.50, size = 219, normalized size = 3.53

fasin@) +a’ [T fasin (@) +
Jasin (z) + | |as r
— VT, [T |5 smertesta) Zacon(e)?+2 (cos Hcon(a) 1) sine) 1) V& | T DXL o) o) o sine)-a
Ve T \ Tsin@) Ve " \ sin(@)
ay/— log T —V=a'log R TRET

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(x))~(1/2),x, algorithm="fricas")

[Out] [(sqrt(2)*a*sqrt(-1/a)*log((sqrt(2)*sqrt((a*sin(x) + a)/sin(x))*sqrt(-1/a)*

sin(x) + cos(x))/(sin(x) + 1)) - sqrt(-a)*log((2*a*cos(x)~2 + 2*(cos(x)"2 +
(cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x)) + a*cos(x) -
(2*a*xcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)))/a, -2*(sqrt(2)*sqrt(a

)*xarctan(sqrt(2)*sqrt ((a*sin(x) + a)/sin(x))*sin(x)/(sqrt(a)*(cos(x) + sin(

x) + 1))) - sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) - s

in(x) + 1)/(axcos(x) + a*sin(x) + a)))/al

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/m“

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(at+a*csc(x))**(1/2),x)
[Out] Integral(1l/sqrt(axcsc(x) + a), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 205 vs. 2(47)

94.
time = 0.57, size = 205, normalized size = 3.31

] - BV

T ?) JJ 2 (a/Tal +1at ) arctan

2(ay/Jal +1ai ) arctan

J ((,Mm,(,‘a).%(M.,%mfzvfnm ) vmw] Wm,w),vg[w% IV aien ) \/m“]
, ; . ;

2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(x))~(1/2),x, algorithm="giac")

[Out] -1/2%(4xsqrt(2)*sqrt(a)*arctan(sqrt(a*xtan(1/2*x))/sqrt(a)) - 2*(a*sqrt(abs(
a)) + abs(a)~(3/2))*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(abs(a)) + 2xsqrt(a*tan
(1/2%x)))/sqrt(abs(a)))/a - 2x(a*sqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/2*s
qrt(2) *(sqrt(2) *sqrt(abs(a)) - 2*sqrt(a*tan(1/2*x)))/sqrt(abs(a)))/a - (axs
grt(abs(a)) - abs(a)~(3/2))*log(axtan(1/2*x) + sqrt(2)+*sqrt(axtan(1/2*x))x*s
qrt(abs(a)) + abs(a))/a + (axsqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(1/2*x)

- sqrt(2)*sqrt(a*tan(1/2#x))*sqrt(abs(a)) + abs(a))/a)/a

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

! dz
/ Ver sina(:v)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a/sin(x))~(1/2),x%)
[Out] int(1/(a + a/sin(x))~(1/2), x)
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3.17 | : 1 dx

a+a csc(z))3/2

Optimal. Leaf size=81

2ArcTan ( V/a cot(a) ‘ ) 5ArcTan ( V/a_cot(z) ‘ )
_ Vva + acsc(z) n V2'\/a + acsc(x) cot(x)

43/2 2/2 a3/2 2(a + acsc(x))3/2

[Out] -2*arctan(cot(x)*a~(1/2)/(at+axcsc(x))~(1/2))/a~(3/2)+1/2*cot(x)/(at+a*xcsc(x)
)~ (3/2)+5/4*arctan(1/2*xcot (x)*a~(1/2)*2~(1/2) /(a+a*csc(x))~(1/2))/a~(3/2)*2
~(1/2)

Rubi [A]
time = 0.08, antiderivative size = 81, normalized size of antiderivative = 1.00, number of

, npmber of r1_11es — 0.500,
integrand size

steps used = 6, number of rules used = 5, integrand size = 10
Rules used = {3862, 4005, 3859, 209, 3880}

2ArcTan < V@ ot(z) ‘ ) 5ArcTan ( Va coia) : >
Vacsce(z) +a V2 \/acsc(z) + a cot(z)

B a3/2 + 2\/5‘043/2 2(a CSC(:L') + a)3/2

Antiderivative was successfully verified.
[In] Int[(a + a*Csc[x])~(-3/2),x]
[Out] (-2*ArcTan[(Sqrt[a]l*Cot[x])/Sqrt[a + a*Csc[x]]]1)/a~(3/2) + (56xArcTan[(Sqrt[

al*Cot[x])/(Sqrt[2]*Sqrt[a + a*Csc[x]11)]1)/(2xSqrt[2]1*a~(3/2)) + Cot[x]/(2x(
a + a*Csc[x])~(3/2))

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && PosQl[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

Rule 3859

Int[Sqrtlcscl(c_.) + (d_.)*(x_)1*(b_.) + (a_)], x_Symbol] :> Dist[-2x(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + b*Cscl[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 3862

Int[(cscl(c_.) + (d_.)*x(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + b*Csc[c + d*x])"n/(d*(2*%n + 1))), x] + Dist[1/(a"2*%(2*n + 1))
, Int[(a + bxCsc[c + d*x])~(n + 1)*(ax(2*%n + 1) - bx(n + 1)*Csc[c + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] & EqQ[a~2 - b~2, 0] && LeQ[n, -1] && Inte
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gerQ[2*n]

Rule 3880

Int[cscl(e_.) + (f_.)*(x_)1/Sqrtlcscl(e_.) + (£_.)*(x)1*(_.) + (a )], x_S
ymbol] :> Dist[-2/f, Subst[Int[1/(2*a + x72), x], x, b*(Cot[e + f*x]/Sqrtla
+ b*Cscle + f*x]])], x] /; FreeQ[{a, b, e, f}, x] & EqQ[a"2 - b2, 0]

Rule 4005

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_
.) + (a_)], x_Symbol] :> Dist[c/a, Int[Sqrt[a + b*Csc[e + f*x]], x], x] - D
ist[(bxc - axd)/a, Int[Csc[e + f*x]/Sqrt[a + b*Cscl[e + f*x]], x], x] /; Fre
eQ[{a, b, c, 4, e, f}, x] && NeQ[bxc - axd, 0] && EqQ[a~2 - b~2, 0]

Rubi steps
—2a+%acsc(m) d
/ 1 dp — cot(x) B Va + acsc(r)
(a+acsc(z))32 " 2(a+ acsc(z))3/? 2a?
5 csc(zx) dr
B cot(x) N J Va+acse(z) dz / Vva + acsc(z)
2(a + acsc(z))3/? a? 4a
2Subst | [ —L; dz, z, ——2ot@) ) 5Subst ( 1 dx
_ cot(x) B <‘[ ate Vva+ acsc(z) J 2w
"~ 2(a+ acsc(x))3/?2 a
2tan-—! ( \/CT cot(z) ) 5tan—! ( \/Ecot(:c) )
B Vva + acsc(z) V2'\/a + acsc(z) cot(x)
= a3/2 2/2 a3/2 2(a + acsc(x))?

Mathematica [A]
time = 0.44, size = 129, normalized size = 1.59

(cos (£) —sin (2)) (2 — 2csc(z) + 8ArcTan(\/—1 + cse(z) ) V=1 +csc(z) (1 + cse(z)) — 5v2 ArcTan (_1+7\/2ESC(I)) —1+ csc(z) cse(z) (cos (Z) +sin (%))2)

4a(—1+ csc(z)) v/a(l + csc(z)) (cos () +sin (Z))
Antiderivative was successfully verified.

[In] Integratel[(a + a*Csc[x])~(-3/2),x]

[Out] -1/4%((Cos[x/2] - Sin[x/2])*(2 - 2xCsc[x] + 8*ArcTan[Sqrt[-1 + Csc[x]]]*Sqr
t[-1 + Csclx]]*(1 + Csc[x]) - 5*Sqrt[2]*ArcTan[Sqrt[-1 + Csc[x]]/Sqrt[2]]*S
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qrt[-1 + Csc[x]]*Csc[x]*(Cos[x/2] + Sin[x/2])"2))/(ax(-1 + Csc[x])*Sqrt [a*(
1 + Csc[x])]*(Cos[x/2] + Sin[x/2]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1140 vs.
2(60) = 120.
time = 0.13, size = 1141, normalized size = 14.09

method | result size
default | Expression too large to display | 1141

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(ata*csc(x))~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/8*(cos(x)-1)*(-(-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)*sin(x)-cos(x) "2%2~(1/2)
*(-(cos(x)-1)/sin(x))~(3/2)+sin(x) *2~(1/2)*(-(cos(x)-1) /sin(x)) ~(3/2) +cos(x
)"2%27(1/2) *(-(cos(x)-1) /sin(x)) ~(1/2)-16*arctan((-(cos(x)-1)/sin(x)) ~(1/2)
*2~(1/2)-1)-16*xarctan((-(cos(x)-1)/sin(x)) ~(1/2)*2~(1/2)+1)-4*x1n (- ((-(cos(x
)-1)/sin(x))~(1/2)*27(1/2) *sin(x)-sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x))~ (1
/2)*27(1/2) *sin(x)+sin(x)-cos(x)+1))-4*1n(-((-(cos(x)-1)/sin(x))~(1/2)*2" (1
/2)*sin(x)+sin(x)-cos(x)+1)/((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2) *sin(x) -sin(
x)+cos(x)-1))+2"(1/2) *(-(cos(x)-1) /sin(x)) ~(3/2)+2*xsin(x) *cos (x) *1n (- ((- (co
s(x)-1)/sin(x))~(1/2)*2~(1/2)*sin(x)-sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x))
~(1/2)*27(1/2)*sin(x)+sin(x)-cos(x)+1))-10*cos(x) "2*2~ (1/2) *arctan((-(cos(x
)-1)/sin(x))~(1/2))+20*sin(x) *2~ (1/2) *arctan((-(cos(x)-1)/sin(x))~(1/2))-10
*cos (x)*27 (1/2)*xarctan((-(cos(x)-1)/sin(x))~(1/2))+2*sin(x)*cos (x) *1n (- ((-(
cos(x)-1)/sin(x))~(1/2)*2~(1/2)*sin(x)+sin(x) -cos(x)+1)/((-(cos(x)-1) /sin(x
))~(1/2) %27 (1/2)*sin(x) -sin(x)+cos (x)-1) ) +8*sin(x) *cos (x) *arctan ((-(cos (x) -
1) /sin(x))~(1/2)*27(1/2)+1)+8*sin(x) *cos (x) *arctan((-(cos(x)-1)/sin(x)) "~ (1/
2)%27(1/2)-1)-10*sin(x) *cos (x) *2~ (1/2) *arctan((-(cos(x)-1) /sin(x))~(1/2))+2
0%2~(1/2)*arctan((-(cos(x)-1)/sin(x))~(1/2))-(-(cos(x)-1)/sin(x) )~ (1/2)*2~(
1/2)+2*cos (x) "2*1n(-((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2) *sin(x) +sin(x)-cos(x
)+1)/((=(cos(x)-1)/sin(x))~(1/2)*27(1/2) *sin(x) -sin(x) +cos(x)-1) ) +8*cos(x) "~
2*xarctan((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)+1)+8*cos (x) "2*arctan((-(cos(x)-
1)/sin(x))~(1/2)*27(1/2)-1)+2*cos(x) "2*In(-((-(cos(x)-1)/sin(x))~(1/2)*2~ (1
/2)*sin(x)-sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)*sin(x)+sin(
x)-cos(x)+1))-4*sin(x)*In(-((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2) *sin(x) +sin(x
)-cos(x)+1)/((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)-sin(x)+cos(x)-1))-16
*sin(x)*arctan((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2)+1)-16*sin(x)*arctan((-(co
s(x)-1)/sin(x))~(1/2)*27(1/2)-1)-4*sin(x) *1n(-((-(cos(x)-1) /sin(x)) ~(1/2) *2
~(1/2)*sin(x)-sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x)) " (1/2)*2~(1/2) *sin(x) +s
in(x)-cos(x)+1))+2*cos(x)*1n(-((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2) *sin(x) +si
n(x)-cos(x)+1)/((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)-sin(x)+cos(x)-1))
+8*cos (x)*arctan((-(cos(x)-1)/sin(x)) ~(1/2)*2~(1/2)+1)+8*cos (x) *arctan((-(c
os(x)-1)/sin(x))~(1/2)*2~(1/2)-1)+2*cos (x) *1n(-((-(cos(x)-1)/sin(x)) ~(1/2) *
27 (1/2)*sin(x)-sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x) )~ (1/2)*2~(1/2) *sin(x)+
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sin(x)-cos(x)+1))+sin(x) *cos(x)*2”(1/2) *(-(cos(x)-1)/sin(x)) ~(3/2)-sin(x) *c
os(x)*27(1/2)*(-(cos (x)-1)/sin(x))~(1/2))/(a*(sin(x)+1) /sin(x))~(3/2) /sin(x
)~3/(-(cos(x)-1)/sin(x))~(3/2)*2~(1/2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 150 vs.
2(60) = 120.

time = 0.48, size = 150, normalized size = 1.85

sin(@) \ 2 in 1 sin (z) 1 sin (z) sin (z)
\/Zﬁ(ﬁ) V2 COZ(Z()ZJ)FI ﬁ(\/f arctan (5ﬁ(ﬁ+2 oos (@) + 1 )) + /2 arctan <7§ﬁ<f -2 m ))) 5ﬁarctm< cos(@) +1 )
+ 7 T

3 | 2a¥sin@) |, afsin@)? a> 2a2
2 <a2 + cos(@)+1 + vl

{cos(a)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+a*csc(x))~(3/2),x, algorithm="maxima")

[Out] -1/2%(sqrt(2)*(sin(x)/(cos(x) + 1))~(3/2) - sqrt(2)*sqrt(sin(x)/(cos(x) + 1
)))/ (@~ (3/2) + 2*%a~(3/2)*sin(x)/(cos(x) + 1) + a~(3/2)*sin(x)~2/(cos(x) + 1

)72) + sqrt(2)*(sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(sin(x)/(cos(x)

+ 1)))) + sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(sin(x)/(cos(x) + 1
)))))/a~(3/2) - 5/2xsqrt(2)*arctan(sqrt(sin(x)/(cos(x) + 1)))/a~(3/2)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 195 vs.
2(60) = 120.
time = 4.55, size = 427, normalized size = 5.27

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(x))~(3/2),x, algorithm="fricas")

[Out] [-1/4*(5*sqrt(2)*(cos(x)~2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(-a)*log
(-(sqrt(2)*sqrt(-a)*sqrt ((a*sin(x) + a)/sin(x))*sin(x) - a*cos(x))/(sin(x)
+ 1)) + 4*x(cos(x)"2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(-a)*log((2*a*c
0s(x)"2 + 2*(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) +
a)/sin(x)) + a*cos(x) - (2*axcos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1))
+ 2% (cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt((a*sin(x) + a)/sin(x)))/(a"2
*xcos(x)"2 - a”2*cos(x) - 2*a"2 - (a”2xcos(x) + 2*a~2)*sin(x)), 1/2*(5xsqrt(
2)*(cos(x)"2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(a)*arctan(sqrt(2)*sqr
t(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) + 1)/(a*cos(x) + a*sin(x) + a)) +
4x(cos(x)"2 - (cos(x) + 2)*sin(x) - cos(x) - 2)*sqrt(a)*arctan(-sqrt(a)*sqr
t((a*sin(x) + a)/sin(x))*(cos(x) - sin(x) + 1)/(a*cos(x) + a*sin(x) + a)) -
(cos(x)"2 + (cos(x) + 1)*sin(x) - 1)*sqrt((a*sin(x) + a)/sin(x)))/(a"2*cos
(x)72 - a™2%cos(x) - 2*a”2 - (a"2*cos(x) + 2*a~2)*sin(x))]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(acsc(;)—l-a) &

Nl
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+a*csc(x))**(3/2),x)
[Out] Integral((axcsc(x) + a)**x(-3/2), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 243 vs. 2(60) =
120.
time = 0.47, size = 243, normalized size = 3.00

]| LT J] (o) [ e )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(x))~(3/2),x, algorithm="giac")

[Out] -5/2%sqrt(2)*arctan(sqrt(a*tan(1/2*x))/sqrt(a))/a~(3/2) + (a*sqrt(abs(a)) +
abs(a)~(3/2))*arctan(1/2*sqrt(2) *(sqrt(2) *sqrt(abs(a)) + 2*sqrt(axtan(1/2x
x)))/sqrt(abs(a)))/a~3 + (axsqrt(abs(a)) + abs(a)~(3/2))*arctan(-1/2*sqrt(2
)*(sqrt (2)*sqrt(abs(a)) - 2*sqrt(axtan(1/2+*x)))/sqrt(abs(a)))/a~3 + 1/2*(ax
sqrt(abs(a)) - abs(a)~(3/2))*log(axtan(1/2*x) + sqrt(2)*sqrt(a*xtan(1/2*x))x*
sqrt(abs(a)) + abs(a))/a~3 - 1/2x(a*sqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(
1/2xx) - sqrt(2)#*sqrt(axtan(1/2*x))*sqrt(abs(a)) + abs(a))/a"3 - 1/2*sqrt(2
)*(sqrt(axtan(1/2*x))*a*tan(1/2*x) - sqrt(axtan(1l/2+*x))*a)/((a*xtan(1/2*x) +
a) "2%a)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/<a+ 1a )3/2d$

sin(z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a/sin(x))~(3/2),x)
[Out] int(1/(a + a/sin(x))~(3/2), x)
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3.18 I L dx

a+a csc(z))5/2

Optimal. Leaf size=100

2ArcTan( V/a cot(a) ‘ ) 43ArcTan< v/a cot(a) ‘ )
B Vva + acsc(z) V2 \/a + acsc(z) cot(x) 11 cot(x)

a5/? 162 a/2 4(a + acsc(x))®?  16a(a + acsc(z))3/2

[Out] -2*arctan(cot(x)*a~(1/2)/(a+axcsc(x))~(1/2))/a~(5/2)+1/4*cot(x)/(at+a*csc(x)
)~ (5/2)+11/16%cot (x) /a/(at+axcsc(x))~(3/2)+43/32*arctan(1/2*xcot (x)*a~(1/2)*2
~(1/2)/ (a+a*xcsc(x))~(1/2))/a~(5/2)*2~(1/2)

Rubi [A]
time = 0.11, antiderivative size = 100, normalized size of antiderivative = 1.00, number of

number of rules _
> integrand size 0.600,

steps used = 7, number of rules used = 6, integrand size = 10
Rules used = {3862, 4007, 4005, 3859, 209, 3880}

2ArcTan (\/‘T“’t(x)) 43ArcTan < V@ cot(z) | )
_ acsc(r) +a n V2 acse(z) +a 11 cot(x) cot(z)

a®/? 164/2 a5/2 16a(a csc(z) + a)3/? + 4(acsc(z) + a)/?

Antiderivative was successfully verified.
[In] Int[(a + a*Csc[x])~(-5/2),x]

[Out] (-2*ArcTan[(Sqrt[al*Cot[x])/Sqrt[a + a*Csc[x]]1])/a~(5/2) + (43*ArcTan[(Sqrt
[al*Cot [x])/(Sqrt [2]*Sqrt[a + a*Csc[x]1)])/(16*Sqrt[2]*a~(5/2)) + Cot([x]/(4
x(a + axCsc[x])~(5/2)) + (11*Cot[x])/(16*a*x(a + a*xCsc[x])~(3/2))

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt [b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 3859

Int[Sqrtlcscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_)], x_Symbol] :> Dist[-2*(b/d),
Subst[Int[1/(a + x72), x], x, b*(Cot[c + d*x]/Sqrt[a + b*Csc[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 3862

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-Cotl[c
+ d*x])*((a + bxCsc[c + d*x])"n/(d*(2*n + 1))), x] + Dist[1/(a"2*x(2*n + 1))
, Int[(a + bxCscl[c + d*x])~(n + 1)*(ax(2*%n + 1) - bx(n + 1)*Csc[c + d*x]),
x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0] && LeQ[n, -1] && Inte
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gerQ [2*n]

Rule 3880

Int[cscl(e_.) + (f_.)*(x_)1/Sqrtlcscl(e_.) + (£_.)*(x_)1*(_.) + (a )], x_S
ymbol] :> Dist[-2/f, Subst[Int[1/(2*a + x72), x], x, b*(Cot[e + f*xx]/Sqrt[a
+ b*Cscle + f*x]])], x] /; FreeQ[{a, b, e, f}, x] & EqQ[a"2 - b2, 0]

Rule 4005

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_
.) + (a_)], x_Symbol] :> Dist[c/a, Int[Sqrt[a + b*Csc[e + f*x]], x], x] - D
ist[(bxc - a*d)/a, Int[Csc[e + f*x]/Sqrt[a + b*Cscl[e + f*x]], x], x] /; Fre
eQ[{a, b, c, 4, e, f}, x] && NeQ[bxc - axd, 0] && EqQ[a~2 - b~2, 0]

Rule 4007

Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_))~(m_)*(cscl(e_.) + (£f_.)*(x_)]*(d
_.) + (c))), x_Symbol] :> Simp[(-(b*c - a*d))*Cot[e + f*x]*((a + bxCsc[e +
f*x]) "m/(bxfx(2*xm + 1))), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscle + f
*x]) " (m + 1)*Simp[a*c*(2xm + 1) - (b*c - a*d)*(m + 1)*Cscle + f*x], x], x],
x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && E
qQ[a"2 - b~2, 0] && IntegerQ[2*m]

Rubi steps
4a-|— acsc(x)
/ dx = cot(z) J Grassdayr 4
(a+acsc(z))®?  4(a+acsc(z))? 4a?
8a? ——a 2 csc(z) dx
B cot(x) + 11 cot(z) + Vva+acsc(z)
~ 4(a+acsc(z))’/2 " 16a(a + acsc(r))3/2 8at
43 csc
B cot(z) 4 11 cot(z) 4 [ Va+acse(z) dx B / va+a
4(a+ acsc(z))®?  16a(a + acsc(z))3/? a? 32a
2Subst | [ L, dz, z acot(z)
_ cot(x) 11 cot(z) B (f a+a® " Va+ acsc(x)
4(a+ acsc(z))®?  16a(a + acsc(z))3/? a?
2tan_1 ( \/E cot(x) ) 43 tan_l ( \/E cot(x) )
Vva+ acsc(z) V2 /a+ acsc(z) cot(z)
B ad/? 1612 a5/2 4(a+ acsc(z
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Mathematica [A]
time = 0.54, size = 139, normalized size = 1.39

asc?(x) (cos (%) +sin (£)) (7+ 15cos(2z) — 64ArcTan<w/fl + csc(z) ) v/ —1+csc(z) (cos (£) +sin (%))4 +43+/2' ArcTan <_1+TCSC(1>) /=1 + csc(z) (cos (£) +sin (%))4 + BSin(z))
32(a(1 + csc(x)))%/2 (cos (%) —sin (%))

Antiderivative was successfully verified.

[In] Integrate[(a + a*Csc[x])~(-5/2),x]

[Out] (Csc[x]~2*(Cos[x/2] + Sin[x/2])*(7 + 15%Cos[2*x] - 64*ArcTan[Sqrt[-1 + Csc[
x]]1*Sqrt[-1 + Csc[x]]1*(Cos[x/2] + Sin[x/2])"4 + 43*Sqrt[2]*ArcTan[Sqrt[-1

+ Csc[x]]1/Sqrt[2]]*Sqrt[-1 + Csc[x]]*(Cos[x/2] + Sin[x/2])"4 + 8*Sin[x]))/(

32+ (ax(1 + Cscl[x]))~(56/2)*(Cos[x/2] - Sin[x/2]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1960 vs.
2(75) = 150.
time = 0.12, size = 1961, normalized size = 19.61

method | result size
default | Expression too large to display | 1961

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+a*csc(x))~(5/2),x,method=_RETURNVERBOSE)

[Out] -1/128*(cos(x)-1)"2%(-11%x(-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)*sin(x)+19%cos (x
)"2%27(1/2)*(-(cos(x)-1)/sin(x))~(3/2)-19*sin(x)*2"(1/2) *(-(cos(x)-1) /sin(x
)) " (3/2)+11*cos(x) "2%27(1/2) *(-(cos(x)-1) /sin(x)) ~(1/2)-128*cos (x) “3*arctan
((-(cos(x)-1)/sin(x))~(1/2)*27(1/2)-1)-32*cos(x) “3*1n(-((-(cos(x)-1)/sin(x)
)~ (1/2)*%27(1/2)*sin(x) -sin(x)+cos(x)-1) /((-(cos(x)-1)/sin(x) )~ (1/2)*2~(1/2)
*sin(x)+sin(x)-cos(x)+1))-32%cos(x) “3*1n(-((-(cos(x)-1)/sin(x)) ~(1/2)*2~(1/
2)*sin(x)+sin(x)-cos(x)+1)/((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2)*sin(x) -sin(x
)+cos(x)-1))-128*cos(x) “3*arctan((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2)+1)-11*c
0s(x)*27(1/2)*(-(cos(x)-1)/sin(x)) " (1/2)+19*sin(x)*2~(1/2) *(-(cos(x)-1) /sin
(%))~ (5/2)+19*cos (x) ~3%2~ (1/2)*(-(cos(x)-1)/sin(x)) ~(3/2)+19%cos (x) *2~(1/2)
*(-(cos(x)-1)/sin(x))~(5/2)+11*cos(x) "3*2" (1/2) *(-(cos(x)-1)/sin(x))~(1/2)-
19*cos (x)*27(1/2) *(-(cos(x)-1)/sin(x))~(3/2)-11*cos(x) "3*2~(1/2) * (- (cos (x) -
1)/sin(x) )~ (7/2)-11*cos(x) "2%2~(1/2) * (- (cos(x)-1) /sin(x) )~ (7/2)+11*sin(x) *2
~(1/2)*(=(cos(x)-1)/sin(x) )~ (7/2)-19*cos(x) "3*%2~(1/2) * (- (cos(x)-1) /sin(x) )~
(5/2)+11*cos(x)*2"(1/2)*(-(cos(x)-1)/sin(x) ) ~(7/2)-19*cos (x) "2*2~ (1/2) *(-(c
0s(x)-1)/sin(x))~(5/2)-172*sin(x) *cos (x) ~2*x2~ (1/2) *arctan((-(cos(x)-1) /sin(
x))~(1/2))-512*%arctan((-(cos(x)-1)/sin(x)) ~(1/2)*2~(1/2)-1)-512*%arctan((-(c
os(x)-1)/sin(x))~(1/2)*2~(1/2)+1)-128*1n(-((-(cos(x)-1)/sin(x) )~ (1/2)*2~(1/
2)*sin(x)-sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2)*sin(x)+sin(x
)-cos(x)+1))-128*%1In(-((-(cos(x)-1)/sin(x)) "~ (1/2)*2~(1/2)*sin(x)+sin(x)-cos(
x)+1)/((-(cos(x)-1)/sin(x)) " (1/2)*2~(1/2)*sin(x) -sin(x)+cos(x)-1) ) +128*sin(
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x) *cos(x) "2*arctan((-(cos(x)-1)/sin(x))~(1/2)*27(1/2)-1)+32*sin(x) *cos (x) "2
*1n(-((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2)*sin(x)-sin(x)+cos(x)-1)/ ((-(cos(x)
-1)/s8in(x)) "~ (1/2)*2~(1/2)*sin(x)+sin(x)-cos(x)+1) ) +32*sin (x) *cos (x) “2*1n (- (
(-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)*sin(x)+sin(x) -cos(x)+1) /((-(cos (x)-1) /si
n(x))~(1/2)*27(1/2)*sin(x)-sin(x)+cos(x)-1))+128*sin(x) *cos (x) “2*arctan ((-(
cos(x)-1)/sin(x))~(1/2)*2~(1/2)+1)+172*cos (x) "3*%2~(1/2) *arctan((-(cos(x)-1)
/8in(x))~(1/2))-19%2"(1/2)*(-(cos(x)-1) /sin(x) )~ (3/2) +64*sin(x) *cos (x) *1n(-
((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2)*sin(x)-sin(x)+cos(x)-1) /((-(cos(x)-1)/s
in(x))~(1/2)*27(1/2) *sin(x)+sin(x)-cos(x)+1))-516%*cos(x) ~2*2~ (1/2) *arctan ((
-(cos(x)-1)/sin(x))~(1/2))+688*sin(x)*2~(1/2)*arctan((-(cos(x)-1)/sin(x)) ~(
1/2))-344*cos(x)*2~(1/2) *arctan((-(cos(x)-1)/sin(x))~(1/2))+64*sin(x)*cos(x
)*¥1n(-((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)+sin(x)-cos(x)+1) / ((-(cos(x
)-1)/sin(x))~(1/2)*27(1/2) *sin(x)-sin(x)+cos(x)-1))+256*sin(x) *cos (x) *arcta
n((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)+1)+256*sin(x) *cos (x) *arctan((-(cos(x)-
1)/sin(x))~(1/2)*27(1/2)-1)+11%27(1/2) * (- (cos (x)-1) /sin(x) ) " (7/2) +19%2~(1/2
Y*x(-(cos(x)-1)/sin(x))~(5/2)-344*sin(x)*cos (x) *2~(1/2) *arctan((-(cos(x)-1)/
sin(x))~(1/2))+688*2~ (1/2)*arctan((-(cos(x)-1)/sin(x))~(1/2))-11*(-(cos(x)-
1)/sin(x))~(1/2)*27(1/2)+22*sin(x) *cos (x)*2~(1/2) *(-(cos(x)-1) /sin(x) )~ (7/2
)+38*sin(x)*cos (x)*2~(1/2)*(-(cos(x)-1) /sin(x) )~ (5/2) +96*cos (x) ~2*1n (- ((-(c
o0s(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)+sin(x)-cos(x)+1)/((-(cos(x)-1) /sin(x)
)~ (1/2) %27 (1/2)*sin(x) -sin(x)+cos(x)-1) ) +384*cos (x) “2*arctan((-(cos(x)-1)/s
in(x))~(1/2)*27(1/2)+1)+384*cos (x) “2*arctan((-(cos(x)-1)/sin(x))~(1/2)*2~ (1
/2)-1)+96*cos (x) “2*x1n(-((-(cos(x)-1)/sin(x)) " (1/2)*2~(1/2) *sin(x) -sin(x)+co
s(x)-1)/((-(cos(x)-1)/sin(x)) " (1/2)*2~(1/2) *sin(x)+sin(x) -cos(x)+1) ) -128*si
n(x)*1In(-((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)+sin(x) -cos(x)+1)/((-(co
s(x)-1)/sin(x))~(1/2)*2~(1/2)*sin(x) -sin(x)+cos(x)-1))-512*sin(x) *arctan((-
(cos(x)-1)/sin(x))~(1/2)*2~(1/2)+1)-512*sin(x)*arctan((-(cos(x)-1)/sin(x))~
(1/2)*27(1/2)-1)-128*sin(x) *1n(-((-(cos(x)-1)/sin(x)) ~(1/2)*2~(1/2) *sin(x) -
sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)+sin(x) -cos(x)+1
))+64*cos (x)*1In(-((-(cos(x)-1)/sin(x))~(1/2)*2"(1/2) *sin(x) +sin(x)-cos(x)+1
)/ ((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2) *sin(x)-sin(x)+cos(x)-1) ) +256%cos (x)*a
rctan((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2)+1)+256*cos (x) *arctan((-(cos(x)-1)/
sin(x))~(1/2)*27(1/2)-1)+64*cos (x) *1n(-((-(cos(x)-1)/sin(x))~(1/2)*2~(1/2) *
sin(x)-sin(x)+cos(x)-1)/((-(cos(x)-1)/sin(x)) "~ (1/2)*2~(1/2)*sin(x)+sin(x)-c
os(x)+1))+11*xsin(x)*cos(x) ~2*x2~(1/2)*(-(cos(x)-1)/sin(x))~(7/2)+19*sin(x) *c
os(x)~2x27(1/2)*(-(cos(x)-1)/sin(x)) ~(5/2)-19*sin(x) *cos (x) "2*2~(1/2) * (- (co
s(x)-1)/sin(x))~(3/2)-11*sin(x) *cos(x) ~2*2~ (1/2)*(-(cos(x)-1)/sin(x))~(1/2)
-38*sin(x) *cos(x)*2~(1/2)*(-(cos(x)-1)/sin(x)) "~ (3/2)-22*sin(x)*cos(x) *2~(1/
2)*(-(cos(x)-1)/sin(x))~(1/2))/(a*x(sin(x)+1)/sin(x))~(56/2) /sin(x) "5/ (- (cos(
x)-1)/sin(x))~(5/2)*27(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+a*csc(x))~(5/2),x, algorithm="maxima")
[Out] integrate((a*csc(x) + a)~(-5/2), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 254 vs.
2(75) = 150.
time = 3.27, size = 546, normalized size = 5.46

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(x))~(5/2),x, algorithm="fricas")

[Out] [-1/32%(43*sqrt(2)*(cos(x)~3 + 3*cos(x)"2 + (cos(x)"2 - 2*cos(x) - 4)*sin(x
) - 2%cos(x) - 4)*sqrt(-a)*log(-(sqrt(2)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x
))*sin(x) - a*cos(x))/(sin(x) + 1)) + 32*(cos(x)~3 + 3*cos(x)~"2 + (cos(x)"2
- 2xcos(x) - 4)*sin(x) - 2*cos(x) - 4)*sqrt(-a)*log((2*a*cos(x)~2 + 2x(cos
(x)72 + (cos(x) + 1)*sin(x) - 1)*sqrt(-a)*sqrt((a*sin(x) + a)/sin(x)) + axc
os(x) - (2%a*cos(x) + a)*sin(x) - a)/(cos(x) + sin(x) + 1)) - 2x(15*cos(x)”
3 + 4*xcos(x)”2 - (15xcos(x)”2 + 11*cos(x) - 4)*sin(x) - 15*cos(x) - 4)*sqrt
((a*sin(x) + a)/sin(x)))/(a"3*cos(x)~3 + 3*a~3*cos(x)~2 - 2*a~3*cos(x) - 4%
a~3 + (a"3xcos(x)"2 - 2*a~3xcos(x) - 4*a~3)*sin(x)), 1/16%(43*sqrt(2)*(cos(
x)73 + 3xcos(x)"2 + (cos(x)"2 - 2xcos(x) - 4)*sin(x) - 2*cos(x) - 4)*sqrt(a
)*arctan(sqrt (2)*sqrt(a)*sqrt((a*sin(x) + a)/sin(x))*(cos(x) + 1)/(a*cos(x)
+ a*xsin(x) + a)) + 32*%(cos(x)~3 + 3xcos(x)"2 + (cos(x)”2 - 2xcos(x) - 4)*s
in(x) - 2xcos(x) - 4)*sqrt(a)*arctan(-sqrt(a)*sqrt((a*sin(x) + a)/sin(x))=*(
cos(x) - sin(x) + 1)/(a*cos(x) + axsin(x) + a)) + (15*cos(x)~3 + 4xcos(x) "2
- (15xcos(x)"2 + 11*cos(x) - 4)*sin(x) - 15*cos(x) - 4)*sqrt((a*sin(x) + a
)/sin(x)))/(a"3*cos(x)~3 + 3*a~3*cos(x) "2 - 2*a"3*cos(x) - 4%¥a~3 + (a"3*cos
(x)72 - 2%a”3*cos(x) - 4*a~3)*sin(x))]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ =dz
(acsc(z) + a)?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*xcsc(x))**(5/2),x)
[Out] Integral((axcsc(x) + a)**x(-5/2), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 286 vs. 2(75) =
150.
time = 0.49, size = 286, normalized size = 2.86
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*csc(x))~(5/2),x, algorithm="giac")

[Out] -43/16*sqrt(2)*arctan(sqrt(a*tan(1/2*x))/sqrt(a))/a~(56/2) + (a*sqrt(abs(a))
+ abs(a)~(3/2))*arctan(1/2*sqrt(2) *(sqrt(2)*sqrt(abs(a)) + 2*sqrt(axtan(1l/
2%x)))/sqrt(abs(a)))/a"4 + (axsqrt(abs(a)) + abs(a)”(3/2))*arctan(-1/2*sqrt
(2)*(sqrt(2)*sqrt(abs(a)) - 2*sqrt(axtan(1/2*x)))/sqrt(abs(a)))/a~4 + 1/2x(
axsqrt(abs(a)) - abs(a)~(3/2))*log(a*tan(1/2*x) + sqrt(2)*sqrt(axtan(1/2*x)
)*sqrt(abs(a)) + abs(a))/a~4 - 1/2x(a*xsqrt(abs(a)) - abs(a)~(3/2))*log(axta
n(1/2xx) - sqrt(2)#*sqrt(axtan(1/2*x))*sqrt(abs(a)) + abs(a))/a~4 - 1/16*sqr
t(2)*(11xsqrt (a*xtan(1/2*x))*a~3*tan(1/2*x) "3 + 19*sqrt(a*tan(1/2+*x))*a”~3*ta
n(1/2*x)"2 - 19*sqrt(a*tan(1/2*x))*a~3*tan(1/2*x) - 1l*sqrt(axtan(1/2*x))x*a
~3)/((a*tan(1/2*x) + a)~4*a~2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/< . )Wzdx

a+ sin(z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a/sin(x))~(5/2),%)
[Out] int(1/(a + a/sin(x))~(5/2), x)
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3.19 [ /csc(e + fz) v/a+acsc(e+ fz) dr

Optimal. Leaf size=37

Va+acscle + fr
f
[Out] -2*arcsinh(cot (f*x+e)*a~(1/2)/(at+taxcsc(fxx+e))~(1/2))*a~(1/2)/f

Rubi [A]
time = 0.04, antiderivative size = 37, normalized size of antiderivative = 1.00, number of

steps used = 2, number of rules used = 2, integrand size = 25, Bumber of rules _  gg.

’ integrand size
Rules used = {3886, 221}
2\/5 Sinh—l ( ﬁcot(e+fa:) )

Zﬁ sinh_l ( ﬁcot(e—i—fw) )
_ )

Vacsc(e + fz) +a
f

Antiderivative was successfully verified.

[In] Int[Sqrt[Cscle + f*x]]*Sqrt[a + axCsc[e + f*x]],x]

[Out] (-2*Sqrt[al*ArcSinh[(Sqrt[a]l*Cot[e + f*x])/Sqrt[a + a*Cscl[e + f*x]1]1)/f
Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 3886

Int[Sqrtlcscl(e_.) + (£f_.)*(x_)]*(d_.)]*Sqrtlcscl(e_.) + (£_.)*x(x_)I*(b_.)
+ (a_)], x_Symbol] :> Dist[-2*(a/(bx*f))*Sqrt[a*(d/b)], Subst[Int[1/Sqrt[1 +
x~2/al, x], x, bx(Cot[e + f*x]/Sqrtl[a + b*Cscle + £*x]1)], x] /; FreeQ[{a,
b, d, e, f}, x] & EqQ[a"2 - b~2, 0] && GtQ[ax(d/b), 0]

Rubi steps
2Subst | [ ——— dz, =, acot(etfo) ‘
1+x2 va+ acsc(e + fr)
/\/csc(e—i—fz)\/a—I—acsc(e—i-fx)dz=— a 7
2\/; sinh_l ( \/Ecot(e-{—fa:) >
B va+ acsc(e + fr)

f
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Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 108 vs. 2(37) =

74.
time = 0.44, size = 108, normalized size = 2.92

2cot(e + fz)v/a(l + csc(e + fz)) (log(l +csc(e + fz)) — log ( csc(e+ fx) +csci(e+ fz) + y/cot2(e + fz) /14 csc(e + fz) ))
fr/cot?(e+ fz) /1+cscle+ fz)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Cscle + f*x]]1*Sqrt[a + a*Cscle + f*x]],x]

[Out] (2xCot[e + fxx]*Sqrt[ax(1l + Cscle + f*x])]*(Log[l + Cscl[e + f*x]] - Log[Sqr
t[Cscle + fxx]] + Cscle + f*x]~(3/2) + Sqrt[Cot[e + f*x]~2]*Sqrt[1 + Cscle

+ £xx]1]))/(£xSqrt[Cot[e + fxx]~2]*Sqrt[1 + Cscle + f*x]])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 113 vs.
2(31) = 62.
time = 1.34, size = 114, normalized size = 3.08

method | result size

a(sin(f$+€)+1) cos(fzte)—1 \/5

\/5 sin(f++e) (cos(fz+e)—1) sin(fate) arcsinh<W> +arctanh 7
‘ 2 \/ 14cos(fx+e) 114

f(=1+cos(fz+e)—sin(fz+e)) \/m

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e)”(1/2)*(ata*csc(f*x+e))~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/f*x2~(1/2)*(1/sin(f*x+e)) " (1/2)*(cos(f*x+e)-1)*(a*(sin(f*x+e)+1)/sin(f*x+
e))~(1/2)*(arcsinh((cos(f*x+e)-1) /sin(f*x+e))+arctanh(1/2%2~(1/2)/(1/(1+cos
(fxx+e)))~(1/2)))/(-1+cos(f*x+e)-sin(f*x+e))/(1/(1+cos(f*xx+e)))~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)~(1/2)*(at+taxcsc(f*x+e))”~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(a*csc(f*x + e) + a)*sqrt(csc(f*x + e)), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 81 vs.
2(33) = 66.
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time = 4.12, size = 309, normalized size = 8.35

[errraere
[asin (fz+e)+a
/”.,u(‘mu,ﬂ)uqm(VHH\;.,«m,\w.uwx—x)\/?V’ 4 ‘:hszfl J:)e)
—
- T |asin(fz+e)+a
vam(fr e) (cos(f+e)?+2 sin(fa+e)-1) V/—a \‘%

| i
v —a arctan

)¢
Va' log cos(fz+e)’+eos(fa+e)? +(cos( fo-+e)? —1) sin(fz-+e)—cos( fa-+e) =

2acos(fa+e)\/sin (fz + €)

2f ’ f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)~(1/2)*(at+taxcsc(f*x+e))~(1/2),x, algorithm="fricas")

[Out] [1/2*sqrt(a)*log((a*xcos(f*x + e)~3 - T*akxcos(f*x + e)~2 - 9xaxcos(f*x
+ (a*xcos(f*x + e)”2 + 8*a*cos(f*x + e) - a)*sin(f*x + e) + 4*(cos(f*xx + e)~
3 + 3*kcos(f*x + e)72 - (cos(f*x + e)”2 - 2xcos(f*x + e) - 3)*sin(f*x + e) -
cos(fxx + e) - 3)xsqrt(a)*sqrt((a*sin(f*x + e) + a)/sin(f*x + e))/sqrt(sin
(f*x + e)) - a)/(cos(f*x + e)”3 + cos(f*x + e)”2 + (cos(f*x + e)”2 - 1)*sin
(fxx + e) - cos(fxx + e) - 1))/f, sqrt(-a)*arctan(1/2*(cos(f*x + e)~2 + 2xs
in(f*x + e) - 1)*sqrt(-a)*sqrt((axsin(f*x + e) + a)/sin(f*x + e))/(a*cos(f*
x + e)*sqrt(sin(f*x + e))))/f]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/a(csc(e—l-fz) +1) /esc(e+ fr) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**(1/2)*(ata*xcsc(f*xx+e))*x(1/2),x)
[Out] Integral(sqrt(ax(csc(e + f*x) + 1))*sqrt(csc(e + f*x)), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 111 vs. 2(31) =

62.
time = 0.81, size = 111, normalized size = 3.00

. 1 1\?
o tan(} so+d e)- | [ a3 tan 3 fr+ 3¢ +a?
2 arctan 2 !
A 1 1
Ga log[—a%tan(;fz+;e)+\/a3tan <§ fx+ §€> +a? j
a ey - 7z sgn(sin (fz +€))
f

Verification of antiderivative is not currently implemented for this CAS.

+ e)
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[In] integrate(csc(f*x+e)~(1/2)*(ata*csc(f*x+e))”(1/2),x, algorithm="giac")

[Out] a*x(2*arctan(-(a~(3/2)*tan(1/2*f*x + 1/2xe) - sqrt(a~3*tan(1/2*f*x + 1/2xe)”
2 + a”3))/(sqrt(-a)#*a))/sqrt(-a) - log(abs(-a~(3/2)*tan(1/2xf*x + 1/2xe) +
sqrt(a~3xtan(1/2*f*x + 1/2xe)"2 + a~3)))/sqrt(a))*sgn(sin(f*x + e))/f

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

/\/a—i_sin(e(fl—fw) \/ sin(e:-fa:) de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(e + f*x))~(1/2)*(1/sin(e + f*x))~(1/2),x)
[Out] int((a + a/sin(e + f*x))~(1/2)*(1/sin(e + f*x))~(1/2), x)
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3.20 [ \/—csc(e + fr) v/a—acscle+ fz) dz

Optimal. Leaf size=38

Va—acscle+ fx
f
[Out] -2*arcsinh(cot (f*x+e)*a~(1/2)/(a-a*csc(fxx+e))~(1/2))*a~(1/2)/f

Rubi [A]
time = 0.05, antiderivative size = 38, normalized size of antiderivative = 1.00, number of

steps used = 2, number of rules used = 2, integrand size = 28, Bumber of rules _ o771

’ integrand size
Rules used = {3886, 221}
2\/5 Sinh—l ( ﬁcot(e+fa:) )

2\/07 sinh_l ( ﬁcot(e—i—fw) )
_ )

Vva—acsc(e+ fz)
f

Antiderivative was successfully verified.

[In] Int([Sqrt[-Cscle + f*x]]*Sqrt[a - a*Cscl[e + f*x]],x]

[Out] (-2*Sqrt[al*ArcSinh[(Sqrt[a]l*Cot[e + f*x])/Sqrtl[a - a*Cscl[e + f*x]]1]1)/f
Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 3886

Int[Sqrtlcscl(e_.) + (£f_.)*(x_)]*(d_.)]*Sqrtlcscl(e_.) + (£_.)*x(x_)I*(b_.)
+ (a_)], x_Symbol] :> Dist[-2*(a/(b*f))*Sqrt[a*x(d/b)], Subst[Int[1/Sqrt[1 +
x~2/a], x], x, bx(Cot[e + f*x]/Sqrt[a + b*Cscle + f*x]]1)], x] /; FreeQ[{a,
b, d, e, f}, x] & EqQ[a"2 - b~2, 0] && GtQ[ax(d/b), 0]

Rubi steps

2Subst | [ —A—dz,z, — a cot(e+fz)

/1+x_2 Va—acsc(e + fx)
a

/\/—CSC(GJFfw)\/a—a080(6+fw)dx: ;
24/a sinh™! ( V@ cot(e+fz) )

\/a—acsc(e—l—fx)‘
f
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Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 101 vs. 2(38) =

76.
time = 1.35, size = 101, normalized size = 2.66

2 (sinh‘1 (tan (3(e+ fz))) + tanh™" ( sec? (%(e + fm)) >> V/—csc(e + fr) /a—acsc(e + fz) tan (i(e + fz))

ifsect (e 1)) (-1 v (e + fa)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-Cscl[e + f*x]]*Sqrt[a - axCscle + fxx]],x]

[Out] (2*x(ArcSinh[Tan[(e + f*x)/2]] + ArcTanh[Sqrt([Sec[(e + f*x)/2]~2]])*Sqrt[-Cs
cle + fxx]]1*Sqrt[a - axCscle + fxx]]*Tan[(e + f*x)/2])/(£f*Sqrt[Sec[(e + f*x
)/2]1721*(-1 + Tan[(e + f*x)/2]))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 116 vs.

2(32) = 64.
time = 1.26, size = 117, normalized size = 3.08

method | result

sin(fz+e)
2,/— ./ o)1 Vo Troo(7o7e)
51n(f:c+e) (cos(fz+e)—1) a(S;?é{;x_z) ) arctan cos\jzTe _arctan —12

1+cos(fz+e)

default
2

f(=1+4cos(fz+e)+sin(fz+e)) \/_ I+cos(fz+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-csc(f*x+e)) " (1/2)*(a-a*csc(f*x+e)) " (1/2),x,method=_ RETURNVERBOSE)

[Out] 2/fx(-1/sin(f*x+e)) "~ (1/2)*(cos(f*x+e)-1)*(a*x(sin(f*x+e)-1)/sin(f*x+e))~(1/2
Yx(arctan(1/2*sin(f*xx+e)*(-2/ (1+cos(f*x+e))) ~(1/2))-arctan(1/(-2/(1+cos (f*x
+e)))~(1/2)))/(-1+cos(f*x+e) +sin(f*x+e)) /(-2/(1+cos (f*x+e))) ~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-csc(f*x+e))~(1/2)*(a-a*csc(f*x+e))”(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(-a*csc(f*x + e) + a)*sqrt(-csc(f*x + e)), x)
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 87 vs.
2(34) = 68.
time = 3.85, size = 322, normalized size = 8.47

N |asin(fzr+e)—a | 1 N . |asin(fr+e)—a | 1
ety —Tacon e~ (con 46143 conlf e+ (con -2 o)) alfee)-comisone)-5) Va1 [SIIEHXD 20 [ Lo (acontrerertsSacetster—e) shiszsel-a (wwtrorer2smrasat) =g [2SmUErD e [ 1
VO Tsin(fa v o) \ sin(fz+¢) \ o aret \ “sin(fz+e) \ Tsin(a+e)
—a arctal Zacos(fz+e)

ot st P (cosl T+l 1) s e —eos o)1

2f ! !

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-csc(f*x+e))~(1/2)*(a-a*csc(f*x+e))~(1/2),x, algorithm="fricas")

[Out] [1/2*sqrt(a)*log((a*cos(f*x + e)~3 - Txaxcos(f*x + e)”2 - 4*(cos(f*x + e)73
+ 3%cos(f*x + e)72 + (cos(f*x + e)”2 - 2xcos(f*x + e) - 3)*sin(f*x + e) -
cos(fxx + e) - 3)xsqrt(a)*sqrt((a*sin(f*x + e) - a)/sin(f*x + e))*sqrt(-1/s
in(f*xx + e)) - 9xa*xcos(f*x + e) - (axcos(f*x + e)”2 + 8xa*xcos(f*x + e) - a)
xsin(f*x + e) - a)/(cos(fxx + e)”3 + cos(f*x + e)”2 - (cos(f*x + e)72 - 1)x*
sin(f*x + e) - cos(f*x + e) - 1))/f, sqrt(-a)*arctan(-1/2*(cos(f*x + e)~2 -
2xsin(f*x + e) - 1)*sqrt(-a)*sqrt((a*sin(f*x + e) - a)/sin(f*x + e))*sqrt(
-1/sin(f*x + e))/(a*cos(f*x + e)))/f]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/—csc(e+fa:)\/—a(csc(e+fx)—1)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-csc(f*x+e))**(1/2)*(a-a*xcsc(f*xx+e))**x(1/2),x)
[Out] Integral(sqrt(-csc(e + f*x))*sqrt(-ax(csc(e + f*x) - 1)), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 101 vs. 2(32) =
64.
time = 0.85, size = 101, normalized size = 2.66

1 1\?
3 mn(%fu%e)Jr\/af‘ tan <§ fr+ 3 e) +a3

—0Q a

2 aarctan

1 1\?
— +/a log (agtan(éf:c—i-;e)—l—\/a3tan(2fz+2e) + a?

f

|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-csc(f*x+e))~(1/2)*(a-a*csc(f*x+e))~(1/2),x, algorithm="giac")
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[Out] -(2*a*arctan((a~(3/2)*tan(1/2*f*x + 1/2xe) + sqrt(a~3*tan(1/2*f*x + 1/2xe)”
2 + a”3))/(sqrt(-a)*a))/sqrt(-a) - sqrt(a)*log(abs(a~(3/2)*tan(1/2*f*x + 1/
2xe) + sqrt(a~3xtan(1/2xf*x + 1/2xe)"2 + a~3))))/f

Mupad [F]
time = 0.00, size =

-1, normalized size = -0.03

/ e 1
sin (e + f z) sin (e + f z)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a - a/sin(e + f*x))~(1/2)*(-1/sin(e + f*x))~(1/2),x%)
[Out] int((a - a/sin(e + f*x))~(1/2)*(-1/sin(e + f*x))~(1/2), x)
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3.21 [ esc3(c+ dz) \/a + acsc(c + dx) d

Optimal. Leaf size=254

4 3%/4\/2 4+ /3" a? cot(c + dx) <1_ W) 142\3/cs\c/(j+d\j)_
1+ — v/esc

_ 6acos(c +dz) csci (¢ + dx) B

5d+/a + acsc(c+ dr) g 1 — {/csc(c + dz)
(1 + /3" — ¥/esc(c + dx) >2

(a—a

[Out] -6/5%a*cos(d*x+c)*csc(d*x+c)~(4/3)/d/(ataxcsc(d*x+c))~(1/2)-4/5%3"(3/4)*a"2
*cot (dxx+c) * (1-csc(d*x+c) ~(1/3))*EllipticF ((1-csc(d*x+c)~(1/3)-37(1/2))/(1-
csc(d*x+c) " (1/3)+37(1/2)) ,I%x3~(1/2)+2+I)* (1/2%6~(1/2)+1/2x2~(1/2) ) * ((1+csc(
dx+c) ~(1/3)+csc (d¥x+c) = (2/3)) / (1-csc (dx+c) = (1/3)+3(1/2))~2)~(1/2) /d/ (a-a
*csc(d*x+c))/(at+a*csc(d*x+c))~(1/2)/((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c)~(1/
3)+37(1/2))"2)~(1/2)

Rubi [A]
time = 0.20, antiderivative size = 254, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.160,

steps used = 4, number of rules used = 4, integrand size = 25
Rules used = {3891, 52, 65, 224}

2 3 ! 3
48/1\/24 V3 a?cot(c+ da) (1= {/esclc + da) ) Calad R Loctak Okt F(ArcSin(i_ oscle + dr) “/37“> |7 4\/§)

(_ Vol da) +V3 + 1) ~Vmlo+de) + /8w _ 6acos(c+dz) csci (¢ + dx)
— /cesc(c+ dx ‘ 5d+\/acsc(c+dz)+a
5d ! (c+do) 5 (a — acsc(c+ dz))Vacsc(c + dz) + a
(~S/escler d) +V3 +1)

Antiderivative was successfully verified.
[In] Int[Csclc + d*x]~(4/3)*Sqrtl[a + a*Csc[c + d*x]],x]

[Out] (-6%axCos[c + d*x]*Csc[c + d*x]~(4/3))/(5*%d*Sqrt[a + axCscl[c + d*x]]) - (4%
37(3/4)*Sqrt[2 + Sqrt[3]]*a~2#Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqrt[(1

+ Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/
3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1 + Sqrt[3] - C

sclc + d*x]~(1/3))], -7 - 4x%Sqrt[3]])/(5*d*Sqrt[(1 - Csclc + d*x]~(1/3))/(1

+ Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + a*Csc[c +
d*x]])

Rule 52

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*((b*c - ax*d)/(
bx(m + n + 1))), Int[(a + b*x) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
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[m, 0] && ( !IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 224

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s™2 - r*xs
*x + r~2*%x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x"3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_)*Sqrtlcscl(e_.) + (f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + f*xx]]
*Sqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtla - bxx], x], x,
Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a"2 - b2, 0]

Rubi steps
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a— ar

(a® cot(c + dz)) Subst (f Ve dz, z,csc(c + dx))

csc? (¢ + dz)\/a + acsc(c + dz) dx = ‘ ‘
/ ( )V ( ) dv/a — acsc(c+ dz) \/a+ acsc(c+ dx)

2
6acos(c+ dz)escl(c+dr) | o OHC do) Subst (f

]

z2/3\/5

a 5d+\/a + acsc(c+ dr) 5d+/a — acsc(c+ dz) +/
2 1

__6acos(c+dz) csci (¢ + dz) (607 cot(c + dz)) Subst (f a—.
5d+\/a + acsc(c + dz) 5d\/a — acsc(c+ dz) v

4 3341/2 4+ /3" a? cot(c + dx) (i

_6acos(c + dz) cscs (¢ + dz) B

5d+/a + acsc(c + dz)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 7.01, size = 102, normalized size = 0.40

2+/a(1 + csc(c + dz)) (3\3/csc(c+ dr) +2,F1 (3,231 — csc(c+ da:))) (cos (3(c+ dz)) —sin (3(c + dx)))
B 5d (cos (3(c+ dz)) + sin (1(c+dz)))

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x]~(4/3)*Sqrt[a + a*Csc[c + d*x]],x]

[Out] (-2xSqrt[ax(1 + Csclc + d*x])]*(3*Csc[c + d*x]~(1/3) + 2xHypergeometric2F1[
1/2, 2/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2]1))/(5
*xd*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))

Maple [F]

time = 0.16, size = 0, normalized size = 0.00

/ (csc% (dx +c)> Vva+acsc(dz +c) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)~(4/3)*(at+a*xcsc(d*x+c))~(1/2),x)
[Out] int(csc(d*x+c)~(4/3)*(ataxcsc(d*x+c))~(1/2),x)

Pp—
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)”(4/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c¢)~(4/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(d*x+c)~(4/3)*(ata*csc(d*x+c))”~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(4/3), x)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**(4/3)*(ata*xcsc(d*x+c))*x(1/2),x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 3003 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(4/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c¢)~(4/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ \/‘“L sin (ci diz) | (Sin (cl+ dx))% dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(4/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(4/3), x)
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3.22 [ /csc(c+dz) v/a+acsc(c+dz) dr

Optimal. Leaf size=213

3/ 2 |
2 3%/4\/2 4+ V3" a?cot(c + dx) (1 — esc(c+ dzx) ) L _2 csofc + dz) + csci(c —i—)glx) F(ArcSin(t
14+ /3 — ¥/esc(c + de) 1-

1 — y/csc(c + dx)

(148 - Vese(etda) )

[Out] -2%37(3/4)*a~2*cot(d*x+c)*(1-csc(d*x+c)~(1/3))*EllipticF((1-csc(d*x+c)~(1/3
)-37(1/2))/ (1-csc(d*x+c)~(1/3)+37(1/2)) ,I*37 (1/2) +2*I) *(1/2%6~ (1/2) +1/2%27(
1/2))*((1+csc(d*x+c) " (1/3)+csc(d*x+c) ~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2)) "2

)~ (1/2)/d/ (a-a*xcsc(d*x+c)) /(a+a*xcsc(d*x+c)) ~(1/2)/((1-csc(d*x+c)~(1/3))/(1-
csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)

Rubi [A]

time = 0.09, antiderivative size = 213, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.120,

(a — acsc(c + dz))\/a + acsc(c + da

steps used = 3, number of rules used = 3, integrand size = 25
Rules used = {3891, 65, 224}

25%4\/24 V8 acot(c+do) (1 {/esclc+ da) ) csi(?d:% e/;:si(i;gdi)l}l F(Arcsin<:\/:v ZZEEE * 33 ;gm -7 4¢§>

1 — {/cse(c+ dz) |
d 5 (a —acsc(c+dzx))\/acsc(c+dz) +a
J (—\3/csc(c +dz) +V3 + 1)

Antiderivative was successfully verified.
[In] Int([Csclc + d*x]~(1/3)*Sqrtl[a + a*Csc[c + d*x]],x]

[Out] (-2*37(3/4)*Sqrt[2 + Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqr
t[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d*x]
~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1 + Sqrt[3]
- Csclc + d*x]~(1/3))]1, -7 - 4*xSqrt([3]1])/(d*Sqrt[(1 - Csclc + d*x]1~(1/3))/
(1 + Sqrt([3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + a*Csclc
+ d*x]])
Rule 65
Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 224

Int[1/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]*(s + r*x)*(Sqrt[(s™2 - r*xs
*x + r~2*x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*xx)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]1], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_)*Sqrtlcscl[(e_.) + (£f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + f*x]]
*xSqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtla - bxx], x], x,
Cscle + fxx]], x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a"2 - b2, 0]

Rubi steps

(a? cot(c + dzx)) Subst (f — A dx,z,csc(c+ dm))
/{’/csc(c—l—dx)\/a—l—acsc(c—i-dz)dx: x/‘ a-av ‘
d+/a — acsc(c+ dzx) \/a+ acsc(c+ dr)

2 1 3
(3a? cot(c + dx)) Subst (f Voo dz,z, v/ csc(c+ dzx) )
dv/a — acsc(c+ dz) \/a+ acsc(c+ dr)

2 33/4/2 + /3 azcot(c—}-dx)(l—m) 1——2
i veera
(14 V3 = {feselc+

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 1.71, size = 46, normalized size = 0.22

2a cot(c + dz) 2 F1 (3, 2;3;1 — cse(c + dz))
d+/a(1 + csc(c + dz))

Antiderivative was successfully verified.

[In] Integratel[Cscl[c + d*x]~(1/3)*Sqrt[a + a*Csc[c + d*x]],x]



128

[Out] (-2*axCot[c + d*x]*Hypergeometric2F1[1/2, 2/3, 3/2, 1 - Csclc + d*x]])/(d*S
qrt[ax(1 + Csclc + d*x])])

Mabple [F]
time = 0.12, size = 0, normalized size = 0.00

/ <csc% (dz + c)) Va+acsc(dz+c) do

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)~(1/3)*(a+axcsc(d*xx+c))~(1/2),x)
[Out] int(csc(d*x+c)~(1/3)*(at+a*csc(d*x+c))~(1/2),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(1/3)*(at+ta*csc(d*x+c))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(1/3), x)
Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(1/3)*(at+ta*csc(d*x+c))~(1/2),x, algorithm="fricas")
[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(1/3), x)
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/\/a(csc(c-l—dx)—l—l)\e’/csc(c—l-dx)d:c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**(1/3)*(ata*xcsc(d*x+c))**(1/2),x)
[Out] Integral(sqrt(ax(csc(c + d*x) + 1))*csc(c + d*x)*x(1/3), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(d*x+c)~(1/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(1/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ \/0‘+ sin (ccjr dz) | (Sm (clJr dm)>1/3 da

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(1/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(1/3), x)
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3.23 dx

[ va+ a,2csc(c+ dr)
csc3 (c+dzx)

Optimal. Leaf size=254

3
33/41/2 + /3" a? cot(c + dx) (1 — v/esc(c+ dx) > 1+ /csc(c+dx) A

_ 3/
_ 3acos(c+dz)V/esc(c+dz) <1 +V3 .
2d+/a + acsc(c + dz) | ifescle t dn) \

2d

(a—a

(145 — Yescletda) )

[Out] -3/2*a*cos(d*x+c)*csc(d*x+c)~(1/3)/d/(ata*xcsc(d*x+c))~(1/2)-1/2*x3~(3/4)*a"~2
*xcot (d*x+c) *(1-csc(d*x+c) ~(1/3))*EllipticF((1-csc(d*x+c)~(1/3)-37(1/2))/(1-
csc(d*x+c)~(1/3)+37(1/2)) ,I*3"(1/2)+2xI)*(1/2%6~(1/2)+1/2x2~(1/2) ) * ((1+csc(
d*x+c)~(1/3)+csc(d*x+c)~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)/d/(a-a
*csc(d*xx+c))/(ataxcsc(d*x+c)) " (1/2)/((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c)~(1/
3)+37(1/2))"2)"(1/2)

Rubi [A]

time = 0.12, antiderivative size = 254, normalized size of antiderivative = 1.00, number of

e = 25, npmber of rgles — 0160,
integrand size

steps used = 4, number of rules used = 4, integrand siz
Rules used = {3891, 53, 65, 224}

2 3/ g 1 3
3%/41/2 + /3" a? cot(c + dz) (1 — vesc(c+dz) ) escl (e +do) + Vesele + da) +21 F<ATCSiﬂ (%M) |-7— 4\/§>
_ 3/ —y/csc(e T) + +1
( oletdo) + V3 + 1) _ 3acos(c + dz) {/csc(c + dz)

v ; 2d+/acsc(c+dz)+a
_ s
2 1— {/esc(c+dz) 5 (a —acsc(c+dx))/acsc(c+dr) +a

(= Vescler da) +v3 +1)

Antiderivative was successfully verified.
[In] Int[Sqrt[a + axCscl[c + d*x]]/Csclc + d*x]~(2/3),x]

[Out] (-3*a*Cos[c + d*x]*Cscl[c + d*x]~(1/3))/(2*d*Sqrt[a + a*Csc[c + d*x]]) - (3"
(3/4)*Sqrt[2 + Sqrt[3]1*a~2xCot[c + d*x]*(1 - Csclc + d*x]~(1/3))*Sqrt[(1 +
Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3)
)"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt[3] - Csc

[c + d*x]1~(1/3))], -7 - 4xSqrt([3]1])/(2xd*Sqrt[(1 - Csclc + d*x]~(1/3))/(1 +
Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + a*Csc[c + d

*x]1)

Rule 53

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*xx)"(m + 1)*((c + d*x)"(n + 1)/((b*c - axd)*(m + 1))), x] - Dist[d*((
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m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQl[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x11 /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrt[(s”2 - rxs
*xx + r72%xx72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*¥x)/((1 + Sqrt[3])*s + rxx)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (£f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[a~2xd*(Cot[e + f*x]/(f*Sqrtl[a + b*Cscl[e + f*x]]
*xSqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrt[a - b*xx], x], x,
Cscle + f*x]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a~2 - b~2, 0]

Rubi steps
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2 1
(a® cot(c + dz)) Subst (f e dz, z,csc(c+ dx)>

/ \/a-l—acsc (c+dz) dp —

csci (¢ + dz) dv/a — acsc(c+ dz) \/a+ acsc(c+ dz)
2 1
_ 3acos(c + dz)V/csc(c + dz) (a” cot(c + dz)) Subst (f 2?/3v/a — ax 42,4
2d+\/a + acsc(c+ dr) 4d\/a — acsc(c+dz) \/a+ acsc(c
2 1
30 cos(c + da) /cse(c 1 da) . (3a” cot(c + dx)) Subst (f T dz,z
2d+\/a + acsc(c+ dr) 4d+\/a — acsc(c+dz) \/a+ acsc(
33/41/2 + /3" a? cot(c + dx) (1 — /csc(c -
3acos(c +dz)/csc(c+dz)
2d+\/a + acsc(c + dz) 1
2d
(1 +

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

4 in optimal.
time = 1.95, size = 110, normalized size = 0.43

Va(l + csc(c + dz)) (3 +cscs(c+dz) o Fi (3,221 — esc(c + dx))) (cos (3(c+dz)) —sin (3(c +dz)))
2d csc (¢ + dz) (cos (3(c+ dz)) +sin (3(c + dz)))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(2/3),x]

[Out] -1/2*(Sqrtl[a*(1 + Csclc + d*x])]1*(3 + Csclc + d*x]~(2/3)*Hypergeometric2F1[
1/2, 2/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2]1))/(d
*Csc[c + d*x]~(2/3)*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))

Maple [F]
time = 0.13, size = 0, normalized size = 0.00

Va+acsc(dr+c)

5 dx
csc (dx + ¢)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*xcsc(d*x+c))~(1/2)/csc(d*xx+c)~(2/3) ,x)
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[Out] int((ata*xcsc(d*x+c))~(1/2)/csc(d*x+c)”~(2/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*csc(d*x+c))~(1/2)/csc(d*x+c)~(2/3),x, algorithm="maxima")
[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(2/3), x)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(d*x+c))~(1/2)/csc(d*x+c)”~(2/3),x, algorithm="fricas")
[Out] integral(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(2/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Va(csc(c+dz) +1)
cscs (¢ + dz)

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*csc(d*x+c))**(1/2)/csc(d*x+c)**(2/3),x)

[Out] Integral(sqrt(ax(csc(c + d*x) + 1))/csc(c + d*x)*x(2/3), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)~(2/3),x, algorithm="giac")
[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(2/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

X

\/ sin c+dx)
[,

sm c+dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(2/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(2/3), x)
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3.24 [ esc3(c+ dz) \/a + acsc(c + dx) d

Optimal. Leaf size=514

12v/31/2 — V3 a2c

24a cot(c + dx) _6acos(c + dx) csci (¢ + dz) B
7d <1 + V3 — {/esc(c+ da;)) Va+ acsc(c+ dr) 7d+\/a + acsc(c + dz)

[Out] -6/7*a*cos(d*x+c)*csc(d*x+c)~(5/3)/d/(at+a*csc(d*x+c)) ~(1/2)+24/T*a*cot (d*x+
c)/d/(1-csc(d*x+c)~(1/3)+37(1/2) )/ (a+a*csc(d*x+c) )~ (1/2)+8/7*3~ (3/4) ¥a~2*co
t (d*x+c)*(1-csc(d*x+c) ~(1/3) ) *EllipticF ((1-csc(d*x+c)~(1/3)-37(1/2))/(1-csc
(d*x+c)~(1/3)+37(1/2)),I*37(1/2)+2xI)*2~ (1/2) *((1+csc(d*x+c) ~(1/3) +csc (d*x+
c)~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))~2)~(1/2)/d/ (a—a*csc(d*x+c) )/ (a+a*csc
(d*x+c))~(1/2)/((1-csc(d*x+c) ~(1/3) )/ (1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)-
12/7%37(1/4)*a"2*cot (d*x+c) * (1-csc(d*x+c)~(1/3))*E1l1lipticE((1-csc(d*x+c) (1
/3)-37(1/2))/(1-csc(d*x+c) ~(1/3)+37(1/2)) ,I*x37(1/2) +2xI)* (1/2*%6~(1/2)-1/2%2
~(1/2))*((1+csc(d*x+c) " (1/3)+csc(d*x+c) ~(2/3) )/ (1-csc(d*x+c)~(1/3)+37(1/2))
~2)~(1/2)/d/ (a—a*csc(d*x+c) )/ (at+a*csc(d*x+c))~(1/2)/((1-csc(d*x+c) ~(1/3))/(
1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)

Rubi [A]
time = 0.22, antiderivative size = 514, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.240,

steps used = 6, number of rules used = 6, integrand size = 25
Rules used = {3891, 52, 65, 309, 224, 1891}

acos(c+ d) escbc + dr) Hacot(c-+dz
Tdaccle ) +a  Td(~Yesclor da) + V3 +1) Vaecler d) +a

Antiderivative was successfully verified.
[In] Int[Csclc + d*x]~(5/3)*Sqrt[a + a*Csclc + d*x]],x]

[Out] (24*axCot[c + d*x])/(7*d*(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + ax*Cscl
c + d*x]]) - (6*xa*Cos[c + d*x]*Csc[c + d*x]~(5/3))/(7*d*Sqrt[a + a*Csc[c +

d*x]]) - (12%37(1/4)*Sqrt[2 - Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(
1/3))*Sqrt[(1 + Csc[c + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csc

[c + d*xx]~(1/3))"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1

+ Sqrt[3] - Csclc + d*x]1~(1/3))]1, -7 - 4xSqrt[3]]1)/(7*d*Sqrt[(1 - Csclc + d
*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[

a + a*Csclc + d*x]]) + (8*Sqrt[2]*37(3/4)*a~2*Cot[c + d*x]*(1 - Csc[c + d*x
17(1/3))*Sqrt [(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] -

Csclc + d*x]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt([3] - Csclc + d*x]~(1/3))/
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(1 + Sqrt[3] - Csclc + d*x]~(1/3))], -7 - 4xSqrt[3]11)/(7*d*Sqrt[(1 - Csclc
+ d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sq
rt[a + a*Csclc + d*x]])

Rule 52

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*x((b*c - ax*d)/(
b*¥(m + n + 1))), Int[(a + b*x) m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +

dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*(Sqrt[(s”2 - rxs
*xx + r72%xx72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 309

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 311}, Dist[(-(1 - Sqrt[3]))*(s/r), Int[1/Sqrtl[a + b*xx~
3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])*s + r*x)/Sqrtl[a + b*x~3], x], x]]
/; FreeQ[{a, b}, x] && PosQ[al]

Rule 1891

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt([3])*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(a*xr"2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[37(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s™2 - r*s*x + r~2xx~2)/(
(1 + Sqrt[3])*s + r*x)~2]/(r"2*Sqrt[a + b*xx~3]*Sqrt[s*((s + r*x)/((1 + Sqrt
[3])*s + r*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sqrt([3])
xs + r*x)], -7 - 4xSqrt[3]1], x]] /; FreeQ[{a, b, c, d}, x] && PosQ[al] && Eq
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Q[bxc~3 - 2x(5 - 3*Sqrt[3])*a*d~3, 0]

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_.) + (£f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + fx*x]]
*Sqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)"(n - 1)/Sqrtl[a - b*x], x], x
Cscle + fxx]], x] /; FreeQ[{a, b, d, e, f, n}, x] & EqQ[a~2 - b2, 0]

Rubi steps

(a® cot(c + dz)) Subst (f m dz,z,csc(c + dx))

5 |
csc3(c+dz)v/a+ acsc(c+ dx) dzr =
/ ( )V ( ) d+/a — acsc(c+dz) \/a+ acsc(c+ dz)

6a cos(c + dz) csci (¢ + dz)

(4a? cot(c + dz)) Subst (

f 7=

7d+\/a + acsc(c + dz) 7d\/a — acsc(c+dzx)

6a cos(c + dz) csci (¢ + dz)

(12a? cot(c + dz)) Subst <

7

7d+\/a + acsc(c+ dz) 7d\/a — acsc(c + dz)

_ 6acos(c +dz) cscs (¢ + d) B

(12a? cot(c + dz)) Subst (

Ve

7d\/a + acsc(c + dzr) 7d\/a — acsc(c+ dzx)

24a cot(c + dx)

_ 6acos(c-

7d <1+ V3 — {"/csc(c-l—dx)‘) va+ acsc(c+ dr)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 13.57, size = 120, normalized size = 0.23

2v/a(1 + csc(c + dz)) (3(4 + cse(c + dz)) — 8¥/csc(c+ dx) oFyi (3,35 3;1 — ese(c+ dw))) (cos (3(c+ dz)) —sin (3(c + dz)))

7d{/csc(c+ dz) (cos (3(c+dz)) +sin (L(c + da)))

Antiderivative was successfully verified.

7d\/a
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[In] Integrate[Csclc + d*x]~(5/3)*Sqrt[a + a*Csc[c + d*x]],x]

[Out] (-2*Sqrt[a*x(1 + Csc[c + d*x])]1*(3*(4 + Csc[c + d*x]) - 8*Cscl[c + d*x]~(1/3)
xHypergeometric2F1[1/2, 4/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Si
nl(c + d*x)/2]1))/(7*d*Csc[c + d*xx]~(1/3)*(Cos[(c + d*x)/2] + Sin[(c + d*x)/

21))
Maple [F]
time = 0.13, size = 0, normalized size = 0.00

/ (cscg (dx + c)) Va+acsc(dz+c) do

Verification of antiderivative is not currently implemented for this CAS.
[In] int(csc(d*x+c)~(5/3)*(ata*csc(d*x+c))~(1/2),x)
[Out] int(csc(d*x+c)~(5/3)*(at+a*csc(d*x+c))~(1/2),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(d*x+c)~(5/3)*(at+taxcsc(d*x+c))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(5/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(5/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(5/3), x)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**(5/3)*(ataxcsc(d*x+c))**(1/2),x)

[Out] Exception raised: SystemError >> excessive stack use: stack is 6188 deep
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(5/3)*(ata*csc(d*x+c))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(5/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ \/‘H sin (cczr d7) | (Sin (cl+ dm))m dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(5/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(5/3), x)
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3.25 [ esc3(c+ dz) \/a + acsc(c + dx) d

Optimal. Leaf size=470

3v/3'\/2 — /3 a?cot(c+ dz) (1— f’/m>

6a cot(c + dz) _ \
d<1+\/ﬁ—\‘°’/csc(c+da:)‘> va+ acsc(c+dz) q 1 — y/esc(
(1+ V3 = /o

[Out] 6*axcot(d*x+c)/d/(1-csc(d*xx+c)~(1/3)+37(1/2))/(ata*csc(d*x+c))~(1/2)+2x3~(3
/4)*a~2xcot (d*x+c)* (1-csc(d*x+c)~(1/3) ) *E1lipticF((1-csc(d*x+c)~(1/3)-37(1/
2))/(1-csc(dxx+c)~(1/3)+37(1/2)) ,I*3"(1/2)+2*xI)*2~(1/2) * ((1+csc(d*x+c) ~(1/3
Y+csc(d*x+c)~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)/d/ (a—a*csc(d*x+c)
)/ (a+a*csc(d*x+c))~(1/2)/((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c) ~(1/3)+37(1/2))
~2)7(1/2)-3%37(1/4) *a~2*cot (d*x+c)* (1-csc(d*x+c)~(1/3))*E1llipticE((1-csc(d*
x+c)~(1/3)-37(1/2))/(1-csc(d*x+c)~(1/3)+37(1/2)) ,I*3~(1/2)+2*xI)*(1/2%x6~(1/2
)-1/2*%27(1/2) ) *((1+csc(d*x+c) ~(1/3)+csc(d*x+c) ~(2/3)) /(1-csc(d*x+c) ~(1/3)+3
~(1/2))"2)~(1/2)/d/(a—a*csc(d*x+c) )/ (a+a*csc(d*x+c)) ~(1/2)/((1-csc(d*x+c) ~(
1/3))/(1-csc(d*x+c)~(1/3)+37(1/2))~2)~(1/2)

Rubi [A]

time = 0.18, antiderivative size = 470, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.200,

steps used = 5, number of rules used = 5, integrand size = 25
Rules used = {3891, 65, 309, 224, 1891}

t(e + da)
dJ

Antiderivative was successfully verified.
[In] Int[Csclc + d*x]1~(2/3)*Sqrt[a + a*Csc[c + d*x]],x]

[Out] (6%a*Cot[c + d+*x])/(d*(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + a*Cscl[c +
d*x]]) - (3*37(1/4)*Sqrt[2 - Sqrt[3]]*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(
1/3))*Sqrt[(1 + Csc[c + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csc

[c + d*xx]~(1/3))"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1

+ Sqrt[3] - Csclc + d*x]~(1/3))], -7 - 4xSqrt[3]1]1)/(d*Sqrt[(1 - Csclc + dx*x
17(1/3))/(1 + Sqrt[3] - Csclc + d*x]1~(1/3))"2]*(a - axCsc[c + d*x])*Sqrt[a

+ axCsclc + d*x]]) + (2xSqrt[2]*37(3/4)*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~
(1/3))*Sqrt[(1 + Cscl[c + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Cs

clc + d*x]1°(1/3))"2]1*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1

+ Sqrt[3] - Csclc + d*x]1~(1/3))]1, -7 - 4xSqrt[3]1]1)/(d*Sqrt[(1 - Csclc + d*
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x]17(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a
+ a*Cscl[c + d*x]])

Rule 65

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +

d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)~3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrt[(s”2 - rxs
*x + r~2*%x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt([3])*s
+ r*x)/((1 + Sqrt[3])*s + rxx)], -7 - 4xSqrt[3]1]1, x]1] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 309

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 311}, Dist[(-(1 - Sqrt[3]))*(s/r), Int[1/Sqrtl[a + b*x~
3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])#*s + r*x)/Sqrtl[a + b*x~3], x], x]]
/; FreeQ[{a, b}, x] && PosQ[a]

Rule 1891

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt([3]1)*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(axr"2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[37(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s™2 - r*s*x + r~2xx72)/(
(1 + Sqrt[3]1)*s + r*x)~2]/(xr"2*Sqrt[a + b*xx~3]*Sqrt[s*x((s + r*x)/((1 + Sqrt
[31)*s + r*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt([3])*s + r*x)/((1 + Sqrt([3])
*s + r*x)], -7 - 4*xSqrt[3]1], x]] /; FreeQ[{a, b, c, d}, x] && PosQ[a] && Eq
Q[bxc~3 - 2x(5 - 3*Sqrt[3])*a*d~3, 0]

Rule 3891

Int[(cscl(e_.) + (f_.)*(x_)]*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_.)

+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + fx*x]]
xSqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtl[a - b*x], x], x,
Cscle + f*x]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a~2 - b~2, 0]

Rubi steps



142

(a® cot(c + dz)) Subst (f f\/m dz,z, csc(c+ dx))

dv/a — acsc(c+ dz) \/a+ acsc(c+ dx)
(3a? cot(c + dz)) Subst ( Ik \/— z, v/ cse(c + dx) )

dv/a — acsc(c+ dzx) \/a—l—acsc(c—i-da:)‘
(3a® cot(c + dz)) Subst (f a{; —e—dg, z, \/m)
dv/a — acsc(c+ dr) \/a+ acsc(c+ dr) -
3%\/;

/cscg(c+dx)\/a+acsc(c+dx) dx =

6a cot(c + dx)
d (1 +3 — {’/csc(c+dx)‘> va+acsc(c+ dr)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

4 in optimal.
time = 7.82, size = 109, normalized size = 0.23

2v/a(1 + csc(c + dz)) <3+2\/cscc+d:c Fi(3,
di/csc(c+ dz) (cos

;31— csc(e+ d:c))) (cos (3(c+ dz)) —sin (3(c + dz)))
dz)) + sin (3(c + dz)))

(c+

1
27
(3
Antiderivative was successfully verified.

[In] Integrate[Csc[c + d*x]~(2/3)*Sqrt[a + a*Cscl[c + d*x]],x]

[Out] (2*Sqrtla*x(1 + Cscl[c + d*x])]*(-3 + 2xCsc[c + d*x]~(1/3)*Hypergeometric2F1[
1/2, 4/3, 3/2, 1 - Csclc + d*x]])*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2]1))/(d
*Csclc + d*x]~(1/3)*(Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))

Maple [F]
time = 0.12, size = 0, normalized size = 0.00

/ (csc% (dx + c)) Va+acsc(dz +c) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c)~(2/3)*(at+axcsc(d*xx+c))~(1/2),x)
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[Out] int(csc(d*x+c)~(2/3)*(ata*csc(d*x+c))~(1/2),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)”(2/3)*(ata*xcsc(d*x+c))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(2/3), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)~(2/3)*(ata*xcsc(d*x+c))~(1/2),x, algorithm="fricas")
[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + ¢)~(2/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Va(csc(c+ dz) + 1) csci (c+ dz) do

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)**(2/3)*(ataxcsc(d*x+c))**(1/2),x)

[Out] Integral(sqrt(ax(csc(c + d*x) + 1))*csc(c + d*x)*x(2/3), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c)”(2/3)*(ataxcsc(d*x+c))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)~(2/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/\/a+ sin (c(:-dm) (sin (cl—l-dw)>2/3dw

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(2/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))~(2/3), x)
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I v/ a + acsc( c+dx)
Y/esc(c + dx)

Optimal. Leaf size=508

3.26 dx

3v3' /2 — V3 a?cotl

B 3acot(c + dx) _ 3acos(c + dz) csci (¢ + dx)
d (1 +3 — {’/csc(c+da:)‘> Vva+ acsc(c+ dr) dv/a+ acsc(c + dx)

[Out] -3*a*cos(d*x+c)*csc(d*x+c)~(2/3)/d/(ata*csc(d*x+c))~(1/2)-3*a*xcot (d*x+c)/d/
(1-csc(d*x+c)~(1/3)+37(1/2)) /(at+a*csc(d*x+c) )~ (1/2)-37(3/4) *a"2*cot (d*x+c) *
(1-csc(d*x+c)~(1/3) ) *EllipticF((1-csc(d*x+c)~(1/3)-37(1/2))/(1-csc(d*x+c) ~(
1/3)+37(1/2)) ,I*37(1/2)+2*I)*2~ (1/2) * ((1+csc(d*x+c) " (1/3) +csc(d*x+c) ~(2/3))
/(1-csc(d*x+c)~(1/3)+37(1/2))"2)~(1/2)/d/ (a—a*csc(d*x+c)) / (ata*xcsc(d*x+c) )~
(1/2)/((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c) ~(1/3)+3~(1/2))~2)~(1/2)+3/2%3~(1/
4)*a~2*cot (d*x+c)*(1-csc(d*x+c)~(1/3))*EllipticE((1-csc(d*x+c)~(1/3)-37(1/2
))/(1-csc(d*x+c)~(1/3)+37(1/2)),I*37(1/2)+2*I)*x(1/2*x6~(1/2)-1/2%2~(1/2) ) * ((
1+csc(d*x+c) " (1/3)+csc(d*x+c)~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))"2)"(1/2)/
d/ (a-axcsc(d*x+c))/(a+a*xcsc(d*x+c))~(1/2)/((1-csc(d*x+c) ~(1/3))/(1-csc(d*x+
c)~(1/3)+37(1/2))"2)"(1/2)

Rubi [A]
time = 0.20, antiderivative size = 508, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.240,

steps used = 6, number of rules used = 6, integrand size = 25
Rules used = {3891, 53, 65, 309, 224, 1891}

Antiderivative was successfully verified.
[In] Int[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(1/3),x]

[Out] (-3*axCot[c + d*x])/(d*x(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + axCsclc
+ dx*x]]) - (3xaxCos[c + d*x]*Csclc + d*x]~(2/3))/(d*Sqrt[a + axCsc[c + d*x]

1) + (3%*37(1/4)*Sqrt[2 - Sqrt[3]]1*a~2xCot[c + d*x]*(1 - Csclc + d*x]~(1/3))
*Sqrt [(1 + Csclc + d*x]~(1/3) + Csclc + d*x]1~(2/3))/(1 + Sqrt[3] - Csclc +
d*x]~(1/3))"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqr

t[3] - Csclc + d*x]1°(1/3))], -7 - 4*Sqrt[3]1])/(2*xd*Sqrt[(1 - Csclc + d*xx]~(
1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a + a
*Csc[c + d*x]]) - (Sqrt[2]*37(3/4)*a~2*Cot[c + d*x]*(1 - Csclc + d*x]~(1/3)



145

)*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc +

d*x]~(1/3))"2]*E1llipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sq
rt[3] - Csclc + d*x]1~(1/3))], -7 - 4%Sqrt[31])/(d*Sqrt[(1 - Csclc + d*x]~(1
/3))/ (1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]1*(a - a*Csc[c + d*x])*Sqrt[a + a*
Csclc + d*x11)

Rule 53

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a +b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQl[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +

dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)~3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrt[(s”2 - r*xs
*x + r~2*%x"2)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt[s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt([3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 309

Int[(x_)/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
], s = Denom[Rt[b/a, 3]1}, Dist[(-(1 - Sqrt[3]))*(s/r), Int[1/Sqrt[a + b*x~
3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])#*s + r*x)/Sqrt[a + b*x~3], x], x]]
/; FreeQ[{a, b}, x] && PosQ[a]

Rule 1891

Int[((c_) + (d_.)*(x_))/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt[3])*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(a*r"2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[3~(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s™2 - r*s*x + r~2xx72)/(
(1 + Sqrt[3])*s + r*x)~2]/(r~2*Sqrt[a + b*x~3]*Sqrt[s*((s + r*x)/((1 + Sqrt
[31)*s + r*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sqrt([3])



146

*s + r*x)], -7 - 4%Sqrt[3]1], x]1] /; FreeQ[{a, b, c, d}, x] && PosQ[a] && Eq
Q[bxc~3 - 2x(5 - 3*Sqrt[3])*a*d~3, 0]

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.)) " (n_)*Sqrtlcscl(e_.) + (f_.)*x(x_)1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + f*xx]]
*Sqrt[a - bxCscle + f*x]]1)), Subst[Int[(d*x)~(n - 1)/Sqrtla - b*x], x], x,
Cscle + fxx]]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a"2 - b~2, 0]

Rubi steps

(a® cot(c + dz)) Subst (f —L dz,z,csc(c+ dm))

/ \/a—i-acsc (c+dz) dr — w/3v/a — ax
$/ese(c + dx)’ dv/a — acsc(c+ dzx) \/a+ acsc(c+ dr)

_3a cos(c + dz) cscs (c+ dx) (a® cot(c + dz)) Subst <f f \/

a d+/a + acsc(c+ dz) 2d+\/a — acsc(c + dz) \/a+acsc( s

2 e 3
3a cos(c + dz) cscs (c+ de) (3a® cot(c + dz)) Subst (f N r—— dz,z,
dv/a+ acsc(c+ dz) 2d+/a — acsc(c+ dr) v/a+acsc(c

(3a? cot(c + dx)) Subst (f \/L dzr, T, |
a—ax?

3a cos(c + dz) csci (¢ + dz)

dv/a+ acsc(c+dz) 2d+\/a — acsc(c+ dz) v/a+ acsc(c-
. 3a cot(c + dx) _ 3acos(c+dz) csci (¢
d<1—|— V3 — {’/csc(c—l—dz‘)‘) Vva+acsc(c+dzx) dv/a + acsc(c+ d:

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 7.60, size = 46, normalized size = 0.09

2a cot(c + dz) 2 F1 (3, 535 3;1 — esc(c + dz))

d+/a(1 + csc(c + dz))

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(1/3),x]
[Out] (-2*axCot[c + d*x]*Hypergeometric2F1[1/2, 4/3, 3/2, 1 - Csclc + d*x]])/(d*S
qrt[ax(1 + Csclc + d*x])])

Maple [F]
time = 0.12, size = 0, normalized size = 0.00

\/a-l-acsc(dxj-c) d
csc (dz +¢)3

Verification of antiderivative is not currently implemented for this CAS.
[In] int((at+a*xcsc(d*x+c))~(1/2)/csc(d*x+c)~(1/3),x)
[Out] int((at+a*xcsc(d*x+c))~(1/2)/csc(d*x+c)~(1/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)~(1/3),x, algorithm="maxima")

[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(1/3), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(d*x+c))~(1/2)/csc(d*x+c)~(1/3),x, algorithm="fricas")

[Out] integral(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(1/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

\/a (csc(c+dz) +1)
Yese (¢ + dz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(d*x+c))**(1/2)/csc(d*x+c)**(1/3),x)

[Out] Integral(sqrt(ax(csc(c + d*x) + 1))/csc(c + d*x)*x(1/3), x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))~(1/2)/csc(d*x+c)~(1/3),x, algorithm="giac")
[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(1/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

\/ sin (¢ + d sin (c + dz)
73 dx
sm c+d x))
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(1/3),x%)
[Out] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(1/3), x)
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[ va+ acsc(c+dz)

4
csc3 (c+dzx)

3.27 dx

Optimal. Leaf size=552

B 15a cot(c + dzx) B 3a cos(c + dzx) _ 15acos(c -
8d (1 + 3 — ¥ese(c+ dx)) Va+acsc(c+dr) 4di/csc(c+dz) \/a+acsce(c+dz) 8d+/a-

[Out] -3/4*a*cos(d*x+c)/d/csc(d*x+c)~(1/3)/(a+a*csc(d*x+c))~(1/2)-15/8*a*cos (d*xx+
c)*csc(d*xx+c)~(2/3) /d/ (ata*xcsc(d*x+c)) ~(1/2)-15/8*a*cot (d*x+c)/d/(1-csc(d*x
+c)~(1/3)+37(1/2) )/ (a+a*csc(d*x+c)) ~(1/2)-5/8*3"(3/4)*a"~2*cot (d*x+c)*(1-csc
(d*x+c)~(1/3))*EllipticF((1-csc(d*x+c)~(1/3)-37(1/2))/(1-csc(d*x+c) ~(1/3)+3
~(1/2)),I%37(1/2)+2xI)*2~(1/2)* ((1+csc(d*x+c) ~(1/3) +csc(d*x+c)~(2/3))/(1-cs
c(d*x+c)~(1/3)+3°(1/2))"2)~(1/2)/d/ (a—a*csc(d*x+c) )/ (a+taxcsc(d*x+c))~(1/2)/
((1-csc(d*x+c)~(1/3))/(1-csc(d*x+c) ~(1/3)+37(1/2))"2)~(1/2)+15/16%3~(1/4) *a
~2xcot (d*x+c)*(1-csc(d*x+c)~(1/3))*E1llipticE((1-csc(d*x+c)~(1/3)-37(1/2))/(
1-csc(d*x+c)~(1/3)+37(1/2)) ,I*x3"(1/2)+2xI) *(1/2%6~(1/2)-1/2x2~(1/2) ) *((1+cs
c(d*x+c) " (1/3)+csc(d*x+c)~(2/3))/(1-csc(d*x+c)~(1/3)+37(1/2))~2)~(1/2)/d/(a
—axcsc (dxx+c))/(a+a*xcsc(d*xx+c))~(1/2)/((1-csc(d*x+c) ~(1/3))/(1-csc(d*x+c) ~(
1/3)+37(1/2))"2)~(1/2)

Rubi [A]
time = 0.23, antiderivative size = 552, normalized size of antiderivative = 1.00, number of

number of rules _ 94
’ integrand size ’

steps used = 7, number of rules used = 6, integrand size = 25
Rules used = {3891, 53, 65, 309, 224, 1891}

Antiderivative was successfully verified.
[In] Int[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(4/3),x]

[Out] (-15%a*Cot[c + d*x])/(8*d*(1 + Sqrt[3] - Csclc + d*x]~(1/3))*Sqrt[a + a*Csc
[c + d*x]]) - (8*axCos[c + d*xx])/(4xd*Csc[c + d*x]~(1/3)*Sqrt[a + axCsc[c +
d*x]]) - (15%axCos[c + d*x]*Csc[c + d*x]~(2/3))/(8*d*Sqrt[a + axCsc[c + dx
x]]1) + (156%37(1/4)*Sqrt[2 - Sqrt[3]]*a~2+Cot[c + d*x]*(1 - Csc[c + d*x]~(1/
3))*Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc
+ d*x]~(1/3))"2]*EllipticE[ArcSin[(1 - Sqrt[3] - Csclc + d*x]1~(1/3))/(1 +
Sqrt[3] - Csclc + d*x]~(1/3))]1, -7 - 4*Sqrt[3]1])/(16xd*Sqrt[(1 - Csclc + d*
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x]17(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqrt[a

+ axCscl[c + d*x]]) - (5%37(3/4)*a~2xCot[c + d*x]*(1 - Csc[c + d*x]~(1/3))*
Sqrt[(1 + Csclc + d*x]~(1/3) + Csclc + d*x]~(2/3))/(1 + Sqrt[3] - Csclc + d
*x]~(1/3))"2]*EllipticF[ArcSin[(1 - Sqrt[3] - Csclc + d*x]~(1/3))/(1 + Sqrt
[3] - Csclc + d*x]1~(1/3))], -7 - 4xSqrt[3]])/(4*Sqrt[2]*d*Sqrt[(1 - Csclc +
d*x]~(1/3))/(1 + Sqrt[3] - Csclc + d*x]~(1/3))"2]*(a - a*Csc[c + d*x])*Sqr
t[a + axCsclc + d*x]1)

Rule 53

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*xx)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +

dx(x"p/b))"n, x]1, x, (a + bxx)~(1/p)]1, x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 224

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[2*Sqrt[2 + Sqrt[3]1]1*(s + r*x)*(Sqrt[(s™2 - r*xs
*x + r72%x72)/((1 + Sqrt[3])*s + r*x)~2]/(37(1/4)*r*Sqrt[a + b*x~3]*Sqrt [s*
((s + r*x)/((1 + Sqrt[3])*s + r*x)~2)]))*EllipticF[ArcSin[((1 - Sqrt([3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]], x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rule 309

Int[(x_)/Sqrtl(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]
1, s = Denom[Rt[b/a, 311}, Dist[(-(1 - Sqrt[3]))*(s/r), Int[1/Sqrtl[a + b*x~
3], x], x] + Dist[1/r, Int[((1 - Sqrt[3])#*s + r*x)/Sqrtl[a + b*x~3], x], x]]
/; FreeQ[{a, b}, x] && PosQ[al

Rule 1891

Int[((c_) + (d_.)*(x_))/Sqrtl[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = N
umer [Simplify[(1 - Sqrt[3])*(d/c)]], s = Denom[Simplify[(1 - Sqrt[3])*(d/c)
11}, Simp[2*d*s~3*(Sqrt[a + b*x~3]/(axr"2*((1 + Sqrt[3])*s + r*x))), x] - S
imp[37(1/4)*Sqrt[2 - Sqrt[3]]*d*s*(s + r*x)*(Sqrt[(s™2 - r*s*x + r~2xx~2)/(
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(1 + Sqrt[3])*s + r*x)~2]/(r~2*Sqrt[a + b*x~3]*Sqrt[s*((s + r*x)/((1 + Sqrt
[3])*s + r*x)~2)]))*EllipticE[ArcSin[((1 - Sqrt[3])*s + r*x)/((1 + Sqrt([3])

xs + r*x)],

QLb*c~3 - 2%(5 - 3*Sqrt[3])*a*d~3, 0]

Rule 3891

Int[(cscl(e_
+ (a_)], x_Symbol]

xSqrt[a - b*Cscle + f*x]])),

Cscle + fx*x]],

Rubi steps

/ \/a-l—acsc (c+dz) i

cscs (¢ + dx)

Do+ (E_)*(x_)1*(d_.))"(n_)*Sqrtlcscl(e_
:> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + f*xx]]
Subst [Int [(d*x)~(n - 1)/Sqrt[a - b*x], x], x
x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a"2 - b~2, 0]

2 ——
(a? cot(c + dz)) Subst (f 2/ — ax

-7 - 4xSqrt[31]1, x1] /; FreeQl[{a, b, c, d}, x] && PosQ[a] && Eq

Do+ (E_D)*(x)]x(b )

dz,x,csc(c+ dx)>

dv/a — acsc(c+ dz) \/a+ acsc(c+ dx)

2 1
(5a” cot(c + dx)) Subst ( J nda

3a cos(c + dx)

4d{/csc(c + dx) v/a+ acsc(c+ dz) 8d+/a — acsc(c+ dz) v/
3a cos(c + dx) _ 15acos(c + dz) csci (¢ + dz) B (_5

4d{/csc(c + dx) v/a+ acsc(c+ dz) 8d\/a + acsc(c+ dx)
3a cos(c + dx) _ 15acos(c + dz) csci (¢ + dz) B (_1

4d</csc(c + dz) v/a + acsc(c+dx) 8d+\/a + acsc(c + dz)
2 (1
3a cos(c + dx) _ 15acos(c + dz) csc3 (¢ + dx) L

4d{/csc(c +dz) v/a + acsc(c+dz) 8d+\/a + acsc(c+ dzr)
15a cot(c + dzx) 3a cos(c

_8d (1 +v3 — f’/csc(c+dx)‘> va+ acsc(c+dz)

- 4d+/csc(c+ dz) +/

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

4 in optimal.
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time = 8.03, size = 72, normalized size = 0.13

acos(c + dz) <3 +5cscs (c+dr) o Fi (2, 43,1 — csc(e + da:)))
4d¥/csc(c + dz) v/a(l + csc(c + dz))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + a*Csc[c + d*x]]/Csclc + d*x]~(4/3),x]

[Out] -1/4%(axCos[c + d*x]*(3 + 5xCsc[c + d*x]~(4/3)*Hypergeometric2F1[1/2, 4/3,
3/2, 1 - Csclc + d*x]]1))/(d*Cscc + d*x]~(1/3)*Sqrt[ax(1 + Cscl[c + d*x])])

Maple [F]
time = 0.12, size = 0, normalized size = 0.00

Va+acsc(dz+c)

< dx
csc (dz +¢)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+axcsc(d*x+c))~(1/2)/csc(d*x+c)~(4/3),x)
[Out] int((ata*csc(d*x+c))~(1/2)/csc(d*x+c)”(4/3),x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(d*x+c))~(1/2)/csc(d*x+c)”~(4/3),x, algorithm="maxima")
[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(4/3), x)
Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(d*x+c))~(1/2)/csc(d*x+c)”~(4/3),x, algorithm="fricas")
[Out] integral(sqrt(a*csc(d*x + c) + a)/csc(d*x + c)~(4/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

va (csc (¢ + dz) +1)
cscs (¢ + dz)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(d*x+c))**(1/2)/csc(d*x+c)**(4/3),x)
[Out] Integral(sqrt(ax(csc(c + d*x) + 1))/csc(c + d*x)*x(4/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+axcsc(d*x+c))~(1/2)/csc(d*x+c)~(4/3),x, algorithm="giac")

[Out] integrate(sqrt(a*csc(d*x + c) + a)/csc(d*x + ¢)~(4/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/\/ sin c+dx) p
z

4/3
sm c+d z) )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(4/3),x)
[Out] int((a + a/sin(c + d*x))~(1/2)/(1/sin(c + d*x))~(4/3), x)
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3.28 [esc™(c+dx)+/a + acsc(c+ dz) dr

Optimal. Leaf size=48
2a cot(c+dz) o F1 (3,1 —n; 351 — cse(c + dz))
dv/a+ acsc(c + dz)

[Out] -2xa*cot(d*x+c)*hypergeom([1/2, 1-n], [3/2],1-csc(d*x+c))/d/(ata*xcsc(d*x+c))
~(1/2)

Rubi [A]

time = 0.04, antiderivative size = 48, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.087,

steps used = 2, number of rules used = 2, integrand size = 23,
Rules used = {3891, 67}
2a cot(c +dz) o F1 (3,1 — ;351 — cse(c + dz))
- dv/acsc(c+dz)+a

Antiderivative was successfully verified.
[In] Int([Csclc + d*x] n*Sqrt[a + a*Csc[c + d*x]],x]
[Out] (-2*axCot[c + d*x]*Hypergeometric2F1[1/2, 1 - n, 3/2, 1 - Csclc + d*x]])/(d
*Sqrt[a + a*Csc[c + d*x]])
Rule 67
Int[((b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((c + d*x
)"(n + 1)/(d*(n + 1)*(-d/(bxc)) "m))*Hypergeometric2Fi[-m, n + 1, n + 2, 1 +
d*(x/c)], x] /; FreeQ[{b, c, d, m, n}, x] && !IntegerQ[n] && (IntegerQ [m]
[l GtQ[-d/(b*c), 0])

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + fx*x]]
xSqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtl[a - b*x], x], x,
Cscle + f*x]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a~2 - b~2, 0]

Rubi steps

(a? cot(c + dz)) Subst (f ﬁ dz,z,csc(c+ dx))
d+/a — acsc(c+ dz) \/a+ acsc(c+ dzr)

_ 2acot(c+dx) 2Fi(3,1—n;3;1 — esc(c+ d))

T d+/a + acsc(c+ dz)

/csc”(c +dz)\/a+ acsc(c+dx) dr =
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Mathematica [A]
time = 0.68, size = 48, normalized size = 1.00

2a cot(c+ dz) o F1 (3,1 —n; 351 — cse(c + dz))

dv/a(l + csc(c + dz))

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x] n*Sqrt[a + axCsc[c + dx*x]],x]
[Out] (-2*axCot[c + d*x]*Hypergeometric2F1[1/2, 1 - n, 3/2, 1 - Csclc + d*x]])/(d
*Sqrt [a*(1 + Csclc + d*x])1)

Maple [F]
time = 0.13, size = 0, normalized size = 0.00

/(csc" (dz +c)) vVa+acsc (dz +c) dx

Verification of antiderivative is not currently implemented for this CAS.
[In] int(csc(d*x+c) “n*(a+a*csc(d*x+c))~(1/2),x)
[Out] int(csc(d*x+c) “n*(at+a*csc(d*x+c))~(1/2),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(d*x+c) “n*(a+a*csc(d*x+c))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(axcsc(d*x + c) + a)*csc(d*x + c)"n, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(d*x+c) “n*(ata*csc(d*x+c))~(1/2),x, algorithm="fricas")
[Out] integral(sqrt(a*csc(d*x + c) + a)*csc(d*x + c)"n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Va(esc(c+dz) + 1) esc” (c+ dz) dzx




Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(d*x+c)**n*(at+taxcsc(d*x+c))**(1/2),x)
[Out] Integral(sqrt(ax(csc(c + d*x) + 1))*csc(c + d*x)#**n, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) “n*(ataxcsc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(axcsc(d*x + c) + a)*csc(d*x + c)"n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/\/a+ sin (C(:-dz) (Sin (Cl_l_dz))ndx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x)) "n,x)
[Out] int((a + a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))"n, x)
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3.29 [ esc™(c + dx)+/a — acsc(c+ dz) dx

Optimal. Leaf size=69

2a cos(c + dz)(— csc(c + dz)) ™ esc (¢ + dx) o F1 (5,1 — n; 3; 1 + esc(c + dx))
dv/a — acsc(c+ dzx)

[Out] -2%a*cos(d*x+c)*csc(d*x+c)~(1+n)*hypergeom([1/2, 1-n], [3/2],1+csc(d*x+c))/d
/ ((-csc(d*x+c))"n)/(a-a*csc(d*x+c))~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 69, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.125,

steps used = 3, number of rules used = 3, integrand size = 24
Rules used = {3891, 69, 67}
2a cos(c + dz)(— csc(c + dz)) ™ esc™ (¢ + dz) o F1 (5,1 — m; 35 esc(c+ dz) + 1)
dv/a — acsc(c+ dr)

Antiderivative was successfully verified.
[In] Int[Csc[c + d*x] n*Sqrt[a - a*Csc[c + d*x]],x]

[Out] (-2*a*Cos[c + d*x]*Csc[c + d*x]~(1 + n)+*Hypergeometric2F1[1/2, 1 - n, 3/2,
1 + Csclc + d*x]])/(d*(-Csclc + d*x]) "n*Sqrt[a - axCsc[c + d*x]])

Rule 67

Int[((b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((c + d*x
)"(n + 1)/(d*(n + 1)*(-d/(b*c)) "m))*Hypergeometric2Fi[-m, n + 1, n + 2, 1 +
dx(x/c)], x] /; FreeQ[{b, c, 4, m, n}, x] & !'IntegerQ[n] && (IntegerQ[m]
[l GtQ[-d/(b*c), 0])

Rule 69

Int [((b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Dist[((-b)*(c/
d) ) “IntPart [m]* ((b*x) “FracPart[m]/((-d)*(x/c)) “FracPart[m]), Int[((-d)*(x/c
))"mx(c + d*x)"n, x], x] /; FreeQ[{b, c, d, m, n}, x] && !IntegerQ[m] &&
IIntegerQ[n] && !GtQ[c, 0] && !GtQ[-d/(bxc), 0]

Rule 3891

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.))"(n_)*Sqrtlcscl(e_.) + (f_.)*(x_)]1*(b_.)
+ (a_)], x_Symbol] :> Dist[a"2xd*(Cot[e + f*xx]/(f*Sqrtl[a + b*Cscle + f*x]]
xSqrt[a - b*Cscle + f*x]])), Subst[Int[(d*x)~(n - 1)/Sqrtl[a - b*x], x], x,
Cscle + f*x]1, x] /; FreeQ[{a, b, d, e, f, n}, x] && EqQ[a~2 - b~2, 0]

Rubi steps
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(a? cot(c + dzx)) Subst (f \/— dz, z,csc(c+ dx))
dv/a — acsc(c+ dz) \/a+ acsc(c+ dx)

/csc“(c + dz)v/a — acsc(c+ dr) dx =

(a® cos(c + dz)(— csc(c + dz)) ™™ ecsc't™(c + dx)) Subst (f \/_

dv/a — acsc(c+ dz) \/a-l—acsc(c—l-dx)
2a cos(c + dz)(— esc(c + dz)) ™ esc! ™ (c + dz) o F1 (5,1 — m; 3511
dv/a — acsc(c+ dz)

Mathematica [A]
time = 1.89, size = 73, normalized size = 1.06

2a cos(c + dz) csc' T (c + dx) (— esc®(c + dx)) " 2F1 (3,1 —n; 351 + cse(c + dz))
dv/a — acsc(c+ dz)

Antiderivative was successfully verified.

[In] Integrate[Cscl[c + d*x] n*Sqrt[a - a*Csc[c + d*x]],x]

[Out] (-2*a*Cos[c + d*x]*Csc[c + d*x]~(1 + 2xn)*Hypergeometric2F1[1/2, 1 - n, 3/2
, 1 + Csclc + d*x]])/(d*(-Csc[c + d*x]~2)"n*Sqrt[a - a*Csc[c + d*x]])

Maple [F]
time = 0.14, size = 0, normalized size = 0.00

/(csc“ (dz +c)) /a —acsc(dz +c) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(d*x+c) n*(a-ax*csc(d*x+c))~(1/2),x)
[Out] int(csc(d*x+c) "n*(a-a*csc(d*x+c))~(1/2),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) “n*(a-a*csc(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(-axcsc(d*x + c) + a)*csc(d*x + c)"n, x)
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(d*x+c) “n*(a-a*csc(d*x+c))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(-a*csc(d*x + c) + a)*csc(d*x + c)"n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ v/ —a(csc (c+dz) — 1) csc” (¢ + dz) dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(d*x+c)**n*(a-axcsc(d*x+c))**(1/2),x)
[Out] Integral(sqrt(-a*(csc(c + d*x) - 1))*csc(c + d*x)**n, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(d*x+c) “n*(a-a*xcsc(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(-axcsc(d*x + c) + a)*csc(d*x + c)"n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/\/a_ Sin(c(flrdac) (Sin(cidx))ndx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a - a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))"n,x)
[Out] int((a - a/sin(c + d*x))~(1/2)*(1/sin(c + d*x))"n, x)
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3.30 [esc®(e+ fz)(a+acsc(e + fx))"dx
Optimal. Leaf size=156

cot(e + fz)(a +acsc(e + fz))™ cot(e+ fz)(a+acsc(e + fx))*™ _2%“"(1 +m + m?)cot(e + fz)(1+

f(2+3m+m?) af(2+m)

[Out] cot(f*x+e)*(ataxcsc(f*x+e)) m/f/(m~2+3*m+2)-cot (f*x+e)*(at+axcsc(f*xx+e))~(1+
m)/a/f/(2+m) -2~ (1/2+m) * (m~2+m+1) *cot (f*x+e) * (1+csc(f*x+e)) ~(-1/2-m) * (a+a*cs
c(f*x+e)) “m*hypergeom([1/2, 1/2-m], [3/2],1/2-1/2*csc(f*x+e))/f/(m~2+3*m+2)

Rubi [A]
time = 0.14, antiderivative size = 156, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.238,

steps used = 5, number of rules used = 5, integrand size = 21,
Rules used = {3885, 4086, 3913, 3912, 71}

273 (m? + m + 1) cot(e + fa)(csc(e + fz) + 1) 3 (acse(e + fz) +a)™ o F1 (3,2 —m; 4 1(1 — esc(e + fx))) N cot(e + fa)(acsc(e + fx) +a)™  cot(e+ fz)(acsc(e + fz) + a)™H
fm+1)(m+2) f(m?+3m+2) af(m+2)

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]~3*(a + a*Cscl[e + f*x]) m,x]

[Out] (Cot[e + f*x]*(a + a*Cscle + fxx])"m)/(f*(2 + 3*m + m~2)) - (Cot[e + f*x]*(
a + axCscle + fxx])~(1 + m))/(a*f*x(2 + m)) - (2°(1/2 + m)*(1 + m + m~2)*Cot

[e + £xx]*(1 + Cscle + f*x])~(-1/2 - m)*(a + a*Csc[e + f*x]) “mxHypergeometr
ic2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + f*xx])/21)/(f*x(1 + m)*(2 + m))

Rule 71

Int[((a_) + (b_)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a+ bxx)"(m + 1)/(b*(m + 1)*(b/(b*c - a*d)) n))*Hypergeometric2F1[-n, m + 1
,m+ 2, (-d)*((a + bxx)/(b*c - a*d))], x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[bxc - a*d, 0] && !IntegerQ[m] && !IntegerQ[n] && GtQ[b/(b*c - axd)
, 0] && (RationalQ[m] || !'(RationalQ[n] && GtQ[-d/(bxc - axd), 0]))

Rule 3885

Int[cscl(e_.) + (f_.)*(x_)]1"3%(cscl(e_.) + (f_.)*(x)I*(b_.) + (a_))~(m)),
x_Symbol] :> Simp[(-Cot[e + f*x])*((a + b*Csc[e + f*x])~(m + 1)/(b*f*(m + 2
))), x] + Dist[1/(b*(m + 2)), Int[Csc[e + f*x]*(a + b*Cscle + f*x]) “m*(b*(m
+ 1) - axCscl[e + f*x]), x], x] /; FreeQ[{a, b, e, f, m}, x] & EqQ[a"2 - b
~2, 0] & 'LtQ[m, -2-(-1)]

Rule 3912

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + bxCscl[e + f*x
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11*Sqgrt[a - b*Cscle + f*x]]1)), Subst[Int[(d*x)~(n - 1)*((a + b*x)~(m - 1/2)
/Sqrt[a - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, £, m, n}, x
] && EqQ[a~2 - b™2, 0] && !'IntegerQ[m] && GtQ[a, O]

Rule 3913

Int[(cscl(e_.) + (£f_.)*x(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"IntPart[m]*((a + b*Cscl[e + f*x]) FracPart[m
1/(1 + (b/a)*Cscle + f*x]) FracPart[m]), Int[(1 + (b/a)*Cscl[e + f*x]) “m*(d*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a"2 - b2
, 0] & !IntegerQ[m] && !'GtQ[a, O]

Rule 4086

Int[cscl(e_.) + (f_.)*(x_)I*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))~(m_)*(cs
cl(e_.) + (£_.)*(x_)1*(B_.) + (A.)), x_Symbol] :> Simp[(-B)*Cot[e + fxx]*((
a + b*xCscle + fxx])™m/(fx(m + 1))), x] + Dist[(a*Bxm + Axbx(m + 1))/(bx(m +
1)), Int[Csc[e + f*x]*(a + b*Cscl[e + f*x])"m, x], x] /; FreeQ[{a, b, A, B,
e, £, m}, x] && NeQ[A*b - axB, 0] && EqQ[a"2 - b2, 0] && NeQ[a*B*m + Axb*
(m + 1), 0] & !'LtQ[m, -27(-1)]

Rubi steps

m gy — _cot(e + fz)(a+ acsc(e + fx))tm n [ esc(e+ fz)(a(l+m)-

/CSC3(6 + fx)(a+ acsc(e + fx))

af(2+m)
_ cot(e+ fx)(a+acsc(e+ fx))™ cot(e+ fzr)(a+acsc(e+ fa
B f(2+3m+m?) B af(2+m)
_ cot(e+ fr)(a+acsc(e+ fx))™ cot(e+ fz)(a+acsc(e+ fa
B f(2+3m+m?) B af(2+m)

_ cot(e+ fz)(a+acsc(e+ fz))™  cot(e+ fz)(a+ acsc(e+ fa

f(2+4+3m+m?) af(2+m)
_ cot(e+ fz)(a+acsc(e+ fx))™  cot(e+ fz)(a+ acsc(e+ fa
B f(2+43m+m?) af(2+m)

Mathematica [A]
time = 4.42, size = 178, normalized size = 1.14

(a1 + esele + f2)))™ (=2 + m)meot® (3(e + f2)) oFi (=2 —m, —2m; =1 — m; — tan (3(e + f2))) + 2+ m) (m2Fy (2 — m, —2m; 3 — m; — tan (3(e + f2))) +2(=2 + m) cot? (e + fz)) 2Fi (~2m, —m; 1 — m; — tan ((e + f))))) tan® (e + f2)) (1 + tan (3(e + f))) ™"
4f(=2+m)m(2 + m)

Antiderivative was successfully verified.
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[In] Integrate[Csc[e + f*x]~3%(a + a*Csc[e + f*x]) m,x]

[Out] -1/4%((a*x(1 + Cscle + f*x])) m*x((-2 + m)*m*Cot[(e + f*x)/2] “4*Hypergeometri
c2F1[-2 - m, -2*m, -1 - m, -Tan[(e + f*x)/2]] + (2 + m)*(m*Hypergeometric2F

1[2 - m, -2*m, 3 - m, -Tan[(e + f*x)/2]] + 2%(-2 + m)*Cot[(e + f*x)/2] 2*Hy
pergeometric2F1[-2#m, -m, 1 - m, -Tan[(e + f*x)/2]]))*Tan[(e + £x*x)/2]72)/(
fx(-2 + m)*m*(2 + m)*(1 + Tan[(e + £*x)/2])7(2*m))

Maple [F]
time = 0.12, size = 0, normalized size = 0.00

/ (esc® (fz+e€)) (a+acse(fr+e)™ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) " 3*(ata*csc(f*x+e)) m,x)
[Out] int(csc(f*x+e) 3*(ata*csc(f*x+e)) m,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) ~3*(ata*csc(f*x+e)) m,x, algorithm="maxima")
[Out] integrate((axcsc(f*x + e) + a) mxcsc(f*x + e)~3, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 3% (ata*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((a*csc(f*x + e) + a) m*csc(f*x + e)~3, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a(csc (e + fx) + 1)) csc® (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**3x(ataxcsc(f*x+e))**m,x)



[Out] Integral((a*(csc(e + fxx) + 1))**mxcsc(e + f£*x)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e) 3% (ataxcsc(f*x+e)) m,x, algorithm="giac")
[Out] integrate((a*csc(f*x + e) + a) mxcsc(f*x + e)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

<a+ sinea T )m
/ (e+/) dx

sin (e + f z)°
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(e + f*x)) m/sin(e + f*x)~3,x)

[Out] int((a + a/sin(e + f*x)) m/sin(e + f*x)~3, x)

163
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3.31 [esc®(e+ fz)(a+acsc(e + fx))"dx
Optimal. Leaf size=109

_cot(e+ fx)(a+acscle + fx))m_2%+mm cot(e + f)(1 + csc(e + fz))"2 ™(a+ acsc(e + fz))™ o Fi (L, )
f(1+m) f(1+m)

[Out] -cot(f*x+e)*(ata*csc(f*x+e)) m/f/(1+m)-2"(1/2+m)*m*cot (f*x+e)*(1+csc(f*xx+e)
)~ (-1/2-m) * (at+a*csc(f*x+e) ) “mxhypergeom([1/2, 1/2-m], [3/2],1/2-1/2*csc(f*x+
e))/f/(1+m)

Rubi [A]
time = 0.07, antiderivative size = 109, normalized size of antiderivative = 1.00, number of

number of rules _ ( 199
’ integrand size ’

steps used = 4, number of rules used = 4, integrand size = 21
Rules used = {3883, 3913, 3912, 71}

_2m+%m cot(e + fz)(csc(e + fz) +1)"™ 2 (acscle + fz) + a)™ 2F1(3,3 —m; 35 1(1 — esele + fz))) __ cot(e + fz)(acsc(e + fz) +a)™
f(m+1) f(m+1)

Antiderivative was successfully verified.
[In] Int[Cscl[e + f*x]~2x(a + a*Csc[e + f*x]) m,x]

[Out] -((Cot[e + f*x]*(a + a*Csc[e + f*x])"m)/(f*x(1 + m))) - (27(1/2 + m)*m*Cot [e
+ fxx]*(1 + Cscle + £*x])~(-1/2 - m)*(a + a*Csc[e + f*x]) “m*Hypergeometric
2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + £x*x])/2])/(f*(1 + m))

Rule 71

Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[((
a+ bxx)"(m + 1)/(b*(m + 1)*(b/(b*c - a*d)) n))*Hypergeometric2F1[-n, m + 1
,m+ 2, (-d)x((a + bxx)/(bxc - a*xd))], x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[b*c - axd, 0] && !'IntegerQ[m] && !'IntegerQ[n] && GtQ[b/(b*c - axd)
, 0] && (RationalQ[m] || !'(RationalQ[n] && GtQ[-d/(bxc - axd), 0]))

Rule 3883

Int[cscl(e_.) + (£_.)*x(x_)]1"2x(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(m_),

x_Symbol] :> Simp[(-Cot[e + f*x])*((a + b*Cscle + f*x])"m/(fx(m + 1))), x]

+ Dist[ax(m/(bx(m + 1))), Int[Cscl[e + f*x]*(a + b*Cscl[e + f*x])"m, x], x] /
; FreeQ[{a, b, e, f, m}, x] && EqQ[2"2 - b"2, 0] && !LtQ[m, -27(-1)]

Rule 3912

Int[(cscl(e_.) + (£f_.)*x(x_)1*(d_.))"(n_.)*(cscl[(e_.) + (f_.)*(x_)]*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + bxCsc[e + f*x
11*Sqrt[a - bxCscle + f*x]])), Subst[Int[(d*x)~(n - 1)*((a + b*x)"(m - 1/2)
/Sqrtla - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
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] && EqQ[a”2 - b™2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 3913

Int[(cscl(e_.) + (f_.)*(x_)]1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"IntPart[m]*((a + b*Cscl[e + f*x]) FracPart[m
1/(1 + (b/a)*Cscle + f*x]) FracPart[m]), Int[(1 + (b/a)*Cscl[e + f*x]) “m*(d*
Cscle + f*x])"n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] & EqQ[a~2 - b2
, 0] & !'IntegerQ[m] && !'GtQ[a, O]

Rubi steps

_cot(e + fz)(a+ acsc(e + fz))™ L m [ ese(e + fz)(a+ acse(

/csc2(e + fz)(a+ acsc(e + fz))™ dz =

f(1+m) 14+m
_ _cot(e+ fz)(a+acsc(e+ fz))" n (m(1 + csc(e + fz)) ™ (a -
f(1+m)

_ _COt(e + f:lj)(a + aCSC(e + fx))m <m cot(e + fx)(l + CSC(e ;

f(l+m)
_ cot(e+ fz)(a+acsc(e+ fx))™ 23+™m cot(e + fz)(1 + cs
f(1+m)
Mathematica [A]
time = 1.23, size = 126, normalized size = 1.16
(a(1+ esc(e + f2)))™ ((—1 + m) cot? (%(6+ fx)) 2F1(—1 —m,—2m; —m; — tan (%(6+ fx))) + (1 +m)2Fi (1 — m,—2m;2 — m; — tan (%(E‘Ff.’l‘)))) tan (%(e+fz)) (1+ tan (%(e+ fz)))’zm

2f(=1+m)(1+m)
Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]~2*(a + axCsc[e + f*x]) m,x]

[Out] -1/2*%((a*x(1 + Cscle + f*x])) " m*x((-1 + m)*Cot[(e + fxx)/2] " 2xHypergeometric2
Fi[-1 - m, -2*m, -m, -Tan[(e + £*x)/2]] + (1 + m)*Hypergeometric2F1[1 - m,

-2xm, 2 - m, -Tan[(e + f*x)/2]]1)*Tan[(e + £*x)/2])/(f*(-1 + m)*(1 + m)*(1 +
Tan[(e + f*x)/2])~(2%m))

Maple [F]

time = 0.09, size = 0, normalized size = 0.00

/ (esc® (fr+e)) (a+acsc(fz+e)” dz

Verification of antiderivative is not currently implemented for this CAS.



[In] int(csc(f*x+e) " 2*x(a+taxcsc(f*x+e)) "m,x)

[Out] int(csc(f*xx+e) " 2x(ataxcsc(f*x+e)) m,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) "2x(a+axcsc(f*x+e)) "m,x, algorithm="maxima")
g g

[Out] integrate((a*csc(f*x + e) + a) mxcsc(f*x + e)~2, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 2% (ata*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((a*csc(f*x + e) + a) m*csc(f*x + e)~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a(csc (e + fx) + 1)) csc? (e + fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**2x(ataxcsc(f*x+e))**m,x)

[Out] Integral((ax(csc(e + fxx) + 1))*xmxcsc(e + f£*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) "2*(ata*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a) mxcsc(f*x + e)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

<a+ sinea T )m
/ (/) dx

sin (e + f z)°

166
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(e + f*x)) m/sin(e + f*x)~2,x)

[Out] int((a + a/sin(e + f*x)) m/sin(e + f*x)~2, x)
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3.32 [ csc(e+ fx)(a+ acsc(e + fz))™ dz

Optimal. Leaf size=74

_2%“" cot(e + fz)(1+csc(e + fx)) 2 ™(a + acsc(e + fz))™ 2 Fi (3,1 —m; 3,1 (1 — csc(e + fz)))
f

[Out] -27(1/2+m)*cot (f*x+e)*(1+csc(f*x+e)) ~(-1/2-m)* (a+a*csc(f*x+e)) “mxhypergeom (
[1/2, 1/2-m],[3/2],1/2-1/2*csc(f*x+e))/f

Rubi [A]
time = 0.04, antiderivative size = 74, normalized size of antiderivative = 1.00, number of

: number of rules _  15g
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 19
Rules used = {3913, 3912, 71}

_2™*5 cot(e + f)(csc(e + fx) +1) "3 (acsc(e + fr) +a)" oFi (3,3 — m; 3; 3(1 — csc(e + fx)))
f

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]*(a + axCscl[e + f*x]) m,x]

[Out] -((27(1/2 + m)*Cot[e + f*x]*(1 + Cscle + f*xx])~(-1/2 - m)*(a + axCsc[e + fx
x]) “m*Hypergeometric2F1[1/2, 1/2 - m, 3/2, (1 - Cscle + £fxx])/2])/f)

Rule 71

Int[((a_) + (b_.)*(x_))"(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol]l :> Simp[((
a+ bxx)"(m + 1)/(b*(m + 1)*(b/(b*c - a*d)) n))*Hypergeometric2F1[-n, m + 1
,m+ 2, (-d)*((a + bxx)/(b*c - a*d))], x] /; FreeQ[{a, b, ¢, d, m, n}, x]
&& NeQ[bxc - a*d, 0] && !IntegerQ[m] && !IntegerQ[n] && GtQ[b/(b*c - axd)
, 0] && (RationalQ[m] || !'(RationalQ[n] && GtQ[-d/(b*c - axd), 0]))

Rule 3912

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (f_.)*(x_)1*(b_.) +
(a_))~(m_), x_Symbol] :> Dist[a"2xd*(Cot[e + f*x]/(f*Sqrt[a + b*Cscl[e + f*x
11xSqrt[a - b*Cscle + £*x]]1)), Subst[Int[(d*x)~"(n - 1)*((a + b*x)"(m - 1/2)
/Sqrtla - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
] && EqQ[a"2 - b™2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 3913

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl[(e_.) + (f_.)*(x_)]1*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"IntPart[m]*((a + b*Csc[e + f*x]) FracPart[m
1/(1 + (b/a)*Cscl[e + f*xx]) FracPart[m]), Int[(1 + (b/a)*Cscl[e + f*xx]) m*(dx*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a"2 - b2
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, 0] & !IntegerQ[m] && !'GtQ[a, O]

Rubi steps

/csc(e + fz)(a+acsc(e + fz))™ dx = ((1+ csc(e + fz)) ™ (a+ acsc(e + fz))™) /csc(e + fx)(1 + csc

(cot(e + fz)(1 4 csc(e + fz))~2™(a + a csc(e + fz))m> Subst(
N f/1—cscle+ fz)

22+ cot(e + fx)(1 4 cscle + fz)) "2 ™(a + acsc(e + fz))™ o
o f

Mathematica [A]
time = 0.23, size = 60, normalized size = 0.81

(a(1 + esc(e + f2)))™ o F1 (~2m, —m; 1 — m; — tan (3 (e + f2))) (1 + tan (3(e + f2))) "
fm

Antiderivative was successfully verified.

[In] Integrate[Csc[e + f*x]*(a + a*Cscle + f*x]) m,x]

[Out] -(((ax(1 + Cscle + f*x])) m*Hypergeometric2F1[-2*m,
x)/2]1)/(£*m*(1 + Tan[(e + £*x)/2])7(2*m)))

Maple [F]
time = 0.09, size = 0, normalized size = 0.00

/CSC(fCIJ+€) (a+acsc(fz+e)” dx

-m, 1 - m, -Tan[(e + fx

Verification of antiderivative is not currently implemented for this CAS.
[In] int(csc(f*x+e)*(ata*csc(f*x+e)) "m,x)
[Out] int(csc(f*x+e)*(a+ta*csc(f*x+e)) "m,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(ataxcsc(f*x+e)) m,x, algorithm="maxima")



170

[Out] integrate((axcsc(f*x + e) + a) m*xcsc(f*x + e), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e)*(ataxcsc(f*x+e)) m,x, algorithm="fricas")
[Out] integral((a*csc(f*x + e) + a) m*csc(f*x + e), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a(csc(e+ fz) +1))"csc(e+ fz)dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e)*(ata*xcsc(f*x+e))**m,x)
[Out] Integral((ax(csc(e + f*x) + 1))**m*csc(e + f*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e)*(ataxcsc(f*x+e)) m,x, algorithm="giac")
[Out] integrate((axcsc(f*x + e) + a) mxcsc(f*x + e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

(a+sinea x )m
/ Crf)) o

sin (e + f x)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(e + f*x)) m/sin(e + f*x),x)

[Out] int((a + a/sin(e + f*x)) m/sin(e + f*x), x)
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3.33 [(a+acsc(e+ fz))™dx

Optimal. Leaf size=84

_ V2 F (L +m; 1,158 +m; L1+ esc(e + f2)),1 + csc(e + fx)) cot(e + fx)(a + acscle + fz))™
f(142m)+\/1 —csc(e + fz)

[Out] -AppellF1(1/2+m,1,1/2,3/2+m,1+csc(f*x+e),1/2+1/2*csc(f*x+e))*cot (f*x+e)*(a+
a*csc(f*xx+e)) m*x2~(1/2)/f/(1+2*m) / (1-csc(f*x+e) )~ (1/2)

Rubi [A]
time = 0.05, antiderivative size = 84, normalized size of antiderivative = 1.00, number of

number of rules _
> integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12
Rules used = {3864, 3863, 141}

B V2 cot(e + fz)(acsc(e + fz) + a)™Fi(m + 3; 3, ;m + 25 I(csc(e + fz) + 1), csc(e + fz) + 1)
f(2m +1)\/1 —cscle + fz)

Antiderivative was successfully verified.
[In] Int[(a + a*Csc[e + f*x]) m,x]

[Out] -((Sqrt[2]*AppellF1[1/2 + m, 1/2, 1, 3/2 + m, (1 + Csc[e + f*x])/2, 1 + Csc
[e + £xx]]*Cot[e + fxx]*(a + axCscle + f*x])"m)/(f*x(1 + 2*xm)*Sqrt[1 - Cscle
+ £*x]]))

Rule 141

Int[((a_) + (b_)*(x_))"(m )*((c_.) + (d_)*(x_))"(m_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Simp[(b*e - a*f) p*((a + b*x)"(m + 1)/(b”(p + D*(m + 1
)*(b/(bxc - a*d)) n))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + bxx)/(b*c -
a*d)), (-f)*x((a + b*x)/(bxe - a*f))], x] /; FreeQ[{a, b, ¢, d, e, £, m, n}
, x] && !'IntegerQ[m] && !IntegerQ[n] && IntegerQ[pl && GtQ[b/(b*c - axd),
0] && !'(GtQ[d/(d*a - c*b), 0] && SimplerQ[c + d*x, a + b*x])

Rule 3863

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Dist[a"n*(Cot
[c + d*x]/(d*Sqrt[1 + Cscl[c + d*x]]*Sqrt[1 - Csc[c + d*x]])), Subst[Int[(1
+ bx(x/a))"(n - 1/2)/(xxSqrt[1 - b*(x/a)]), x], x, Csclc + d*x]], x] /; Fre
eQ[{a, b, ¢, d, n}, x] & EqQ[a~2 - b"2, 0] && !'IntegerQ[2*n] && GtQ[a, O]

Rule 3864

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Dist[a~IntPar
t[n]l*((a + bxCsc[c + d*x]) FracPart[n]/(1 + (b/a)*Cscl[c + d*x]) FracPart[n]
), Int[(1 + (b/a)*Csclc + d*x])"n, x], x] /; FreeQ[{a, b, ¢, d, n}, x] && E
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qQla”2 - b~2, 0] && !IntegerQ[2*n] && !GtQ[a, O]

Rubi steps

/(a + acsc(e + fz))™ dz = ((1+ cscle + fz)) ™ (a + acscle + fz))™) /(1 + csc(e + fx))" dx
(14z)~3+m (

<cot(e + fz)(1 4 csc(e + fz))~2™(a + acsc(e + fa:))m> Subst (f o
N f/1—cscle+ fz)
B ﬁFl(% +m; 3,13 +m; 2(1+ esc(e + fz)),1+ csc(e + fz)) cot(e + fz)(

’ 929 ’

= f(142m)+\/1 —csc(e + fz)

Mathematica [F]
time = 0.64, size = 0, normalized size = 0.00

/(a +acscle+ fx))™ dx

Verification is not applicable to the result.

[In] Integrate[(a + a*Csc[e + f*x]) m,x]

[Out] Integratel[(a + a*Cscl[e + f*x])"m, x]

Maple [F]
time = 0.09, size = 0, normalized size = 0.00

/(a—i—acsc(fx—i—e))m dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atax*csc(f*x+e)) "m,x)

[Out] int((at+a*xcsc(f*x+e)) m,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(f*x+e)) m,x, algorithm="maxima")



[Out] integrate((axcsc(f*x + e) + a)’m, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((a*csc(f*x + e) + a)“m, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acsc(e+ fz)+a)" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*csc(f*x+e))**m,x)

[Out] Integral((a*csc(e + f*x) + a)**m, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m,x, algorithm="giac")
[Out] integrate((axcsc(f*x + e) + a)’m, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

[+ metrm)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/sin(e + f*x)) "m,x)

[Out] int((a + a/sin(e + f*x))"m, x)
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3.34 [(a+acsc(e+ fz))"sin(e + fz)dx

Optimal. Leaf size=83

V2 Fy (2 4+m; 3,23 +m; 2(1+ csc(e + fz)),1+ csc(e + fx)) cot(e + fz)(a+ acsc(e + fz))™
f(142m)\/1 —csc(e + fz)

[Out] AppellF1(1/2+m,2,1/2,3/2+m,1+csc(f*x+e),1/2+1/2*%csc(f*x+e))*cot(f*x+e)*(a+a
xcsc(f*x+e)) “m*2~(1/2) /£/(1+2*m) / (1-csc(f*x+e)) ~(1/2)

Rubi [A]
time = 0.06, antiderivative size = 83, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.158,

steps used = 3, number of rules used = 3, integrand size = 19
Rules used = {3913, 3912, 141}

V2 cot(e+ fz)(acsc(e + fz) +a)"Fi(m+ ;1. 2;m + £; L(csc(e + fz) + 1), csc(e + fz) + 1)
f(2m+1)y/1 —csc(e + fz)

Antiderivative was successfully verified.
[In] Int[(a + a*Cscl[e + f*x]) m*Sin[e + f*x],x]

[Out] (Sqrt[2]*AppellF1[1/2 + m, 1/2, 2, 3/2 + m, (1 + Csc[e + f*x])/2, 1 + Cscle
+ fxx]]*Cot[e + f*x]*(a + a*Cscle + f*x])"m)/(f*(1 + 2#m)*Sqrt[1 - Cscle +
fxx]])

Rule 141

Int[((a_) + (b_D)*(x_))"(m_ )*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[(bxe - axf)“p*((a + b*x)"(m + 1)/ (" (p + 1)*(m + 1
)*(b/(b*c - a*d)) n))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + bxx)/(b*c -
a*d)), (-f)*x((a + bxx)/(bxe - a*f))], x] /; FreeQ[{a, b, ¢, d, e, £, m, n}
, Xx] && !IntegerQ[m] &% !IntegerQ[n] && IntegerQ[p] && GtQ[b/(b*c - axd),
0] && !'(GtQ[d/(d*a - c*b), 0] && SimplerQ[c + d*x, a + b*x])

Rule 3912

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)I*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"2*d*(Cot[e + f*x]/(f*xSqrt[a + b*Cscl[e + f*x
11*Sqgrt[a - bxCscle + £*x]]1)), Subst[Int[(d*x)~(n - 1)*((a + b*x)"(m - 1/2)
/Sqrt[a - b*x]), x], x, Cscle + f*x]]1, x] /; FreeQ[{a, b, d, e, f, m, n}, x
] && EqQ[a"2 - b~2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 3913

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"IntPart[m]*((a + b*Cscl[e + f*x]) FracPart[m
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1/(1 + (b/a)*Cscle + f*x])“FracPart[m]), Int[(1 + (b/a)*Cscl[e + f*x]) m*(d*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a"2 - b2
, 0] && !IntegerQ[m] && !'GtQ[a, 0]

Rubi steps

/(a + acsc(e + fz))™sin(e + fz)dz = ((1 + csc(e + fz)) ™ (a + acsc(e + fz))™) /(1 + csc(e + fz))™

<cot(e + fz)(1 + csc(e + fz)) "2 ™(a + acsc(e + f:c))m) Subst(

f\/1—cscle+ fzx)
B V2 Fi(3 +m; 1,22 +m; 2(1 + esele + fx)),1 + cscle + fx)) c
a f(1+2m)\/1 — csc(e + fz)

Mathematica [F]
time = 3.91, size = 0, normalized size = 0.00

/(a + acsc(e + fx))"sin(e + fr)dz

Verification is not applicable to the result.

[In] Integrate[(a + a*Csc[e + f*x]) m*Sin[e + f*x],x]
[Out] Integrate[(a + ax*Csc[e + f*x]) mxSin[e + f*x], x]

Maple [F]
time = 0.11, size = 0, normalized size = 0.00

/(a—l—acsc(fz—l—e))msin(fx—l—e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*csc(f*x+e)) m*sin(f*x+e),x)
[Out] int((ata*csc(f*x+e)) m*sin(f*x+e),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e),x, algorithm="maxima")

[Out] integrate((axcsc(f*x + e) + a) " m*sin(f*x + e), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e),x, algorithm="fricas")

[Out] integral((a*csc(f*x + e) + a) m*sin(f*x + e), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a(csc (e + fz) +1))"sin (e + fz)dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*csc(f*x+e))** m*sin(f*x+e),x)

[Out] Integral((a*x(csc(e + f*xx) + 1))*xm*sin(e + f*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e),x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a) m*sin(f*x + e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/sin(e—l—fx) <a+m)mdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x)*(a + a/sin(e + f*x)) "m,x)

[Out] int(sin(e + f*x)*(a + a/sin(e + f*x))"m, x)
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3.35 [(a+ acsc(e+ fz))™sin*(e + fz)dz

Optimal. Leaf size=84

_ V2 Fi (L +m; 1,38 +m; 11+ csc(e + fx)),1 + csc(e + fx)) cot(e + fx)(a + acscle + fz))™

f(142m)+\/1 —csc(e + fz)

[Out] -AppellF1(1/2+m,3,1/2,3/2+m,1+csc(f*x+e),1/2+1/2*%csc(f*x+e))*cot (f*x+e)*(a+

axcsc(fxx+e)) mx2~(1/2)/f/(1+2xm) / (1-csc(f*xx+e)) ~(1/2)

Rubi [A]
time = 0.07, antiderivative size = 84, normalized size of antiderivative = 1.00, number of

number of rules _
> integrand size 0.143,

steps used = 3, number of rules used = 3, integrand size = 21
Rules used = {3913, 3912, 141}

B V2 cot(e + fz)(acsc(e + fz) + a)™Fi(m + 3;3,3;m + 2; I(csc(e + fz) + 1), csc(e + fz) + 1)
f(2m +1)\/1 —cscle + fz)

Antiderivative was successfully verified.
[In] Int[(a + axCscl[e + f*x]) m*Sin[e + fx*xx]~2,x]

[Out] -((Sqrt[2]*AppellF1[1/2 + m, 1/2, 3, 3/2 + m, (1 + Cscle + f*x])/2, 1
[e + £xx]]*Cot[e + fxx]*(a + axCscle + f*x])"m)/(f*x(1 + 2*xm)*Sqrt[1 - Cscle
+ £*x]]))

Rule 141

Int[((a_) + (b_)*(x_))"(m )*((c_.) + (d_)*(x_))"(m_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Simp[(b*e - a*f) p*((a + b*x)"(m + 1)/(b”(p + D*(m + 1
)*(b/(bxc - a*d)) n))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + bxx)/(b*c -
a*d)), (-f)*x((a + b*x)/(bxe - a*f))], x] /; FreeQ[{a, b, ¢, d, e, £, m, n}
, x] && !'IntegerQ[m] && !IntegerQ[n] && IntegerQ[pl && GtQ[b/(b*c - axd),
0] && !'(GtQ[d/(d*a - c*b), 0] && SimplerQ[c + d*x, a + b*x])

Rule 3912

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*x(x_)]*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a~2*d*(Cot[e + f*x]/(f*Sqrt[a + bxCscle + f*xx
11*Sqrt[a - bxCscle + £*x]]1)), Subst[Int[(d*x)~(n - 1)*((a + b*x)"(m - 1/2)
/Sqrt[a - b*x]), x], x, Cscle + f*x]], x] /; FreeQ[{a, b, d, e, f, m, n}, x
] && EqQ[a”2 - b™2, 0] && !IntegerQ[m] && GtQ[a, O]

Rule 3913

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.))"(n_.)*(cscl(e_.) + (£_.)*(x_)]*(b_.) +
(a_))"(m_), x_Symbol] :> Dist[a"IntPart[m]*((a + b*Csc[e + f*x]) FracPart[m

+ Csc
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1/(1 + (b/a)*Cscle + f*x]) FracPart[m]), Int[(1 + (b/a)*Cscle + f*x]) m*(d*
Cscle + f*x])°n, x], x] /; FreeQ[{a, b, d, e, f, m, n}, x] && EqQ[a"2 - b2
, 0] && !IntegerQ[m] && !'GtQ[a, 0]

Rubi steps

/(a + acsc(e + fz))™sin’(e + fz)dz = ((1+ cscle + fz)) ™ (a + acsc(e + fz))™) /(1 + csc(e + fxz))™s

(cot(e + fz)(1 + cscle + fz)) "2 ™(a + acsc(e + fx))m> Subst(

f\/1—cscle+ fz)
_ﬁFl(% +m; 3,3; 2 +m; 3(1+ cse(e + fz)),1+ cscle + fx))
f(1+2m)y/1 —csc(e + fz)

Mathematica [F]
time = 6.82, size = 0, normalized size = 0.00

/(a + acsc(e + fz))™sin’(e + fz) dx

Verification is not applicable to the result.

[In] Integrate[(a + a*Csc[e + f*x]) m*Sin[e + fx*x]~2,x]
[Out] Integrate[(a + a*Cscle + f*x]) m*Sin[e + fx*x]~2, x]

Maple [F]
time = 0.29, size = 0, normalized size = 0.00

/ (a+acsc(fz+ €)™ (sin® (fr+e)) do

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*xcsc(f*x+e)) m*sin(f*x+e)~2,x)
[Out] int((ata*csc(f*x+e)) m*sin(f*x+e)~2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="maxima")

[Out] integrate((axcsc(f*x + e) + a) mxsin(f*x + e)~2, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="fricas")

[Out] integral(-(cos(f*x + e)~2 - 1)*(a*csc(f*x + e) + a)”m, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a(csc (e + fx) +1))"sin’ (e + fz)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atakxcsc(f*x+e))** m*ksin(f*x+e)**2,x)

[Out] Integral((a*(csc(e + f*xx) + 1))**m*xsin(e + f*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="giac")

[Out] integrate((axcsc(f*x + e) + a) mxsin(f*x + e)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/sin(e—l—fa:)2 (a—l—m) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x)"2%(a + a/sin(e + f*x))“"m,x)

[Out] int(sin(e + f*x)~2%(a + a/sin(e + f*x))"m, x)
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3.36 [(a+ besc(c+ dz))* dx

Optimal. Leaf size=107

o 2ab(2a* + b*) tanh ™" (cos(c + dx))  b*(17a® 4 2b%) cot(c + dx) 4ab® cot(c + dx) csc(c+ dz) b* cot(c
d 3d 3d

[Out] a~4*x-2*axb*(2*a~2+b~2)*arctanh(cos(d*x+c))/d-1/3*b~2% (17*a~2+2*b~2) *cot (d*
x+c) /d-4/3*axb~3*cot (d*x+c)*csc(d*x+c) /d-1/3*b~2xcot (d*x+c) * (a+b*csc (d*x+c)

)~2/d

Rubi [A]

time = 0.08, antiderivative size = 107, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.417,

steps used = 6, number of rules used = 5, integrand size = 12,
Rules used = {3867, 4133, 3855, 3852, 8}

e — b*(17a* + 2b°) cot(c + dz)  2ab(2a’ + b?) tanh™" (cos(c + dz))  4ab®cot(c + dz) csc(c+dz)  b? cot(c + dx)(a + besc(c + da))?
3d d 3d 3d

Antiderivative was successfully verified.
[In] Int[(a + b*Cscl[c + d*x])~4,x]

[Out] a~4*x - (2*xaxbx(2*a”2 + b~2)*ArcTanh[Cos[c + d*x]])/d - (b™2x(17*a"2 + 2xb~
2)*Cot[c + d*x])/(3*%d) - (4*%axb~3*Cot[c + d*x]*Csc[c + d*xx])/(3*xd) - (b~2xC
ot[c + d*x]*(a + bxCsc[c + d*x])~2)/(3*d)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, xl]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])"(n - 2)/(d*x(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + b*Csc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*(b"2%(n - 2) + 3*a
“2%(n - 1)))*Csclc + d*x] + (axb™2*(3*n - 4))*Cscl[c + d*x]~2, x], x], x] /;
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FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] &% IntegerQ[2*n]

Rule 4133

Int[((A_.) + cscl(e_.) + (£_.)*(x_)I*(B_.) + cscl(e_.) + (£_.)*(x_)]1"2x(C_.
) *(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*CxCscl[e +
fxx]*(Cot[e + f*x]/(2%f)), x] + Dist[1/2, Int[Simp[2+A*a + (2*Bka + b*(2xA
+ C))*Cscl[e + fxx] + 2x(a*C + Bxb)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, f, A, B, C}, x]

Rubi steps
2 2

/(a + besc(c+ dx))* dx = _Yootlet dx)(a31— bese(c + da)) + % /(a + bese(c + dz)) (3a® + b(9a® + 2
__4ab’cot(c+dx)csc(c+dx)  b?cot(c+ dx)(a+ besc(c + dx))? N 1 / (6a
B 3d 3d 6

3 2 2
_ gty 4ab’ cot(c + dx) csc(c + dz)  b*cot(c + dz)(a + besce(c + dz)) + (2at
3d 3d

oy 2ab(2a? + b%) tanh ™' (cos(c + dz))  4ab’ cot(c + dz) csc(c +dx)  b%c
ST d - 3d -
iy 2ab(2a% + b?) tanh ™' (cos(c + dz))  b*(17a® + 20%) cot(c + dz)  4ab®
I d - 3d -

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 568 vs. 2(107) =
214.
time = 6.27, size = 568, normalized size = 5.31

Antiderivative was successfully verified.

[In] Integrate[(a + b*Csc[c + d*x])~4,x]

[Out] (a~4*x(c + d*x)*(a + b*Csc[c + d*x]) " 4*xSin[c + d*x]~4)/(d*(b + a*Sin[c + d*x
1)74) + ((-9*%a~2xb~2*Cos[(c + d*x)/2] - b~4*Cos[(c + d*x)/2])*Csc[(c + d*x)
/2]*(a + b*Csc[c + d*x])~4xSin[c + d*x]~4)/(3*d*(b + a*Sin[c + d*x])~4) - (
a*b~3*Csc[(c + d*x)/2]"2*(a + b*Csc[c + d*x]) 4+*Sin[c + d*x]~4)/(2*d*(b + a
*Sin[c + d*x])~4) - (b~4*xCot[(c + d*x)/2]*Csc[(c + d*x)/2] "2*(a + b*Cscl[c +
d*x])~4*Sin[c + d*x]~4)/(24*d*x(b + a*Sin[c + d*x])~4) - (2%(2*a~3*b + a*b”

3)x(a + b*Csclc + d*x]) 4*Logl[Cos[(c + d*x)/2]]1*Sin[c + d*x]~4)/(d*(b + a*S

in[c + d*x])~4) + (2%(2*a"3*b + axb~3)*(a + b*Csclc + d*x]) 4*Log[Sin[(c +
d*x)/2]11*Sin[c + d*x]~4)/(d*(b + a*Sin[c + d*x])~4) + (a*b~3*(a + bxCsc[c +
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d*x]) “4*xSec[(c + d*x)/2]"2*Sin[c + d*x]~4)/(2xd*(b + a*Sin[c + d*x])"4) +
((a + b*Csc[c + d*x])~4xSec[(c + d*x)/2]*(9*a~2xb"2*Sin[(c + d*x)/2] + b~4x*
Sin[(c + d*x)/2])*Sin[c + d*x]~4)/(3*d*(b + a*Sin[c + d*x])~4) + (b"4x(a +
b*Csc[c + d#*x]) 4*Sec[(c + d*xx)/2]"2*Sin[c + d+*x] 4*Tan[(c + d*xx)/2])/(24*d
*(b + a*Sin[c + d*x])~4)

Maple [A]
time = 0.17, size = 112, normalized size = 1.05

method result

a*(dx+c)+4abln(csc(dz+c)—cot(dz+c)) —6a?b? cot(dz+c)+4a b® (— Csc(dx+c)200t(dm+c) + ln(csc(dm+c)2_°°t(dx+c)) ) +b*

derivativedivides v

a*(dz+c)+4a3bIn(csc(dz+c)—cot(dz+c))—6a2b? cot(dz+c)+4a bd (— Csc(dz+c)200t(dm+c) + ln(csc(dz+c)2_°°t(dz+c)) ) +b*

default |
b4 (tanb (42 4+ b3 tan( 22 4+ < 83 (tan® (42 4+ ¢ 362 (8a2+b2) (tan? (42 + ¢ 362 (8
cte{imd (4 45))- D) ol oot (0 0)) e e) (), 22
norman 2 3
tan(%—i—%)
isch T 4b? (—9iaeti(de+e) 4 3gp ebildrte) 1 184q%e2i (4o +e) 4 3jh2e?i(do 1) _0ia2 —ib% —3abei(d=He))  4a3bIn(et(de
risc a*x 3d(ds T _1)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*csc(d*x+c)) 4,x,method=_RETURNVERBOSE)
[Out] 1/d*x(a"4*(d*x+c)+4*a~3xbx1n(csc(d*x+c)-cot(d*x+c))-6*a~2xb~2%cot (d*x+c)+4*a
*b~ 3% (-1/2*%csc(d*x+c) *cot (d*x+c)+1/2*1n(csc(d*x+c)—cot (d*x+c)))+b~4*(-2/3-1
/3xcsc(d*xx+c) ~2) *cot (d*x+c))

Maxima [A]

time = 0.27, size = 125, normalized size = 1.17

. ab® (C;fgifﬁ;i)l — log (cos (dz + ¢) + 1) + log (cos (dz + ¢) — 1)) 4a°blog (cot (dz + ¢) + csc (dz + c)) 6 ab? (3 tan (dz +¢)® +1)b*

azt d d T dtan(dz+¢)  3dtan(dz+c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(d*x+c))~4,x, algorithm="maxima")

[Out] a~4*x + a*b~3*%(2*cos(d*x + c)/(cos(d*x + c)~"2 - 1) - log(cos(d*x + c) + 1)
+ log(cos(d*x + c) - 1))/d - 4xa~3*b*log(cot(d*x + c) + csc(d*x + c))/d - 6
*a~2%b~2/(d*tan(d*x + c)) - 1/3*(3*tan(d*x + c)~2 + 1)*b~4/(d*tan(d*x + c)~

3)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 217 vs.
2(101) = 202.
time = 3.33, size = 217, normalized size = 2.03

o5 (dz + ¢) + 1) sin (dz + ) + 3 (2a%b + ab® — (2a% + ab*) cos (dz + o)*) log (~1 cos (dz + ) + 1) sin (dz + ¢) — 3 (6a%* + b*) cos (dx + ¢) — 3 (a*dz cos (dz + ¢)* — a’dz + 2ab cos (dz + c)) sin (dz + )

2(9a% +b*) cos (dz + c)° — 3 (2% + ab® — (2a%b + ab®) cos (dz + ¢)°) log (3 c
3 (dcos (dz + ¢)* — d) sin (dz + c)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(d*x+c))~4,x, algorithm="fricas")

[Out] -1/3*%(2x(9%a”~2*%b~2 + b~4)*cos(d*x + c)~3 - 3*(2*xa"3xb + axb™3 - (2*¥a~3*b +
a*b~3)*cos(d*x + c)”2)*log(1/2xcos(d*x + c) + 1/2)*sin(d*x + c) + 3*(2xa”3*

b + a*b”3 - (2*a~3%b + a*b~3)*cos(d*x + c)~2)*log(-1/2*cos(d*x + c) + 1/2)*
sin(d*x + c) - 3*(6*%a”2%b~2 + b~4)*cos(d*x + c) - 3*x(a"4*d*x*cos(d*x + c)~2

- a~4xd*xx + 2*axb~3*cos(d*x + c))*sin(d*x + c))/((d*cos(d*x + c)~2 - d)*si
n(d*x + c))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + besc (c+ dx))* de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(d*x+c))**4,x)
[Out] Integral((a + b*csc(c + d*x))**4, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 205 vs. 2(101) =

202.
time = 0.42, size = 205, normalized size = 1.92

Ldetd o)’ +88ab% tan(d da+ ] o) 1720’
bitan (3de+ 1o)’ +12ab tan (Ldo + 1 o) + 24 (dz + c)at + 72a%* tan (S da + L o) + 96 tan (1 do + 1 ¢) + 48 (2% + ab*) log ([tan (} da + } ¢ ) — Lot detf o 488l G dof o 47200

24d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(d*x+c))~4,x, algorithm="giac")

[Out] 1/24*%(b~4xtan(1/2*d*x + 1/2%c)”3 + 12xaxb~3*tan(1/2xd*x + 1/2*c)”2 + 24x(dx*
X + c)*a~4 + 72*xa~2xb~2xtan(1/2*d*x + 1/2%c) + 9*b~4xtan(1/2xd*x + 1/2%c) +
48%(2%a~3*%b + axb~3)*log(abs(tan(1/2*d*x + 1/2%c))) - (176%a~3xb*tan(1/2xd

*x + 1/2%c)”3 + 88*a*b~3xtan(1/2*d*x + 1/2%c)~3 + 72*a"2*b"2xtan(1/2*d*x +
1/2%c)"2 + 9*%b~4*tan(1/2*d*x + 1/2%c) "2 + 12xaxb~3*tan(1/2*xd*x + 1/2*c) + b
~4)/tan(1/2*d*x + 1/2*c)~3)/d

Mupad [B]

time = 0.62, size = 314, normalized size = 2.93

sn(5+4)
w(51%)) 3@Root(3+%) abcot(5+%)’  BaPtPtan(s+ %)  abPtan(s+ %)’
] ] 2d * ] 2d

btan(s+4)° bloot(s+ %)’ 3b'cot(s+ %) | 3bttan(s + %) oo

24d 24d 8d 8d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b/sin(c + d*x))"4,x)

[Out] (b~4xtan(c/2 + (d*x)/2)"3)/(24%d) - (b~4*xcot(c/2 + (d*x)/2)"3)/(24xd) - (3%
b~4xcot(c/2 + (d*x)/2))/(8%d) + (3*b~4xtan(c/2 + (d*x)/2))/(8xd) + (2*xa~4xa
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tan((a"3*cos(c/2 + (d*x)/2) + 2*b"3*sin(c/2 + (d*X)/Q) + 4*a'"2*b*sin(c/2 +
(d*x)/2))/(2%b~3*cos(c/2 + (d*x)/2) - a~3*sin(c/2 + (d*x)/2) + 4*a~2xb*cos (
c/2 + (d*x)/2))))/d + (2*a*b~3xlog(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/
d + (4%a~3*bxlog(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d - (3*a~2%b~2%cot
(c/2 + (d*x)/2))/d - (axb~3*cot(c/2 + (d*x)/2)"2)/(2*%d) + (3*xa~2%b~2*tan(c/
2 + (d*x)/2))/d + (axb~3xtan(c/2 + (d*x)/2)"2)/(2xd)
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3.37 [(a+ besc(c+ dz))? dx

Optimal. Leaf size=73

e b(6a? 4 b?) tanh ™" (cos(c + dz)) _ 5ab® cot(c +dx)  b*cot(c+ dz)(a + besc(c + dx))
2d 2d 2d

[Out] a~3*%x-1/2*%b*(6*%a~2+b~2)*arctanh(cos(d*x+c))/d-5/2*a*b”2xcot (d*x+c)/d-1/2%b~
2xcot (d*x+c) * (a+b*csc(d*x+c))/d

Rubi [A]
time = 0.04, antiderivative size = 73, normalized size of antiderivative = 1.00, number of

number of rules _ 0.333,
integrand size

steps used = 5, number of rules used = 4, integrand size = 12,
Rules used = {3867, 3855, 3852, 8}

. b(6a? 4 b?) tanh ™" (cos(c + dz)) _ bab?cot(c+dz) b cot(c+dz)(a+ besc(c + d))

2d 2d 2d

Antiderivative was successfully verified.
[In] Int[(a + b*Csc[c + d*x])~3,x]

[Out] a~3*xx - (b*(6%a~2 + b~2)*ArcTanh[Cos[c + d*x]])/(2*d) - (5kxaxb~2*Cot[c + d*
x])/(2xd) - (b~2*Cot[c + d*x]*(a + b*Cscl[c + d*x]))/(2%d)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_))~(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csc[c + d*x])"(n - 2)/(@*(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + b*Csc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*x(b"2*(n - 2) + 3*a
~2%(n - 1)))*Cscl[c + d*x] + (axb™2%(3*n - 4))*Cscl[c + d*x]~2, x], x], x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] &% IntegerQ[2*n]
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Rubi steps
b? cot d b d 1
/(a+bcsc(c+dx))3dx _ _ CcO (C+ x)(az’;_ CSC(C+ -’I;)) + 5/ (2&3 +b(6a2 +b2) CSC(C+d.’L’) + 5ab2
b2 cot d b d 1 1
— gy L0 (c+ x)(C;;_ csc(c + dx)) n 5(5&()2) /csc2(0+d:c) dr + 5(b(6a2
o b(6a® + b*) tanh ™" (cos(c + dz))  b*cot(c+ dz)(a + besc(c +dx))  (5e
B 2d 2d
Y b(6a® + b*) tanh™" (cos(c + dz))  5ab®cot(c+dz) b cot(c+ dz)(a+
2d 2d 2d
Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 152 vs. 2(73) =
146.
time = 0.69, size = 152, normalized size = 2.08
8a’c + 8a*dx — 12ab® cot (3(c + dz)) — b cse? (3(c + dx)) — 24a”blog (cos (3(c + dz))) — 4b° log (cos (3(c 8+ddz))) + 24a®blog (sin (3(c + dz))) + 4b° log (sin (3(c + dx))) + b* sec? (3(c + dz)) + 12ab* tan (3(c + dz))
Antiderivative was successfully verified.
[In] Integrate[(a + b*Csc[c + d*x])~3,x]
[Out] (8%a~3%c + 8xa~3*d*x - 12*axb~2*Cot[(c + d*x)/2] - b~3*Cscl[(c + d*x)/2]"2 -
24xa~2*xbxLog[Cos[(c + d*x)/2]] - 4*b~3*Logl[Cos[(c + d*x)/2]] + 24*a”2xbxLo
g[Sin[(c + d*x)/2]] + 4*b~3*Log[Sin[(c + d*x)/2]] + b~3*Sec[(c + d*x)/2]"2
+ 12xa*xb~2*Tan[(c + d*x)/2])/(8%d)
Maple [A]
time = 0.14, size = 86, normalized size = 1.18
method result
. . . a3(dz+c)+3a?bIn(csc(dz+c)—cot(dz+c))—3a b? cot(dz+c)+b3 <— Csc(dx+c)2°°t(dm+c)+ln(csc(dm+c)2_°°t(dx+c)))
derivativedivides |
a3(dz+c)+3abIn dz+c)—cot(dz+-c))—3a b? cot(dz+c)+b3 — eso(dzto) COt('7lgH'C)—|—ln(csc(um'c)_CC)t(‘iz'+":))
dofault (doe) (cso(da-+c) —cot(dw-+c))—3ab? cot( : )+5% ; ; )
¢13ac('can2 (df-l—%))—g-i-bs (tan4§j}+%)) —3ab2 tal;gg}-'_%) +3a v (tanzgg}+%)) b(6a2+b2) ln(tan(d{+§))
norman PR, + P
tan<7+§>
. 3 b? (—6ia e?i(doFe) 4 pedildzte) tGigtbei(dete)) 3bln(eild®+9)—1)a? = p3In(el(@®+e)—1)  3bln(ei(deH
risch a’z + d(e2id+o) _1)? d + 2d - d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*csc(d*x+c))”3,x,method=_RETURNVERBOSE)
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[Out] 1/d*(a”3*(d*x+c)+3*a~2xbx1n(csc(d*x+c)-cot (d*x+c))-3*axb~2xcot (d*x+c)+b~3*(
-1/2*csc(d*x+c) *cot (d*xx+c)+1/2*1n(csc(d*x+c)-cot (d*x+c))))

Maxima [A]

time = 0.28, size = 95, normalized size = 1.30

2 cos(dz+c)
’ <cos(dm+c)2—1 —log (cos (dz + ¢) +1) + log (cos (dz +¢) — 1)> _ 3a’blog (cot (dz +c) +csc(dz +¢)) 3 ab?

4d d dtan (dz + ¢)

alz +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(d*x+c))~3,x, algorithm="maxima")

[Out] a™3*x + 1/4*b~3*(2*cos(d*x + c)/(cos(d*x + c)”2 - 1) - log(cos(d*x + c) + 1
) + log(cos(d*x + c) - 1))/d - 3*a~2*bxlog(cot(d*x + c) + csc(d*x + ¢))/d -
3*axb~2/(d*tan(d*x + c))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 155 vs.
2(67) = 134.
time = 3.48, size = 155, normalized size = 2.12

4a’dz cos (dz + ¢)’ — 4aPdz + 12ab? cos (dz + c) sin (dz + ¢) + 2b° cos (dz + c) + (6a%b + b — (6a%b + b%) cos (dz + ¢)°) log (& cos (dz + ¢) + 1) — (6a%b+ b — (6a%b + b®) cos (dz + ¢)*) log (=} cos (dz + ) + 1)
4 (dcos (dz +¢)* — d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(d*x+c))~3,x, algorithm="fricas")

[Out] 1/4*(4*a~3*d*x*cos(d*x + c)~2 - 4*a~3*xd*x + 12*xaxb~2*cos(d*x + c)*sin(d*x +
c) + 2*%b~3*cos(d*x + c) + (6*a”2%b + b~3 - (6*¥a"2xb + b~3)*cos(d*x + c)~2)
*log(1/2xcos(d*x + c) + 1/2) - (6%xa"2*b + b~3 - (6*%a”2*b + b~3)*cos(d*x + ¢
)~2)*1log(-1/2*cos(d*x + c) + 1/2))/(d*cos(d*x + c)~2 - d)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (a+ besc (c+ dx))?® da

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(d*x+c))**3,x)
[Out] Integral((a + b*csc(c + d*x))**3, x)

Giac [A]
time = 0.42, size = 134, normalized size = 1.84

36a?btan(} dz+1 ¢)’+66% tan (L de+1 ¢ *+12ab? tan(1 da+ 1 o) +5°
tan(L de+1c)’

b® tan (%dz+%c)2+8(dw+c)a3+ 12ab*tan (3 dz + ) +4(6a%b + b%) log (tan (2 dz + } ¢)|)
8d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*csc(d*x+c))~3,x, algorithm="giac")

[Out] 1/8%(b~3xtan(1/2xd*x + 1/2%c)”~2 + 8x(d*x + c)*a”~3 + 12*%axb~2*xtan(1/2xd*x +
1/2%c) + 4%(6*¥a"2*b + b~3)*log(abs(tan(1/2*d*x + 1/2%c))) - (36*a~2xb*tan(1l
/2%d*xx + 1/2%c)”2 + 6*%b~3*xtan(1/2*%d*x + 1/2%c)”2 + 12%xaxb~2xtan(1/2*d*x + 1
/2xc) + b~3)/tan(1/2%d*x + 1/2%c)~2)/d

Mupad [B]
time = 0.42, size = 234, normalized size = 3.21

sin
08

5 sin(5+42) 3 2 cos(5+42) a®+6 sin((5+4) o bsin(§+42) b° N (5+% )
b tan(g + %’”)2 B b cot (£ + %’”)2 4 t*In (cos(gw%)) + 2a atan(d sin(§+47) a+6 cos (5+42 ) a2 brcos (5+42 ) 07 4 3a*bIn cos((5+47) 3 3ab’cot($+42)  3ab’tan(g+9E)
8d 8d 2d d d 2d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b/sin(c + d*x))~3,x)

[Out] (b~™3*tan(c/2 + (d*x)/2)72)/(8%d) - (b~3*cot(c/2 + (d*x)/2)72)/(8xd) + (b~3*
log(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/(2xd) + (2*a~3+*atan((2*a~3*cos(

c/2 + (d*x)/2) + b~3*sin(c/2 + (d*x)/2) + 6*a~2xbxsin(c/2 + (d*x)/2))/(b~3%
cos(c/2 + (d*x)/2) - 2¥a”3*xsin(c/2 + (d*x)/2) + 6*a”2xbxcos(c/2 + (d*x)/2))

))/d + (3*a~2*xbxlog(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d - (3*axb~2xco
t(c/2 + (d*x)/2))/(2%d) + (3*axb~2xtan(c/2 + (d*x)/2))/(2*d)
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3.38 [(a+ besc(c+ dz))* dx

Optimal. Leaf size=34

o 2abtanh'(cos(c+dzx))  b*cot(c+ dx)
a’r — y - y

[Out] a~2*x-2*axb*arctanh(cos(d*x+c))/d-b~2*cot (d*x+c)/d

Rubi [A]
time = 0.02, antiderivative size = 34, normalized size of antiderivative = 1.00, number of

number of rules _ 0.333,
integrand size

steps used = 4, number of rules used = 4, integrand size = 12,
Rules used = {3858, 3855, 3852, 8}

o 2abtanh™'(cos(c+dz))  b%cot(c+ dr)
a’z — y - y

Antiderivative was successfully verified.

[In] Int[(a + b*Csc[c + d*x])~2,x]

[Out] a~2*x - (2*axb*ArcTanh[Cos[c + d*x]])/d - (b~2#Cot[c + d*x])/d
Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && I1GtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3858

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2*x, x] +
(Dist[2*a*b, Int[Cscl[c + d*x], x], x] + Dist[b~2, Int[Cscl[c + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]

Rubi steps
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/(a + bese(e + dz))? dz = a’x + (2ab) /csc(c + dz) dz + b* /cch(c + dz) dz
2, _ 2abtanh ™ (cos(c + dz)) __ b*Subst(/ 1dz, , cot(c + dz))

d d
o 2abtanh™'(cos(c+dz))  b%cot(c+ dx)
—erT d N d

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 76 vs. 2(34) =
68.
time = 0.20, size = 76, normalized size = 2.24

—b*cot (3(c + dz)) + 2a(ac + adz — 2blog (cos (3(c + dz))) + 2blog (sin (3(c+ dz)))) + b* tan (3(c + dz))
2d

Antiderivative was successfully verified.

[In] Integrate[(a + b*Csc[c + d*x])~2,x]

[Out] (-(b~2#Cot[(c + d*x)/2]) + 2xax(a*c + a*xd*x - 2*b*Log[Cos[(c + d*x)/2]] + 2
*xbxLog [Sin[(c + d*x)/2]]) + b~2+Tan[(c + d*x)/2])/(2*d)

Maple [A]
time = 0.08, size = 46, normalized size = 1.35

method result o
2 — _h2
derivativedivides | 2-(dz+c)+2ab ln(CSC(dw+c31 cot(dz-+c))—b? cot(dz+c) 16
default o*(da-re)--2abln(osc(da+o)—cot(dr+0)) b cot(da+) 46
i 2 2ib° 2abln(ei(de+e) +1) 2abIn (e(dz+e) — 1)
risch a“r — d(eZi(d:c+C)_1) - d “+ v 67
2 b2 t 2 dz+c
a%ﬁan(%—}—%)—%_kw 2ab1n(tan(d§+%>>
norman Z n ! 7
tan({-}-%)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*csc(d*x+c))”2,x,method=_RETURNVERBOSE)
[Out] 1/d*x(a~2*(d*x+c)+2*axbx1n(csc(d*x+c)—-cot (d*x+c))-b~2*cot (d*x+c))

Maxima [A]
time = 0.29, size = 43, normalized size = 1.26

5 2ablog(cot (dz + c) + csc (dz + ¢)) b?
a’c — —
d dtan (dz + ¢)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(d*x+c))~2,x, algorithm="maxima")
[Out] a"2*x - 2*axbxlog(cot(d*x + c) + csc(d*x + c))/d - b~2/(d*tan(d*x + c))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 77 vs.

2(34) = 68.
time = 3.40, size = 77, normalized size = 2.26

a?dz sin (dz + ¢) — ablog (3 cos (dz + ¢) + 1) sin (dz + ¢) + ablog (—3 cos (dz + ¢) + 1) sin (dz + ¢) — b? cos (dz + ¢)
dsin (dz + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(d*x+c))~2,x, algorithm="fricas")
[Out] (a"2*d*x*sin(d*x + c) - a*b*log(l/2*cos(d*x + c) + 1/2)*sin(d*x + c) + axbx
log(-1/2%cos(d*x + c) + 1/2)*sin(d*x + c) - b™2*cos(d*x + c))/(d*sin(d*x +

c))
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (a+ besc (c+ dx))? de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x+c))**2,x)

[Out] Integral((a + b*csc(c + d*x))**2, x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(34) = 68.
time = 0.42, size = 74, normalized size = 2.18

2 (dz + c)a® + 4 ablog (|tan (3 dz + L c)|) + b*tan (3 dz + 1 ¢) — n
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(d*x+c))~2,x, algorithm="giac")
[Out] 1/2%x(2x(d*x + c)*a”2 + 4*axbxlog(abs(tan(1/2*d*x + 1/2%c))) + b 2*tan(1/2*d
*x + 1/2xc) - (4xaxbxtan(1/2xd*x + 1/2%c) + b~2)/tan(1/2xd*x + 1/2%c))/d

Mupad [B]
time = 0.33, size = 105, normalized size = 3.09
9 acos(§+d7’>+2b sin(é—i—dzz)) (sin(§+d2””) )
2a atan(Qb cos(%—l—dj"”)—a sin(%-ﬁ-de) _ b? COt(C + diI?) n 2abln cos(%-i—%)
d d

d
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b/sin(c + d*x))"2,x%)

[Out] (2*xa~2xatan((a*cos(c/2 + (d*x)/2) + 2xbxsin(c/2 + (d*x)/2))/(2*b*xcos(c/2 +
(d*x)/2) - a*sin(c/2 + (d*x)/2))))/d - (b~™2*cot(c + d*x))/d + (2*a*bxlog(si
n(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d
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3.39 [ gy

Optimal. Leaf size=112

4 ~1{( a+btan(%)
a(2a2 + b?) tanh ™" (cos(z)) _2“ tanh (\/—(ﬂ .y ) _ (3a>+28) cot(x) , acot(z) ese(x) _cot(z) esc(x
204 b4vVa2 — b2 3b3 202 3b

[Out] 1/2*a*(2*a~2+b~2)*arctanh(cos(x))/b~4-1/3*(3*a~2+2+%b"2) *cot (x)/b~3+1/2*a*co
t(x)*csc(x)/b~2-1/3*cot (x) *csc(x) ~2/b-2*a"4*arctanh ((a+b*tan(1/2*x))/(a~2-b
~2)~(1/2))/b"4/(a"2-b"2)"(1/2)

Rubi [A]

time = 0.26, antiderivative size = 112, normalized size of antiderivative = 1.00, number of

_ — 0 i o number of rules _
steps used = 9, number of rules used = 9, integrand size = 13, integrand size 0.692,

Rules used = {3936, 4177, 4167, 4083, 3855, 3916, 2739, 632, 212}

_ _ Va2 —b? ) n acot(z) csc(z)  cot(x) csc*(z)
2b* 3b3 b4/a2 — b2 2h2 3h

4 —1 [ atbtan(2)
a(2a2 =+ b2) tanhfl (COS(J,‘)) (3a2 + 2b2) COt({E) 2a* tanh <

Antiderivative was successfully verified.
[In] Int[Csc[x]~5/(a + b*Csc[x]),x]
[Out] (ax(2*xa~2 + b~2)*ArcTanh[Cos[x]])/(2xb~4) - (2*xa~4xArcTanh[(a + b*Tan[x/2])
/Sqrt[a”2 - b72]]1)/(b"4*Sqrt[a~2 - b~2]) - ((3*a”"2 + 2%b~2)*Cot [x])/(3*b~3)
+ (a*xCot[x]*Csc[x])/(2%b~2) - (Cot[x]*Csc[x]~2)/(3%b)
Rule 212
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*exx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]
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Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3916

Int[cscl(e_.) + (f_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 3936

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*x(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[(-d~3)*Cot[e + f*x]*((d*Csc[e + f*x])~(n - 3)/(bxfx
(n - 2))), x] + Dist[d"3/(bx(n - 2)), Int[(d*Csc[e + f*x])~(n - 3)*(Simp[ax*
(n - 3) + bx(n - 3)*Cscle + f*x] - ax(n - 2)*Cscle + f*x]~2, x]/(a + b*Csc[
e + fxx])), x], x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a"2 - b~2, 0] && GtQ
[n, 3]

Rule 4083

Int[(cscl(e_.) + (f_.)*(x_)]*(cscl(e_.) + (£_.)*(x_)I1*(B_.) + (A_)))/(csc[(
e_.) + (f_)*(x_)]*(b_.) + (a_)), x_Symbol] :> Dist[B/b, Int[Cscle + fx*x],
x], x] + Dist[(A*b - a*B)/b, Int[Cscl[e + fxx]/(a + b*Cscl[e + f*x]), x], x]
/; FreeQ[{a, b, e, f, A, B}, x] && NeQ[A*b - axB, 0]

Rule 4167

Int[cscl(e_.) + (£_.)*(x_)I*((A_.) + csc[(e_.) + (£_.)*(x)]*(B_.) + cscl(e
_a) + (f_)*x(x)]172%(C_.))*(cscl(e_.) + (£_.)*(x_)]*(p_.) + (a_))"(m_), x_S
ymbol] :> Simp[(-C)*Cot[e + f*x]*((a + bxCscle + f*x])~(m + 1)/(bxfx(m + 2)
)), x] + Dist[1/(b*(m + 2)), Int[Csc[e + f*x]*(a + b*Csc[e + f*x]) m*Simp[b
*Ax(m + 2) + bkCkx(m + 1) + (b*Bx(m + 2) - a*C)*Cscle + f*x], x], x], x] /;

FreeQ[{a, b, e, f, A, B, C, m}, x] & !'LtQ[m, -1]

Rule 4177

Int[cscl(e_.) + (£_.)*(x_)]1"2x((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl[
(e_.) + (£_.)*(x_)]1"2x(C_.))*(cscl(e_.) + (£_)*x(x_)I*(b_.) + (a_))"(m_), x
_Symbol] :> Simp[(-C)*Csc[e + f*x]*Cot[e + f*xx]*((a + bxCsc[e + f*x])"(m +
1)/ (oxf*(m + 3))), x] + Dist[1/(b*(m + 3)), Int[Csc[e + f*x]*(a + b*Csc[e +
f*x]) “m*Simp[a*C + b*x(Cx(m + 2) + Ax(m + 3))*Cscle + f*x] - (2%a*C - b*Bx(
m + 3))*Cscle + f*x]1°2, x], x], x] /; FreeQ[{a, b, e, f, A, B, C, m}, x] &&
NeQ[a"2 - b~2, 0] && !'LtQ[m, -1]
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Rubi steps
CSC2 x a bcsc(z aC502 x
/ csc®(z) i — _ cot(z) csc?(x) N S el —';12-+-bcsf:(i:) Baec@) gy
a+besc(r) 3b 3b
csc(z) (—3a?+ab csc(x a242b2) csc?(x
_ acot(z) csc(z)  cot(z) csc®(z) + J s aszst?ag 2= g
2b? 3b 662
csc(x) (—3a?b—3a(2a24b2) csc(x)
_ (3a® +20%) cot(x) N acot(z) csc(z)  cot(x) csc?(x) N J it a+§c§c2(x)+ Jole)
B 3b3 2b2 3b 63
_ (3a® +2b%) cot(x) N acot(z) csc(z)  cot(x) cscz(:c) at [ a—:lfcc(si(x) _ (a(2a” A
- 3b3 2b? 3b bt
a(2a® 4 b*) tanh ™" (cos(z))  (3a® + 2b%) cot () N acot(z) csc(z)  cot(x) csc?(x) 4
B 2b* 3b3 2b? 3b
_ a(2a? + b?) tanh ™" (cos(z)) _ (3a® + 2b?) cot(z) N acot(z) csc(z)  cot(x) csc?(x) L
B 2b* 3b3 2b? 3b

a(2a? + b?) tanh™'(cos(x))  (3a® +2b%) cot(x) acot(z)csc(z)  cot(x)csc?(z)

2b* 3b3 2b? 3b

2q* tanh~! ( Yettan(5))

a(2a® 4 b%) tanh ™" (cos(z)) Va2 —b2 )  (3a®+2b%) cot(x) N a cot
204 b4vVa2 — b2 3b3

Mathematica [A]
time = 1.86, size = 125, normalized size = 1.12

24a*ArcTan ( otbten(§)

\/—a2v+_b(;2 + ) + b(3a? + 2b%) cos(3z) csc®(x) — 3bcot(z) csc(x) (—2ab + (a® + 2b%) esc(z)) + 6a(2a? + b?) (log (cos (%)) — log (sin (2)))

12v%
Antiderivative was successfully verified.

[In] Integrate[Csc[x]~5/(a + b*Csc[x]),x]

[Out] ((24*a~4xArcTan[(a + b*Tan[x/2])/Sqrt[-a"2 + b~2]])/Sqrt[-a~2 + b~2] + b*(3
*a~2 + 2*%b~2)*Cos [3*x]*Csc[x] "3 - 3*b*Cot[x]*Csc[x]*(-2*a*b + (a2 + 2*b~2)
*xCsc[x]) + 6xax(2xa~2 + b~2)*(Logl[Cos[x/2]] - Logl[Sin[x/2]1))/(12%b"4)

Maple [A]

time = 0.20, size = 156, normalized size = 1.39

’ method ‘ result




196

tan3 x b2
default (em®(5))0* (32)) —ab(tan’(§))+4a” tan(3)+3b* tan(§) 1 _ da®136 a _ a(2a%+b%) In(tan(2))
8b3 2btan(2)°  8b°tan(%) | 8b2tan(Z) 264

ey

7;0/4 In e”—l——ﬁ
I'iSCh i(31'abesi°”—6(12e4“C —3iabe®+12a2e2i® 4 12b2e2i 62 —4b2) + a3 ln(e”+l) + a,ln(ei’”-l-l) aV—a”+
353 (ezm_l)S bt 2b2 \/_a2 + b2 ‘ pe

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~5/(atb*csc(x)),x,method=_RETURNVERBOSE)

[Out] 1/8/b"3*(1/3*tan(1/2#*x) "3*b~2-a*b*tan(1/2*x) ~2+4*a”~2*tan(1/2*x)+3*b~2*tan (1
/2%xx))-1/24/b/tan(1/2*x) ~3-1/8* (4%a~2+3%b"2) /b~ 3/tan(1/2*x)+1/8*a/b"2/tan (1
/2%x)"2-1/2/b"4xa*x (2%a~2+b"2) *1n(tan(1/2*x))+2/b~4*a~4/(-a~2+b"2) ~(1/2) *arc
tan(1/2* (2*b*tan(1/2*x)+2*a) /(-a~2+b~2)~(1/2))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(atb*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 280 vs.

2(98) = 196.
time = 3.82, size = 607, normalized size = 5.42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/12%(4*(3*%a"4*b - a~2*b~3 - 2%b~5)*cos(x)~3 - 6x(a"4*cos(x)"2 - a"4)*sqrt
(2”2 - b™2)*log(-((a”2 - 2*xb~2)*cos(x) "2 + 2*a*b*sin(x) + a”2 + b™2 - 2x*(b*
cos(x)*sin(x) + a*cos(x))*sqrt(a™2 - b72))/(a"2*cos(x)"2 - 2*a*b*sin(x) - a

“2 - b72))*sin(x) + 6*%(a”3*%b”2 - axb~4)*cos(x)*sin(x) + 3*(2*a”5 - a~3*b"2

- axb™4 - (2%¥a”5 - a"3%b"2 - axb~4)*cos(x)"2)*log(1/2*cos(x) + 1/2)*sin(x)

- 3*x(2*a”5 - a”"3*b"2 - a*b”4 - (2*a”5 - a"3*b"2 - a*b”4)*cos(x)”2)*log(-1/2
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xcos(x) + 1/2)*sin(x) - 12*x(a"4%b - b~5)*cos(x))/((a"2%b"4 - b"6 - (a~2*xb"4
- b"6)*cos(x)"2)*sin(x)), 1/12%(4*(3*a"4*b - a~2*b~3 - 2xb~5)*cos(x)"3 + 1
2x(a"4*cos(x)"2 - a"4)*sqrt(-a”2 + b~2)*arctan(-sqrt(-a"2 + b~2)*(b*sin(x)
+ a)/((a"2 - b™2)*cos(x)))*sin(x) + 6*x(a"3*b"2 - a*b~4)*cos(x)*sin(x) + 3*(
2%a”5 - a"3%b"2 - a*b”4 - (2%a”5 - a"3*b~2 - a*b~4)*cos(x)"2)*log(1l/2*cos(x
) + 1/2)*sin(x) - 3*%(2*a”5 - a~3*%b"2 - a*b™4 - (2*a”"5 - a~3*b"2 - a*b~4)*co
s(x)~2)*x1log(-1/2%cos(x) + 1/2)*sin(x) - 12*x(a"4*b - b~5)*cos(x))/((a~2+%b"4

- b6 - (a"2%b~4 - b”6)*cos(x)”2)*sin(x))]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**5/(a+b*csc(x)),x)
[Out] Integral(csc(x)**5/(a + b*csc(x)), x)

Giac [A]
time = 0.42, size = 194, normalized size = 1.73

2 (ﬂﬁ +1] sga(®) + arctan (g—“_ﬂjz; ))m

Ptan (30)° ~ 3abtan (30)° + 126 tan (3) + 9 tan () _ (26 +ab)log (tan (J2)]) , e tan (30)° + 28 tan (32)° ~ 120% tan (30)° — 9 tan (32)° + 3 tan (32) — ¥
b 5

2468 2b 244 tan (L 2)°

+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~5/(atbxcsc(x)),x, algorithm="giac")

[Out] 2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*a~4/(sqrt(-a”2 + b~2)*b~4) + 1/24%(b~2xtan(1/2*x)~3 - 3*axb*tan(1/2*
x)72 + 12*%a"2xtan(1/2*x) + 9xb~2*tan(1/2%x))/b"3 - 1/2%(2*¥a"3 + axb~2)*log(
abs(tan(1/2*x)))/b"4 + 1/24x(44*a"~3*tan(1/2*x)~3 + 22*%axb~2*tan(1/2*x)"3 -
12%a~2xb*tan (1/2*x) "2 - 9%b~3*tan(1/2*x) "2 + 3*a*b~2xtan(1/2*x) - b~3)/(b~4
*xtan(1/2*x)~3)

Mupad [B]
time = 0.79, size = 588, normalized size = 5.25

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(x)~5%(a + b/sin(x))),x)

[Out] -(b~2%((3*a*sin(2*xx)*(a"2 - b~2)"(1/2))/4 + (3*a*sin(3*x)*log(sin(x/2)/cos(
x/2))*(@"2 - °2)7(1/2))/8 - (9*axlog(sin(x/2)/cos(x/2))*sin(x)*(a"2 - b~2)
~(1/2))/8) + b~3*((cos(3*x)*(a"2 - ©72)7(1/2))/2 - (3*cos(x)*(a"2 - b~2)"(1
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/2))/2) - b*((3*a"2*cos(x)*(a"2 - b"2)7(1/2))/4 - (3*a"2*cos(3*x)*(a"2 - b~
2)7(1/2))/4) + (a“4*atan((a~4*sin(x/2)*(a"2 - b2)~(1/2)*8i - b~4*sin(x/2)*
(a”2 - b72)7(1/2)*%1i + a*xb”™3*cos(x/2)*(a"2 - b~2)"(1/2)*1i + a"3*b*cos(x/2)
*(a"2 - b"2)"(1/2)*4i)/(b"5*cos(x/2) - 8*a~b*sin(x/2) + a~2*b~3*cos(x/2) +
4xa~3%b~2*%sin(x/2) - 4*a~4xbxcos(x/2) + 2*axb~4*sin(x/2)))*sin(x)*9i)/2 - (
a~4xatan((a”4*sin(x/2)*(a”2 - b"2)"(1/2)*8i - b~ 4*sin(x/2)*(a"2 - b"2)~(1/2
)*x1i + a*b~3*cos(x/2)*(a"2 - b"2)"(1/2)*1i + a~3*b*cos(x/2)*(a"2 - b~2)"(1/
2)*4i)/(b"5*cos(x/2) - 8*a~bxsin(x/2) + a~2*b"3*cos(x/2) + 4*a~3*xb~2*sin(x/
2) - 4xa"4xbxcos(x/2) + 2*a*b”4*sin(x/2)))*sin(3*x)*31)/2 - (9*a~3*log(sin(
x/2)/cos(x/2))*sin(x)*(a"2 - b~2)"(1/2))/4 + (3*a~3*sin(3*x)*log(sin(x/2)/c
os(x/2))*(a”~2 - b™2)~(1/2))/4)/((3*b~4*sin(3*x)*(a"2 - b~2)"(1/2))/4 - (9*b
“4xsin(x)*(a”2 - b"2)7(1/2))/4)
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3.40 [ %0 gy

Optimal. Leaf size=84

9 9 _1 2a3 tanh_l M
_ (2a® +b*) tanh™ (cos(z)) N Va2 — b2 N acot(z)  cot(z)csc(z)
263 b3va2 — b2 b2 2b

[Out] -1/2x(2*xa~2+b~2)*arctanh(cos(x))/b~3+a*xcot(x)/b~2-1/2*cot (x) *csc(x) /b+2*xa"3
*arctanh((a+b*tan(1/2*x))/(a"2-b"2)~(1/2))/b~3/(a"2-b"2) " (1/2)

Rubi [A]
time = 0.17, antiderivative size = 84, normalized size of antiderivative = 1.00, number of

number of rules _ 515
integrand size ’

steps used = 8, number of rules used = 8, integrand size = 13,
Rules used = {3936, 4167, 4083, 3855, 3916, 2739, 632, 212}

. B 943 tanh~! [ 2tbten(s)
_ (2a” 4 b%) tanh™" (cos(z)) n Va2 — b2 n acot(z)  cot(z)csc(x)
203 BvVa2 — b2 b2 2b

Antiderivative was successfully verified.
[In] Int[Csc[x]~4/(a + b*Csc[x]),x]
[Out] -1/2*x((2*a~2 + b~2)*ArcTanh[Cos[x]])/b~3 + (2*a~3*ArcTanh[(a + b*Tan[x/2])/

Sqrt[a™2 - b72]]1)/(b~3*Sqrt[a”2 - b"2]) + (a*Cot[x])/b"2 - (Cot[x]*Csc[x])/
(2*Db)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*exx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]
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Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3916

Int[cscl(e_.) + (f_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 3936

Int[(cscl(e_.) + (£_.)*(x_)1*(@d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[(-d~3)*Cot[e + f*x]*((d*Csc[e + f*x])~(n - 3)/(bxfx
(n - 2))), x] + Dist[d"3/(bx(n - 2)), Int[(d*Csc[e + f*x])~(n - 3)*(Simp[ax*
(n - 3) + bx(n - 3)*Cscle + f*x] - ax(n - 2)*Cscle + f*x]~2, x]/(a + b*Csc[
e + fxx])), x], x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a"2 - b~2, 0] && GtQ
[n, 3]

Rule 4083

Int[(cscl(e_.) + (f_.)*(x_)]*(cscl(e_.) + (£_.)*(x_)I1*(B_.) + (A_)))/(csc[(
e_.) + (f_)*(x_)]*(b_.) + (a_)), x_Symbol] :> Dist[B/b, Int[Cscle + fx*x],
x], x] + Dist[(A*b - a*B)/b, Int[Cscl[e + fxx]/(a + b*Cscl[e + f*x]), x], x]
/; FreeQ[{a, b, e, f, A, B}, x] && NeQ[A*b - axB, 0]

Rule 4167

Int[cscl(e_.) + (£_.)*(x_)I*((A_.) + csc[(e_.) + (£_.)*(x)]*(B_.) + cscl(e
_a) + (f_)*x(x)]172%(C_.))*(cscl(e_.) + (£_.)*(x_)]*(p_.) + (a_))"(m_), x_S
ymbol] :> Simp[(-C)*Cot[e + f*x]*((a + bxCscle + f*x])~(m + 1)/(bxfx(m + 2)
)), x] + Dist[1/(b*(m + 2)), Int[Csc[e + f*x]*(a + b*Csc[e + f*x]) m*Simp[b
*Ax(m + 2) + bkCkx(m + 1) + (b*Bx(m + 2) - a*C)*Cscle + f*x], x], x], x] /;
FreeQ[{a, b, e, f, A, B, C, m}, x] & !'LtQ[m, -1]

Rubi steps
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/ csct(z) __cot(z) csc(z) N J atbosc(z) z
a+besc(z) 2b 2b
csc(x) (ab+(2a24-b2) csc(x
_acot(z)  cot(z) csc(x) N J - ;L(:cs:(rz)) ) dg
o 2b 22
_acot(z) cot(z)csc(z) a® [ %{fc)@) dzx N (2a® + b?) [ csc(x) dz
I 2b b3 2b3
3 1
. _(20,2 + b%) tanh ™' (cos(z)) N acot(z) cot(z)esc(z) o[ 14 25n(=) dz
B 2b3 b? 2b b
_ (2a® +b*) tanh™'(cos(z)) = acot(z) cot(z) csc(z) (20%) Subst (f 1+%+z2 dz,
- 20 T T T T pi

(4a®) Subst ( i ey

acot(z)  cot(z)csc(z)

(2a% + b?) tanh™* (cos(x)) N

B 203 b2 2b bt
20/3 tanh_l b(%—l—tan(%))
_ (20 +b*) tanh™" (cos(x)) N Va2 — b2 N acot(z)  cot(x)csc(z)
B 203 b3va2 — b2 b2 2b
Mathematica [A]
time = 0.53, size = 144, normalized size = 1.71
16a?ArcTan [ —2tten(E)
- \/—52!:1;2 + 02 ) + 4ab cot (%) — b csc? (%) — 8a?log (cos (%)) — 4 log (cos (%)) + 8a?log (sin (%)) + 4b%log (sin (%)) + b? sec? (g) — 4abtan (%)

8b%
Antiderivative was successfully verified.

[In] Integrate[Csc[x]~4/(a + b*Csc[x]),x]

[Out] ((-16*%a~3*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a”"2 + b~2] + 4x*a
*xbxCot [x/2] - b~2xCsc[x/2]"2 - 8*a~2+Log[Cos[x/2]] - 4*xb~2xLog[Cos[x/2]] +
8*a~2xLog[Sin[x/2]] + 4*b~2xLog[Sin[x/2]] + b~2*Sec([x/2]"2 - 4*axbxTan[x/2]

)/ (8%b~3)

Maple [A]
time = 0.16, size = 112, normalized size = 1.33

method | result
b(tan2 (%)) 2a3 arctan <than(§)+2a>
default - 5 +2atan(L) 1 (4a242b2) In(tan(2)) a 2/ —a? + b?
efau - 12 ~ Sbtan(2)’ + 7 + 262 tan(2) wy/—a2 + b2
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a3 In ei1+ib V a2 — b2 +a2—b2
\/CL2 - b2 ‘ a

iq e2iT 3ix _ o5 iz In(e*—1)a? In(e*—1 In(e**+1)a? In(e**+1
2iae“"T+be 2ia+be + ( ) + ( ) ( ) ( ) +

risch (e2i_1)2p2 03 % 3 T

Va2 — b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~4/(at+b*csc(x)),x,method=_RETURNVERBOSE)

[Out] -1/4/b"2%(-1/2*b*tan(1/2*x) ~2+2*a*xtan(1/2*x))-1/8/b/tan(1/2*x)~2+1/4/b"3*(4
*a"2+2xb"2) *1n(tan(1/2*x))+1/2*a/b~2/tan(1/2*x)-2/b"3*a~3/(-a"2+b"2) ~(1/2) *
arctan(1/2*(2*b*tan(1/2%x)+2*a)/(-a~2+b~2)~(1/2))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(atbxcsc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 239 vs.
2(74) = 148.
time = 3.26, size = 524, normalized size = 6.24

R -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(atb*csc(x)),x, algorithm="fricas")

[Out] [1/4%(4*(a"3%b - a*b~3)*cos(x)*sin(x) - 2*(a~3*cos(x)”2 - a"3)*sqrt(a™2 - b
~2)*log(((a™2 - 2xb~2)*cos(x) "2 + 2*ax*bxsin(x) + a”2 + b~2 + 2*(b*cos(x)*si
n(x) + axcos(x))*sqrt(a™2 - b72))/(a"2*cos(x)"2 - 2*a*b*sin(x) - a”2 - b~2)
) - 2x(a"2*xb"2 - b~4)*cos(x) - (2%¥a"4 - a"2%b"2 - b™4 - (2*¥a"4 - a"2*%b"2 -
b~4)*cos(x) "2)*log(1/2*cos(x) + 1/2) + (2*a”4 - a"2*b"2 - b™4 - (2%a"4 - a~
2¥b~2 - b~4)*cos(x)~2)*1log(-1/2*cos(x) + 1/2))/(a"2%b"3 - b5 - (a"2*%b"3 -
b~5)*cos(x)~2), 1/4x(4*x(a~3*%b - axb~3)*cos(x)*sin(x) - 4*(a"3*cos(x)"2 - a~
3)*sqrt(-a~2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) + a)/((a”2 - b~2)*co
s(x))) - 2x(a”2%b"2 - b~4)*cos(x) - (2¥a”4 - a”2%b"2 - b™4 - (2*%a”4 - a~2%b
~2 - b74)*cos(x)"2)*log(1/2*cos(x) + 1/2) + (2%¥a”™4 - a™2%b"2 - b™4 - (2xa~4
- a"2xb"2 - b~4)*cos(x)"2)*log(-1/2*%cos(x) + 1/2))/(a"2%b"3 - b™5 - (a~2*b
~3 - b75)*cos(x)"2)]
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/%dm

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**4/(a+b*csc(x)),x)
[Out] Integral(csc(x)**4/(a + b*csc(x)), x)
Giac [A]

time = 0.43, size = 141, normalized size = 1.68

2 (7| £ + 1| sgn(b) + arctan ban(zo)ta ) ) 43 2 2 2
2r T2 V—a2+b? +btan(%z) —4atan (3 7) +(2a2+b2)log(‘tan(%x)|) 3 12a’tan (37)° +6b%tan (3 ) — 4abtan (3 z) +b*
V—a? + b2 b 892 25 8b3tan(%z)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~4/(atbxcsc(x)),x, algorithm="giac")

[Out] -2x(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*a~3/(sqrt(-a”2 + b~2)*b~3) + 1/8*%(b*tan(1/2%x)~2 - 4*axtan(1/2*x))/
b~2 + 1/2%x(2*¥a"2 + b~2)*log(abs(tan(1/2*x)))/b~3 - 1/8*(12*xa~2xtan(1/2*x) "2
+ 6%b~2xtan(1/2%x) "2 - 4*a*xb*tan(1/2*x) + b~2)/(b~3*tan(1/2%x)~2)
Mupad [B]
time = 0.58, size = 515, normalized size = 6.13

D(JT (=) T 7W’”)7 ) RN - e G 1) A PRz YIF ) 1 o) tan (8T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(x)~4*(a + b/sin(x))),x)

[Out] -(a"3*atan((a"4*sin(x/2)*(a"2 - b72)"(1/2)*81i - b~4*sin(x/2)*(a"2 - b"2)~(1
/2)*1i + a*b~3*cos(x/2)*(a”2 - b"2)"(1/2)*1i + a~3*bxcos(x/2)*(a"2 - b"2)"(
1/2)*4i)/(b"5*%cos(x/2) - 8*a~b*sin(x/2) + a~2*xb~3*cos(x/2) + 4*a~3*b~2*xsin(
x/2) - 4*xa~4xbxcos(x/2) + 2*a*b”4*sin(x/2)))*1i + b"2*%((cos(x)*(a"2 - b™2)~
(1/2))/2 - (log(sin(x/2)/cos(x/2))*(a"2 - b~2)7(1/2))/4 + (cos(2*x)*log(sin
(x/2)/cos(x/2))*(a"2 - b~2)"(1/2))/4) - (a~2xlog(sin(x/2)/cos(x/2))*(a"2 -
b"2)"(1/2))/2 - a~3*cos(2*x)*atan((a"4*sin(x/2)*(a"2 - b72)"(1/2)*8i - b~ 4x*
sin(x/2)*(a”2 - b"2)"(1/2)*1i + a*b~3*cos(x/2)*(a"2 - b"2)~(1/2)*1i + a~3*b
*cos(x/2)*(a"2 - b"2)"(1/2)*4i)/(b"5*cos(x/2) - 8*a~b*sin(x/2) + a~2*%b~3*co
s(x/2) + 4*a~3*xb"2*sin(x/2) - 4*a~4xbxcos(x/2) + 2*xa*xb~4*sin(x/2)))*1i - (a
*bxsin(2*x)*(a”2 - ©72)7(1/2))/2 + (a"2*cos(2*x)*log(sin(x/2)/cos(x/2))*(a~
2 - 172)7(1/2))/2)/((b~3*x(a"2 - b"2)"(1/2))/2 - (b~3*cos(2*x)*(a"2 - b~2)~(
1/2))/2)
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3.41 [ %0 gy

Optimal. Leaf size=62

9 9 -1 a-l—btan(%)
atanh™'(cos(r)) B a” tanh (\/aZ —b )  cot(z)
b2 2vVa2 — b2 b

[Out] a*arctanh(cos(x))/b~2-cot(x)/b-2*a~2*arctanh((a+b*tan(1/2*x))/(a~2-b~2)~(1/
2))/b~2/(a"2-b"2)"(1/2)

Rubi [A]

time = 0.10, antiderivative size = 62, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.538,

steps used = 7, number of rules used = 7, integrand size = 13,
Rules used = {3875, 3874, 3855, 3916, 2739, 632, 212}

202 h_1 a+btan(%)
B a”tan <\/a2 — b2 + atanh™!(cos(z)) _ cot(z)
v Z b

Antiderivative was successfully verified.
[In] Int[Csc[x]~3/(a + b*Csc[x]),x]

[Out] (a*ArcTanh[Cos[x]])/b"2 - (2%a~2xArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b~2]])
/(b~2xSqrt[a~2 - b~2]) - Cot[x]/b

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e~2xx~2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b"2, 0]

Rule 3855
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3874

Int[cscl(e_.) + (f_.)*x(x_)1"2/(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscl[e + f*x], x], x] - Dist[a/b, Int[Cscl[e + f*x]/(a
+ b*Cscle + f*x]), x], x] /; FreeQ[{a, b, e, £}, x]

Rule 3875

Int[cscl(e_.) + (£_.)*(x_)173/(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)), x_Sym
bol] :> Simp[-Cot[e + f*x]/(bxf), x] - Dist[a/b, Int[Csc[e + f*x]~2/(a + b*
Cscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] & NeQ[a"2 - b~2, 0]

Rubi steps
/ csc3(z) cot(z) ¢ J afbccs(f(z)
————dr = —
a + besc(z) b b
_cot(z) afesc(z a [ a—:zz(sizw)
B b b2 b?
i a [ -
_ atanh™ (cos(z)) cot(z) + ”“(’”>
B b? b
_ atanh™'(cos(z)) cot(:v (2a%) SUbSt o 2az+ 7 dz, T, tan (%))
B b b

Subst(f - — dz,z, % + 2tan (%))

atanh™'(cos(z)) _ cot(z)

b? b
- (5+tan(3))
__atanh™'(cos(z)) 3 20" tanh (\/aQ — b2 ) _ cot(z)
B b2 b2v/a2 — b2 b

Mathematica [A]
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time = 0.22, size = 106, normalized size = 1.71

csc () sec (£) <2a2ArcTan(%) sin(z) + vV—a? 4+ b (—bcos(x) + a(log (cos (£)) — log (sin (£))) sin(x)))
262V —a? + b?

Antiderivative was successfully verified.

[In] Integrate[Csc[x]~3/(a + b*Csc[x]),x]

[Out] (Cscl[x/2]*Sec[x/2]*(2*a~2*ArcTan[(a + bxTan[x/2])/Sqrt[-a~2 + b~2]]*Sin[x]
+ Sqrt[-a”2 + b~2]*(-(b*Cos[x]) + ax(Logl[Cos[x/2]] - Logl[Sin[x/2]])*Sin[x])
))/(2%¥b~2*Sqrt [-a”~2 + b~2])

Maple [A]

time = 0.14, size = 77, normalized size = 1.24

method | result
2a2 arctan <2b tan(%)+2a >
tan(Z) 1 aln(tan(%)) 2v/—a? + b?

default S — Sotan(Z) e+ i+ 0

i(\/ —a? + b2 b—a2+b2> i(\/ —a? 4+ b2 bt

ia?ln| e®4 : ia?ln| ei®4
risch 2y aln(e”®+1)  aln(e®-1) + v/ —a? + b2 ~ oV —a? + b
15C b(e%w—1) 5 5 V=2 + 0 5 V—a2 + 0

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~3/(atb*csc(x)),x,method=_RETURNVERBOSE)

[Out] 1/2/b*tan(1/2*x)-1/2/b/tan(1/2*x)-a/b~2x1n(tan(1/2*x))+2*a~2/b"2/(-a~2+b"2)
~(1/2)*arctan(1/2*(2xbxtan(1/2*x)+2*a)/(-a~2+b~2)~(1/2))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(a+b*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4%b~2>0)°’, see ‘assume?‘ for

more de

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 131 vs.

2(56) = 112.

time = 2.75, size = 308, normalized size = 4.97

"\/Wai log ( (e3¢ e sl 4 Gt it Ged ) sin (2) + (a* — ab?) log (3 cos (x) + 1) sin () — (a — ab?) log (~3 cos (x) + 1) sin () — 2(a% — P cos(z)  2V=a F ¥ a®arctan (7 e, “‘““) sin (x) — (a® — ab?) log (3 cos (z) + 3) sin (z) + (a® — ab?) log (~3 cos (x) + ) sin (z) +2 (a% — b¥) cos (;w

{ @ - s 2@ — P)sin (2) J
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(atbxcsc(x)),x, algorithm="fricas")

[Out] [1/2%(sqrt(a”2 - b~2)*a"2*xlog(-((a~2 - 2*b~2)*cos(x)~2 + 2%a*b*sin(x) + a~2
+ b~2 - 2*%(b*cos(x)*sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 - 2%
a*b*sin(x) - a”2 - b~2))*sin(x) + (a”3 - a*b~2)*log(1/2*cos(x) + 1/2)*sin(x

) - (@73 - a*b”2)*log(-1/2*cos(x) + 1/2)*sin(x) - 2*(a"2%b - b~3)*cos(x))/(
(a”2%b"2 - b~4)*sin(x)), -1/2*x(2*sqrt(-a”2 + b~2)*a"2*arctan(-sqrt(-a”2 + b
~2)*(b*sin(x) + a)/((a”2 - b™2)*cos(x)))*sin(x) - (a”3 - a*b~2)*log(1l/2*cos

(x) + 1/2)*sin(x) + (a”3 - a*b~2)*log(-1/2*cos(x) + 1/2)*sin(x) + 2*(a~2*b

- b™3)*cos(x))/((a"2*b"2 - b~4)*sin(x))]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[t

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**3/(a+b*csc(x)),x)
[Out] Integral(csc(x)**3/(a + b*csc(x)), x)

Giac [A]
time = 0.42, size = 98, normalized size = 1.58

z 1 btan(%x)+a 2
2 (wa + 3] sgn(b) + arctan (m))“ _ alog(|tan (3)|) | tan(32) | 2aten (32) b
V—a + 0% b2 b2 2b 2b%tan (1 z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~3/(atbxcsc(x)),x, algorithm="giac")

[Out] 2*(pixfloor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*a~2/(sqrt(-a”2 + b"2)*b~2) - a*log(abs(tan(1/2*x)))/b~2 + 1/2*tan(1/
2xx) /b + 1/2*%(2xa*xtan(1/2%x) - b)/(b"2xtan(1/2*x))

Mupad [B]
time = 0.49, size = 135, normalized size = 2.18

a2 atan<a2tan(§) Va? — b? 4i-p?tan(2) Va? — b% 1ivabVa? — b2 21> o

1 aln (tan(%)) 4tan(%) a3+2a?b—3tan(%) ab?—b3
btan (z) b? 2 VaZ — 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(x)~3*(a + b/sin(x))),x)
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[Out] - 1/(b*tan(x)) - (axlog(tan(x/2)))/b~2 - (a"2*atan((a"2*tan(x/2)*(a"2 - b~2
)7 (1/2)*4i - b™2xtan(x/2)*(a"2 - b~2)7(1/2)*1i + a*b*(a™2 - b~2)~(1/2)*2i)/
(4%a~3xtan(x/2) + 2*a~2xb - b~3 - 3*a*b~2xtan(x/2)))*2i)/(b~2x(a"2 - b72)"(

1/2))
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3.42 [ %0 gy

Optimal. Leaf size=53

1 a-l—btan(%)
_tanh_l(cos(x)) 4 2 tanh (\/a2 — b2 )

b Va2 — b2

[Out] -arctanh(cos(x))/b+2%axarctanh((a+bxtan(1/2*x))/(a~2-b"2)~(1/2))/b/(a~2-b"2
)~ (1/2)

Rubi [A]
time = 0.07, antiderivative size = 53, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.462,

steps used = 6, number of rules used = 6, integrand size = 13,
Rules used = {3874, 3855, 3916, 2739, 632, 212}

2a tanh ™! <—a+btan(§)

\/W) B tanh_l(cos(x))
bVa? — 5 b

Antiderivative was successfully verified.
[In] Int[Cscl[x]~2/(a + b*Csc[x]),x]

[Out] -(ArcTanh([Cos[x]]/b) + (2*a*ArcTanh[(a + b*Tan[x/2])/Sqrt[a~2 - b~2]])/(b*S
grt[a~2 - p~2])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt

Qla, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x1}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e~2xx~2), x], x, Tan[(c + d*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b"2, 0]

Rule 3855
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3874

Int[cscl(e_.) + (£_.)*(x_)172/(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)), x_Sym
bol] :> Dist[1/b, Int[Cscle + f*x], x], x] - Dist[a/b, Int[Cscle + f*x]/(a
+ bxCscle + fx*x]), x], x] /; FreeQ[{a, b, e, £}, x]

Rule 3916

Int[cscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a~"2 - b~2, 0]

Rubi steps

/ csc?(z) [csc(z)dz @ J a:zcc(sﬁ%a;)
_SC\E) =
a + besc(x) b b

1
tanh ™! (cos(z)) a f @ dx

b b2
B _tanh_l(cos(x)) ~ (2a)Subst<f H%ﬁdac,x,tam (9—2”))
= ; -

4a)Subst ; d 2tan (Z
_tann(eos(e) | OO (f g O a“(2>)
B b b2
-1 ( b(g+tan(5))

B _tanh_l(cos(x)) N 2atanh (w/aQ — b2 )

b W=

Mathematica [A]
time = 0.07, size = 62, normalized size = 1.17

2aArcTan<“+bta"(g)>
v —a2 2 z e
——— S g (cos (5)) + log (sin (5))

b
Antiderivative was successfully verified.

[In] Integrate[Csc[x]~2/(a + b*Csc[x]),x]
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[Out] ((-2*a*ArcTan[(a + b*Tan[x/2])/Sqrt[-a"2 + b~2]])/Sqrt[-a"2 + b~2] - Logl[Co
s[x/2]] + Logl[Sin[x/2]1)/b

Maple [A]
time = 0.11, size = 53, normalized size = 1.00

method | result size

2a arctan <2b tan(%)+2a )
default | 2(t2n(3)) _ 2V —a? 4 b2 53

’ bv/—a? + b2
aln em-l—ib v (J/2 — b2 —a?45? aln eix+ib V a2 — b2 +a2—b2
. '\/a2 —_ b2 ‘ a \/a2 — b2 ‘ a ln(ezz_l) ln(e””—i—l)
risch B Vaz — b2 s + Vaz — b2 » L 152

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x)~2/(a+b*csc(x)),x,method=_RETURNVERBOSE)
[Out] 1/b*1n(tan(1/2*x))-2*a/b/(-a”~2+b"2)~(1/2)*arctan(1/2*(2«b*xtan(1/2*x)+2*a)/(
-a~2+b~2)"(1/2))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(a+b*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 100 vs.
2(47) = 94.
time = 2.79, size = 245, normalized size = 4.62

@ BT) (02— 57 log (4 cos (a) + 1) + (a® — 1) log (~ 1 cos () + 1) 2\/—u2+bzaarctan<—‘2—,7‘w>—(az—bz)log(%cos(l)+%)+(a2—b2)log(—%cos(z)+%)
@) : @)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(atb*csc(x)),x, algorithm="fricas")

[Out] [1/2%(sqrt(a”2 - b~2)*a*xlog(((a"2 - 2*¥b~2)*cos(x)~2 + 2*a*b*sin(x) + a~2 +
b~2 + 2% (b*cos(x)*sin(x) + a*cos(x))*sqrt(a”2 - b72))/(a"2xcos(x)~2 - 2*axb
*sin(x) - a”2 - b72)) - (2”2 - b"2)*log(1/2*cos(x) + 1/2) + (a"2 - b~2)*log
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(-1/2%cos(x) + 1/2))/(a"2*%b - b~3), 1/2x(2*sqrt(-a”~2 + b~2)*a*arctan(-sqrt(
-a”2 + b"2)*(b*sin(x) + a)/((a"2 - b™2)*cos(x))) - (2”2 - b~2)*1log(1/2*cos(
x) + 1/2) + (272 - b™2)*log(-1/2*cos(x) + 1/2))/(a"2xb - b~3)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/%dm

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)**2/(at+b*csc(x)),x)

[Out] Integral(csc(x)**2/(a + b*csc(x)), x)

Giac [A]
time = 0.42, size = 63, normalized size = 1.19

= ban%x a
2 <77Lﬁ + 1] sgn(b) + arctan (%))a log (|tan (1))
— +
1’—a2+b2 b b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)~2/(atbxcsc(x)),x, algorithm="giac")
[Out] -2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*a/(sqrt(-a”2 + b~2)*b) + log(abs(tan(1/2*x)))/b

Mupad [B]
time = 0.43, size = 129, normalized size = 2.43

sin(& V a2 — b2 (4i sin(g) a?+2i cos(l) ab—1i sin(g) b2)
In (cos((%)) ) 2aatanh <a3 S (2 45 00 (Z) (a?—52) 1ia? b o8 (Z) Ti—a®? sin(2) 5

b B bvVa2 — b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(x)~2*(a + b/sin(x))),x)

[Out] log(sin(x/2)/cos(x/2))/b - (2xa*atanh(((a”2 - b72)~(1/2)*(a"2*sin(x/2)*4i -
b~2xsin(x/2)*1i + a*b*cos(x/2)*2i))/(a"3*sin(x/2)*4i + b*cos(x/2)*(a"2 - b
“2)*1i + a"2*b*cos(x/2)*1i - a*b~2*sin(x/2)*3i)))/(b*(a"2 - b~2)"(1/2))
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3.43  [—=W gy

a+b csc(z)

Optimal. Leaf size=40

-1 a+btan(%)
_2tanh (W)

Va2 — b?
[Out] -2*arctanh((at+b*tan(1/2*x))/(a"2-b"2)"(1/2))/(a"2-b"2)"(1/2)

Rubi [A]
time = 0.04, antiderivative size = 40, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.364,

steps used = 4, number of rules used = 4, integrand size = 11
Rules used = {3916, 2739, 632, 212}

-1 a—i—btan(%)
2tanh (W)

Va2 — b2

Antiderivative was successfully verified.

[In] Int[Cscl[x]/(a + b*Csc[x]),x]

[Out] (-2%ArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b~2]])/Sqrt[a~2 - b~2]
Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 632

Int[((a_.) + (b_.)*(x) + (c_.)*(x.)"2)~(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*e*x + ax
e~ 2*xx~2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + £*x]), x], x] /; FreeQ[{a, b, e, f
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}, x] && NeQ[a"2 - b~2, 0]

Rubi steps

1

/ csc(z) do — J 14 2500 de
a+besc(z) b

B 2Subst (f H%ﬁ dz, z, tan (%))

b
4Subst (f —-4(1-}13)—9;2 dz,z, 2% + 2tan (g))
b

1 ((p(3+an(3))
2 tanh 1 (W)

Va2 —b?

Mathematica [A]
time = 0.03, size = 40, normalized size = 1.00

9ArcT. a+btan(%) )
Irc an(—\/m

1/_0/2 +b2

Antiderivative was successfully verified.

[In] Integrate[Csc[x]/(a + bxCsc[x]),x]
[Out] (2%ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a"2 + b~2]

Maple [A]
time = 0.06, size = 39, normalized size = 0.98

method | result size
2 arctan <2b tan(%)+2ﬂ >
default 2y —a? +b? 39
vV—a? + b2
‘ i<1/_a2 +b2 b+a2—b2> ‘ i<1/—a,2 _|_b2 b—a2+b2)
iln| e*® : iln| e** ‘
. " o/ —a2 + b2 " o/ —a2 + b2
risch — 2T + VA 122

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(csc(x)/(atb*csc(x)),x,method=_RETURNVERBOSE)
[Out] 2/(-a"2+b~2)~(1/2)*arctan(1/2*(2xb*xtan(1/2*x)+2*a)/(-a~2+b"2)~(1/2))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(at+b*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Fricas [A]
time = 2.94, size = 154, normalized size = 3.85

— cos(x)2+2 absin(x)+a — cos(x) sin(x)+a cos(x 2 p2 —a? 2 sin(x)+a
bg(_@zzm (2)?+2 absin()+a?+b2—2 (b cos(z) sin(z)+a cos(x)) V.a? — b ) vcafizfammﬂ<_v a®+b (H))

a2 cos(x)?—2 absin(x)—a2—b2 (a2—b2) cos(z)

2va?2 —b? ’ a2 — b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(at+b*csc(x)),x, algorithm="fricas")

[Out] [1/2%1log(-((a”2 - 2%b~2)*cos(x)"2 + 2*axbxsin(x) + a2 + b~2 - 2x(b*cos(x)*
sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)”"2 - 2*a*b*sin(x) - a2 - b~
2))/sqrt(a”2 - b72), -sqrt(-a~2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) +
a)/((a”2 - b™2)*cos(x)))/(a”2 - b72)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ csc (z) i
a+ besc(z)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(at+b*csc(x)),x)
[Out] Integral(csc(x)/(a + b*csc(x)), x)
Giac [A]

time = 0.41, size = 48, normalized size = 1.20

btan(% :c)+a

2 (ﬂ% + 3] sgn(b) + arctan (W»
V—a? + b2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x)/(atb*csc(x)),x, algorithm="giac")

[Out] 2*(pixfloor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))/sqrt(-a"2 + b~2)

Mupad [B]

time = 0.29, size = 36, normalized size = 0.90

2 atanh a+bt‘an(%) )
el <\/a+b Va—b

va+b va—b>b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(x)*(a + b/sin(x))),x)

[Out] -(2*atanh((a + b*tan(x/2))/((a + b)"(1/2)*(a - 1)~(1/2))))/((a + )~ (1/2)*(
a - b)7(1/2))
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1
3.44 f a+b csc(c+dr) dx

Optimal. Leaf size=57
9b tanh—1 <a-|—b tan (3 (ct+dz)) )

§+ va? — b2
a ava?—-"b2d

[Out] x/a+2xb*arctanh((a+b*tan(1/2*xd*x+1/2*xc))/(a~2-b"2)"(1/2))/a/d/(a~2-b"2)~(1/
2)

Rubi [A]
time = 0.04, antiderivative size = 57, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.333,

steps used = 4, number of rules used = 4, integrand size = 12,
Rules used = {3868, 2739, 632, 212}

9% tanh~! (a+btan(é(c+dz)))

Va2 — b? +§
adva? — b? a

Antiderivative was successfully verified.
[In] Int[(a + b*Csc[c + d*x])~(-1),x]

[Out] x/a + (2*bxArcTanh[(a + b*Tan[(c + d*x)/2])/Sqrt[a"2 - b~2]])/(a*Sqrt[a~2 -
b~2]*d)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt

Qla, 01 Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b"2, 0]

Rule 3868
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a~2 - b~2, 0]

Rubi steps
1 ¢ ) emmm de
/ de = — — :
a + besc(c + dx) a a

Ea 2Subst<f Hz%ﬁdw,x,tan (%(c+dm)))
" a ad
=, 4Subst (f W dz,z,2% + 2tan (3(c+ dx)))
" a ad

% tanh_l (b(‘;+tan(%(c+dz)))>
Va2 — b2

z
==+
a ava?—b%d

Mathematica [A]
time = 0.12, size = 59, normalized size = 1.04

2ArcTan <“+“a“(%(°+‘“)) >
A /_a2‘ + b2
V—a2+b2 4
a

C
stz

Antiderivative was successfully verified.

[In] Integratel[(a + b*Csc[c + d*x])~(-1),x]
[Out] (c/d + x - (2xb*ArcTan[(a + b*Tan[(c + d*x)/2])/Sqrt[-a"2 + b~2]])/(Sqrt[-a
"2 + b72]*d))/a

Maple [A]
time = 0.10, size = 68, normalized size = 1.19

method result size
2arctan(tan(g}+%))_ QW
a ) 2
derivativedivides 7 «V—a’+b 68




219

2barctan(2btan(d§+g)+2a)
2arctan(tan(d7z+%)) B 24 /_a2 + b2
e 2 2"
default v V—a’+b 68
" <ei(d’”+c’+“’ va? — b2 *“2"2) bIn <ei<dz+c>+“'v a? — b “2+b2>
a Va2 — b2 da Va2 — b2 da

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+b*csc(d*x+c)) ,x,method=_RETURNVERBOSE)
[Out] 1/d*x(2/a*arctan(tan(1/2*d*x+1/2*c))-2/axb/(-a~2+b"2) ~(1/2) *arctan(1/2* (2xb*
tan(1/2*d*x+1/2%c)+2*a) /(-a~2+b~2)~(1/2)))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*csc(d*x+c)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Fricas [A]

time = 3.82, size = 238, normalized size = 4.18

2(a? — )z + Va? —F blog ((a?-zbz) cos(da-+)*+2 absin(da-+)+a?-Hb+2 (beos(da-+<) sin(da-+<)+a cos(da-+c)) V@2 — b? ) (a2 — B)dz + V=2 T ¥ barctan (_ \/—aiiblﬁci?:ﬁjc)w))

a2 cos(da+c)?—2 absin(dz+c) —a?—b?
2 (a® — ab?)d ’ (a3 — ab?)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(d*x+c)),x, algorithm="fricas")

[Out] [1/2%(2*x(a”2 - b~2)*d*x + sqrt(a”2 - b~2)*b*log(((a"2 - 2*b~2)*cos(d*x + c)
"2 + 2xa*bxsin(d*x + c) + a”2 + b™2 + 2x(bxcos(d*x + c)*sin(d*x + c) + axco
s(d*x + c))*sqrt(a™2 - b~2))/(a"2*cos(d*x + c)~2 - 2*axbxsin(d*x + c) - a~2

- b72)))/((a"3 - a*xb~2)*d), ((a"2 - b~2)*d*x + sqrt(-a~2 + b~2)*b*arctan(-
sqrt(-a~2 + b"2)*(b*sin(d*x + c) + a)/((a"2 - b"2)*cos(d*x + ¢))))/((a"3 -
axb~2)*d) ]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

| ereeran
a+ besc(c+ dx) v
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(d*x+c)),x)
[Out] Integral(1l/(a + b*csc(c + d*x)), x)

Giac [A]

time = 0.43, size = 77, normalized size = 1.35

btan(} dz+3 c)+a
[t rifmomn (G,
B \/_a2_+_b2 a a
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(d*x+c)),x, algorithm="giac")

[Out] -(2x(pi*floor(1/2x(d*x + c)/pi + 1/2)*sgn(b) + arctan((b*tan(1/2xd*x + 1/2%
c) + a)/sqrt(-a”2 + b~2)))*b/(sqrt(-a"2 + b"2)*a) - (d*x + c)/a)/d

Mupad [B]
time = 0.45, size = 184, normalized size = 3.23

92 batanh 2a? sin(%-{—de) (a2—b%)—2b* sin(%+d—2”)—2b2 sin(%-dem) (a®—b%)+ab® cos(%+d—2:”)+3a2 b2 sin(%ﬁ-"%”)ﬁ-ab cos(%-}—dT:”) (a2-b2)
T a (2 sin(%erT’”) a2+b cos(%«k%) a.) \/a2 — b2

a adVa?—b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b/sin(c + d*x)),x)

[Out] x/a - (2xbxatanh((2*a~2*sin(c/2 + (d*x)/2)*(a”2 - b~2) - 2*%b~4*sin(c/2 + (d
*x)/2) - 2%b"2*sin(c/2 + (d*x)/2)*(a”2 - b~2) + a*xb~3*xcos(c/2 + (d*x)/2) +
3*%a”~2xb"2*xsin(c/2 + (d*x)/2) + axb*xcos(c/2 + (d*x)/2)*(a"2 - b~2))/(ax(2*xa~
2xsin(c/2 + (d*x)/2) + axb*cos(c/2 + (d*x)/2))*(a"2 - b~2)"(1/2))))/(axd*(a

72 - b72)7(1/2))
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3.45 | af%(sﬁ)(x) dx

Optimal. Leaf size=61

[Out] -b*x/a~2-cos(x)/a-2*%b~2*arctanh((a+bxtan(1/2*x))/(a~2-b"2)"(1/2))/a~2/(a~2-
b~2)~(1/2)

Rubi [A]
time = 0.07, antiderivative size = 61, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.546,

steps used = 6, number of rules used = 6, integrand size = 11,
Rules used = {3938, 12, 3868, 2739, 632, 212}

9 -1 ( _atbtan(g)
2b” tanh (m) bz  cos(z)

a2vVa? — b2 2 a
Antiderivative was successfully verified.
[In] Int[Sin[x]/(a + b*Csc[x]),x]

[Out] -((b*x)/a~2) - (2xb~2*ArcTanh[(a + b*Tan[x/2])/Sqrt[a"2 - b~2]]1)/(a"2*Sqrt[
a”2 - b"2]) - Cos[x]/a

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_)*(x) + (c_.)*(x.)"2)~(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2*cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*x(e/d), Subst[Int[1/(a + 2*bke*x + ax
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e"2¥x"2), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a™2 - b~2, 0]

Rule 3868

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a"2 - b~2, 0]

Rule 3938

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])"n/(axf*n)), x] - Dis
t[1/(a*d*n), Int[((d*Cscle + f*x])~(n + 1)/(a + b*Cscle + f*x]))*Simp[b*n -
ax(n + 1)*Cscl[e + f*x] - bx(n + 1)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,
b, d, e, f}, x] && NeQ[a"2 - b2, 0] && LeQ[n, -1] && IntegerQ[2*n]

Rubi steps

/ sin(z) i — cos(z) J a+b:sc(:1:) dz

a + besc(x) a a
__cos(z) bf#sc(x)dx
a a
b _cos(e) | P e &
a? a a?
bo  cos(z) (20)Subst([ s do, o tan (3) )
T2 a i a?

4b)Subst [ [ ——L5—dz, x, 22 + 2tan (&
ooy OS] e 42 5))
a? a a?

2 -1 ( b(g+tan(3))
- 2b* tanh ( T )  cos(a)

a? a’va? —b? a

Mathematica [A]
time = 0.10, size = 56, normalized size = 0.92

22 ArcTan (”bm(%)>
,/_a/2‘+ b2
V—a?+b?
a2

br —

+ acos(x)
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Antiderivative was successfully verified.

[In] Integrate[Sin[x]/(a + b*Csc[x]),x]
[Out] -((b*x - (2*%b~2*ArcTan[(a + bxTan[x/2])/Sqrt[-a"2 + b~2]])/Sqrt[-a~2 + b~2]
+ axCos[x])/a~2)

Maple [A]
time = 0.09, size = 73, normalized size = 1.20

method | result size
a . 2 arctan 2““(%)*2“>
- —mnziw—%arctan(tan(f)) N 2b* arcta <2 \/w -3
a? a? \/—(12 + b? ‘
, . (\/W b—a2+b2> \ ‘ z(\/w b+a2—52)
ib“In| e+ : ib2In| e*T4 :
R . oV —a2 + b2 v/ —a2 + b2
1 _xo __ e~ _ e —
risch a2 2a 2a + \/—&2 + b2 ‘ a2 \/—0,2 + b2 ‘ a2 161

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(a+b*csc(x)),x,method=_RETURNVERBOSE)

[Out] 2/a"2x(-a/(tan(1/2+*x) "2+1)-b*arctan(tan(1/2*x)))+2xb"2/a"2/(-a"2+b"2)~(1/2)
xarctan (1/2% (2xbxtan(1/2*x)+2%a)/(-a~2+b~2)~(1/2))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(atb*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Fricas [A]

time = 3.16, size = 235, normalized size = 3.85

. V) V= .
V&~ B log ( (a?=24%) cos(z)+2abs 2 +b0—2 (=) Va? — b ) —2(a% — %)z — 2 (a® — ab®) cos (z)  V—a? + b? b?arctan (*W) + (ab — b*)z + (a® — ab?) cos (z)

a2 cos(x)?—2 absin(z) —a?—b?

2 (at — a%b?) ’ at — a?h?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(a+b*csc(x)),x, algorithm="fricas")
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[Out] [1/2*(sqrt(a”2 - b~2)*b~2*xlog(-((a~2 - 2*b~2)*cos(x)~2 + 2*a*b*sin(x) + a~2
+ b~2 - 2*%(b*cos(x)*sin(x) + axcos(x))*sqrt(a”2 - b~2))/(a"2*cos(x)"2 - 2%
a*b*sin(x) - a”2 - b72)) - 2x(a"2*b - b~3)*x - 2*(a”3 - a*xb~2)*cos(x))/(a"4

- a"2*%b"2), -(sqrt(-a”2 + b~2)*b~2*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) + a)
/((a”2 - b~2)*cos(x))) + (a"2%b - b™3)*x + (a"3 - a*b~2)*cos(x))/(a"4 - a™2
*b~2) ]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/%dm

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(a+b*csc(x)),x)
[Out] Integral(sin(x)/(a + b*csc(x)), x)

Giac [A]
time = 0.40, size = 77, normalized size = 1.26

z btan(1 z)+a
2 (ﬂﬂ + 1| sgn(b) + arctan (ﬁ))bz . ;

vV —a? + b2 a? a? <tan (% x)2 + 1>a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(a+b*csc(x)),x, algorithm="giac")

[Out] 2*(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*b~2/(sqrt(-a"2 + b~2)*a"2) - b*x/a"2 - 2/((tan(1/2%x)"2 + 1)*a)

Mupad [B]
time = 0.65, size = 766, normalized size = 12.56

) |

um(:>7n<L‘z‘*Z"~‘§‘wwjﬂ‘wf‘A‘ ]'

o (tan (3)° +1) B
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(a + b/sin(x)),x)

[Out] - 2/(a*(tan(x/2)"2 + 1)) - (b*x)/a"2 - (b™2*atan(((b"2*%(a"2 - b~2)~(1/2)*((
32xb~4)/a - (32xtan(x/2)*(2*%axb”5 - 2*%a~3*xb~3))/a~3 + (b™2%(a"2 - b™2)"(1/2
)*x(32%a~2%b"2 + 64*axb~3*xtan(x/2) + (b™2*x(a"2 - b~2)"(1/2)*(32*%a~3*b"2 + (3
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2xtan(x/2) *(3*a~7xb - 2*a~5xb~3))/a"3))/(a”4 - a~2%b~2))) /(a4 - a~2xb"2))*
1i)/(a"4 - a~2%b"2) - (b"2%(a"2 - b~2)~(1/2)*((32*tan(x/2) *(2*%a*xb~5 - 2xa~3
*b~3))/a"3 - (32*b"4)/a + (b"2*(a"2 - b~2)~(1/2)*(32*a"2%b"2 + 64*a*b~3*tan
(x/2) - (b™2%(a"2 - b"2)"(1/2)*(32*%a"3*%b"2 + (32*tan(x/2)*(3*a~7*b - 2*a~5*
b~3))/a"3))/(a”4 - a~2%b~2))) /(a4 - a~2*xb"2))*1i)/(a"4 - a~2*b~2))/((128%*Db
~Bktan(x/2))/a"3 + (b™2*%(a"2 - b~2)"(1/2)*((32*xb~4)/a - (32*tan(x/2)*(2*a*b
~5 - 2%a”3%b"3))/a"3 + (b™2*x(a"2 - b"2)"(1/2)*(32*a"2*xb~2 + 64*a*xb~3*tan(x/
2) + (b™2%(a”2 - b™2)"(1/2)*(32*a"3*%b~2 + (32*tan(x/2)*(3*a~7*b - 2*a~5%b~3
))/a"3))/(a"4 - a~2%b"2))) /(a4 - a~2*b"2)))/(a"4 - a~2%b"2) + (b"2x(a"2 -

b~2) " (1/2)*((32*tan(x/2) *(2*a*xb~5 - 2*a~3*b~3))/a"~3 - (32%b~4)/a + (b~2x(a~
2 - b"2)7(1/2)*(32*%a~2*xb"2 + 64*axb”~3*tan(x/2) - (b™2*x(a"2 - b~2)~(1/2)*(32
*a~3%b"2 + (32%tan(x/2)*(3*a~7*b - 2*a~5%b~3))/a"3))/(a"4 - a~2%b"2)))/(a"4
- a"2%b”2))) /(a4 - a~2*b"2)))*(a"2 - b"2)"(1/2)*2i)/(a"4 - a~2xb"2)
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3.46 [ _nln gy

Optimal. Leaf size=82

3 -1 a—i—btan(%)
(a® + 20 x N 207 tanh <w/a2 — b2 ) N beos(z)  cos(z)sin(z)

2a3 a3va2 — b2 a? 2a

[Out] 1/2*(a~2+2%b~2)*x/a"3+b*cos(x)/a~2-1/2*cos(x)*sin(x)/a+2*b~3*arctanh((a+b*t
an(1/2xx))/(a"2-b"2)~(1/2))/a~3/(a"2-b"2)~(1/2)

Rubi [A]

time = 0.17, antiderivative size = 82, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.538,

steps used = 7, number of rules used = 7, integrand size = 13,
Rules used = {3938, 4189, 4004, 3916, 2739, 632, 212}

bcos(x) N z(a® + 2b%) N a2 — b2 ) __ sin(z) cos(z)
a? 2a3 a3va2 — b2 2a
Antiderivative was successfully verified.
[In] Int[Sin[x]~2/(a + b*Csc[x]),x]

[Out] ((a”2 + 2*b~2)*x)/(2%¥a~3) + (2*b~3*ArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b~2]
1)/(a"3%Sqrt[a”2 - b~2]) + (b*Cos[x])/a~2 - (Cos[x]*Sin[x])/(2*a)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e~2xx~2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b"2, 0]

Rule 3916



227

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 3938

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*xx]*((d*Csc[e + f*x])~n/(axf*n)), x] - Dis
t[1/(axd*n), Int[((d*Cscle + f*x])~(n + 1)/(a + b*Csc[e + f*x]))*Simp[b*n -
ax(n + 1)*Cscle + f*x] - b*x(n + 1)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, d, e, f}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1] && IntegerQ[2*n]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(bxc - a*d)/a, Int[Csc[e + f*x

1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc -
axd, 0]

Rule 4189

Int[((A_.) + cscl[(e_.) + (f_.)*x(x )]1*(B_.) + cscl(e_.) + (£_.)*(x_)]"2x(C_.
))*(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a
_))"(m_ ), x_Symbol] :> Simp[A*Cot[e + f*x]*(a + b*Cscle + f*x])~(m + 1)*((d
*Cscle + f*x])"n/(a*f*n)), x] + Dist[1/(a*xd*n), Int[(a + b*Cscl[e + f*x]) m*
(d*Cscle + f*x])~(n + 1)*Simp[a*B*n - A*b*x(m + n + 1) + a*(A + Axn + C*n)*C
scl[e + f*x] + Axbx(m + n + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a, Db, d,
e, f, A, B, C, m}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1]

Rubi steps
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—2b+acsc(z)+bcsc(z)) sin(x
/ sin?(z) dp — _ cos(z) sin(x) N J ( a(+)bcsc(x)( Do) gy
a+besc(z) 2a 2a

_a2_ 2_a CsC(x
__bcos(x)  cos(z)sin(x) il a—2i—bbcsc(bz) @ dg

a? 2a 2a2
_ (a? +20%) x N beos(z)  cos(z)sin(z) b [ a—:z((::(st)(m) dzx
2a3 a? 2a a?
2 1
_ (a® +2b%) x N beos(z)  cos(z)sin(z) b J 14250 dz
2a3 a? 2a a3
_ (a® +20%) x N beos(z)  cos(z)sin(z) (26?) Subst (f 1+L;;1w Tz 4%, T, tan (%))
2a3 a? 2a a3
46?) Subst ( [ ——Lr—— dz, z, 2 + 2t
_@Mﬂﬂx+hm@%fm@ﬁM@+( )“S(ﬁ4hm%2xzb+ an |

2a3 a? 2a asd

3 -1 ( b(g+tan(3))
_ (@®+20%) 2 2" tanh (\/aQ — b2 ) N beos(z)  cos(x)sin(z)

2a3 adva? — b2 a? 2a

Mathematica [A]
time = 0.13, size = 78, normalized size = 0.95

ss*ArcTan <”+bm“(%)>
A / _a2‘+ b2
vV —a? + b2
4a3

20’z + 4b%*x — + 4ab cos(z) — a? sin(2x)

Antiderivative was successfully verified.

[In] Integrate[Sin[x]~2/(a + b*Csc[x]),x]

[Out] (2*a™2xx + 4*b~2xx - (8xb~3*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt
[-a"2 + b~2] + 4*axb*Cos[x] - a~2*Sin[2*x])/(4*a"~3)

Maple [A]
time = 0.10, size = 112, normalized size = 1.37

method | result Size

a2 (tan3(Z a?tan(Z
(I (e (5))- Jﬂ”><2m (ten(3)) %3t<2ﬁﬁt?>
5 +(a?+2b?) arctan (tan (2 arctan | — —rAte—
default (to?(5) ) - 2V —a £ b 112
3 ;
@ a3V —a? + b2
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b3 1n <e”+“’ Va2 — b2 “’2+*’2> b3 In (emrib va? — b +a2—b2>
risch z 4 # + bei; + be—;z N \/a2 — b2, + \/a2 b2, _ sin(2z) 1
2a a 2a 2a \/&2 — b2 43 \/CL2 — b2 g3 4a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~2/(atb*csc(x)),x,method=_RETURNVERBOSE)

[Out] 2/a"3*%((1/2*a"2*xtan(1/2*x) " 3+axb*tan(1/2%x) ~2-1/2*%a~2xtan(1/2*x)+a*b)/(tan(
1/2%x) "2+1) "2+1/2%(a~2+2%b~2) *arctan(tan(1/2*x)))-2*xb~3/a"~3/(-a"~2+b"2) ~(1/2
Y*xarctan(1/2*x(2*bxtan(1/2*xx)+2*a)/(-a"2+b~2) " (1/2))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(atb*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Fricas [A]

time = 3.41, size = 285, normalized size = 3.48

o) Va? B ) — (a* — @) cos (z) sin () + (a* + a7 — 26)z +2 (a%b — ab¥) cos (z) 2v—a® + ¥ W arctan <77V"ﬁ‘tﬁ“’(;“7) — (a* — a??) cos (z) sin () + (a* + a2 — 26%) + 2 (a%b — ab®) cos (z)
@) . @~ )

[ Vg (2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/2*(sqrt(a”2 - b~2)*b~3*log(((a"2 - 2*b~2)*cos(x)"2 + 2*a*b*sin(x) + a~2
+ b™2 + 2x(b*cos(x)*sin(x) + a*cos(x))*sqrt(a™2 - b~2))/(a"2*cos(x)"2 - 2+*a
*b*sin(x) - a”2 - b72)) - (a”4 - a~2%b"2)*cos(x)*sin(x) + (a”4 + a~2*%b"2 -
2¥b~4)*x + 2x(a”3%b - a*b~3)*cos(x))/(a”5 - a~3%b~2), 1/2x(2*sqrt(-a"2 + b~
2)*b~3*arctan(-sqrt(-a”2 + b"2)*(bxsin(x) + a)/((a”2 - b"2)*cos(x))) - (a4

- a”2xb"2)*cos(x)*sin(x) + (2”4 + a"2*b"2 - 2%b~4)*x + 2*%(a"3*xb - a*b~3)*c
os(x))/(a”5 - a~3%b~2)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/%dm
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**2/(a+b*csc(x)),x)
[Out] Integral(sin(x)**2/(a + b*csc(x)), x)

Giac [A]
time = 0.43, size = 112, normalized size = 1.37

z 41 btan(zo)ta ) ),s
2 <7rL27r + 3| sgn(b) + arctan <«/—a2 T ))b N (a® + 20z N atan (1z)° + 2btan (L 2)* — atan (1z) +2b

3 )
V2 + 5 2a (tan (%z)2+1) a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~2/(a+b*csc(x)),x, algorithm="giac")

[Out] -2x(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*b~3/(sqrt(-a"2 + b~"2)*a~3) + 1/2*(a"2 + 2xb~2)*x/a"3 + (a*tan(1/2+*x
)"3 + 2*bxtan(1/2%x)72 - axtan(1/2xx) + 2xb)/((tan(1/2*x)"2 + 1)~2*%a~2)

Mupad [B]
time = 0.84, size = 1147, normalized size = 13.99

[T (o 2=l

AT [t 22

.Wﬂmh‘w

= (e L]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~2/(a + b/sin(x)),x)

[Out] ((2xb)/a"2 - tan(x/2)/a + tan(x/2)"3/a + (2xbxtan(x/2)"2)/a"2)/(2xtan(x/2)"
2 + tan(x/2)"4 + 1) - (atan((40*b~3*tan(x/2))/(8*a~2xb + 40%b~3 + (48%b~5)/
a~2) + (48*xb~5xtan(x/2))/(8*a~4%b + 48*b~5 + 40*a~2*b~3) + (8*a*b*tan(x/2))
/(8xaxb + (40*b~3)/a + (48%b~5)/a"3))*(a"2x1i + b~2#2i)*1i)/a"3 + (b~3*atan
(((b73%(a"2 - b™2)"(1/2)*((8*%(4*a~2*xb"6 + 4*a~4*xb~4 + a~6*b~2))/a"5 + (8*ta
n(x/2)*(2*a~8*b - 8*a~2*%b~7 + 4*xa~4*xb~5 + T*a~6%b~3))/a"6 + (b~3*x(a"2 - b~2
)~ (1/2)*(64*xb~4*xtan(x/2) + (8%(2*a~8*b + 2*a~6xb~3))/a"5 + (b"3*(a”2 - b~2)
~(1/2)*(32*%a"3%b"2 + (8xtan(x/2)*(12*a~10*%b - 8*a~8*b~3))/a"6))/(a”5 - a~3x
b~2)))/(a”5 - a”3%b~2))*1i)/(a"5 - a"3*%b”2) + (b~3*(a"2 - b~2)"(1/2)*((8*(4
*a"2*xb~6 + 4*xa~4*b”4 + a~6*xb”2))/a"5 + (8*tan(x/2)*(2*a”8*b - 8*a”2*b"7 + 4
*a~4%b"5 + T*a"6xb~3))/a"6 - (b~3*x(a"2 - b~2)~(1/2)*(64xb~4xtan(x/2) + (8*(
2%a"8%b + 2*xa~6xb~3))/a"5 - (b"3%(a"2 - b~2)"(1/2)*(32*a"3*%b"2 + (8*tan(x/2
)*(12*xa~10*xb - 8*a~8*b~3))/a"6))/(a”5 - a"3%b~2)))/(a"5 - a~3*b"2))*1i)/(a"
5 - a~3*xb”2))/((16*(2*xb~7 + a~2xb~5))/a"5 + (16*tan(x/2)*(8*b~8 + 8*xa~2*b~6
+ 2*%a”~4xb~4))/a"6 + (b~3*%(a"2 - b"2)"(1/2)*((8*x(4*a~2*%b"6 + 4*a~4*b”"4 + a~
6%b~2))/a"5 + (8xtan(x/2)*(2*a"8*b - 8*a~2*b~7 + 4*xa~4*b~5 + 7*a~6*b~3))/a”
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6 + (b73*%(a”2 - b™2)7(1/2)*(64*b~4*tan(x/2) + (8%(2*a"8*b + 2*a~6%b~3))/a"5

+ (b™3%(a”™2 - b™2)~(1/2)*(32%a~3*b~2 + (8*tan(x/2)*(12*a~10%b - 8%a~8%b~3)
)/a"6))/(a”5 - a"3%b"2)))/(a"5 - a~3*b~2)))/(a”5 - a"3*%b"2) - (b"3*%(a"2 - b
~2)~(1/2) *((8*(4*a~2*xb~6 + 4*a~4%xb~4 + a~6%b~2))/a"5 + (8*tan(x/2)*(2*a~8*b
- 8%a~2*b”7 + 4*xa”~4*b”5 + 7*a"6*b~3))/a"6 - (b~3*x(a"2 - b"2)"(1/2)*(64%b"4
xtan(x/2) + (8%(2*a~8%b + 2*xa~6%b~3))/a"5 - (b~3%(a~2 - b~2)~(1/2)*(32%a"3x
b~2 + (8*%tan(x/2)*(12*a~10%b - 8*a~8%*b~3))/a~6))/(a"5 - a~3*b~2)))/(a"5 - a
~3xb~2)))/(a”5 - a~3*%b”2)))*(a"2 - b"2)"(1/2)*2i)/(a"5 - a~3%b"2)
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3.47 | _sin’(@) _ g

a+b csc(z)

Optimal. Leaf size=110

) ) 9b* tanh~! | “tbtan(s) 5 5 . .9
_b(a®+26*) 3 Va2 —b ) (2a° + 3b%) cos(z) +bcos(x) sin(z) cos(z) sin®(z)
20 a*vVa2 — b2 3a3 2a? 3a

[Out] -1/2*b*(a~2+2%b~2)*x/a~4-1/3*%(2*%a~2+3*b"2) *cos(x) /a~3+1/2xb*cos (x) *sin(x)/a
~2-1/3*%cos(x)*sin(x) ~2/a-2*xb"4*xarctanh((a+bxtan(1/2*x))/(a~2-b"2)~(1/2))/a~
4/(a~2-b"2)"(1/2)

Rubi [A]

time = 0.26, antiderivative size = 110, normalized size of antiderivative = 1.00, number of

number of rules _ o 538,
integrand size

steps used = 8, number of rules used = 7, integrand size = 13,

Rules used = {3938, 4189, 4004, 3916, 2739, 632, 212}

2b* tanh ™! otbtan(3)

bsin(z) cos(z)  bx(a® +2b%) Va2 —b2 )  (2a®+3b%)cos(z)  sin®(z)cos(z)
2a2 2a* a*vVa2 — b2 3a3 3a

Antiderivative was successfully verified.

[In] Int[Sin[x]~3/(a + b*Csc[x]),x]

[Out] -1/2*%(b*(a"2 + 2*b~2)*x)/a"4 - (2*b~4*ArcTanh[(a + b*Tan[x/2])/Sqrt[a”2 - b
~2]11)/(a"4xSqrt[a~2 - b"2]) - ((2*%a”"2 + 3*b~2)*Cos[x])/(3*a~3) + (b*Cos[x]*
Sin[x])/(2*¥a~2) - (Cos([x]*Sin[x]~2)/(3*a)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*exx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]
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Rule 3916

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 3938

Int[(cscl(e_.) + (f_.)*(x_)I*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*xx]*((d*Csc[e + f*x])~n/(axf*n)), x] - Dis
t[1/(axd*n), Int[((d*Cscle + f*x])~(n + 1)/(a + b*Csc[e + f*x]))*Simp[b*n -
ax(n + 1)*Cscle + f*x] - bx(n + 1)*Cscle + fxx]~2, x], x], x] /; FreeQ[{a,
b, d, e, f}, x] && NeQ[a"2 - b~2, 0] && LeQ[n, -1] && IntegerQ[2*n]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)]*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(bxc - a*d)/a, Int[Csc[e + f*x

1/(a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 4189

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
))*x(cscl(e_.) + (£_)*(x_)1*(d_.))"(n_)*(cscl(e_.) + (f_.)*(x_)I*(b_.) + (a
_))"(m_ ), x_Symbol] :> Simp[A*Cot[e + f*x]*(a + b*Cscle + f*x])~(m + 1)*((d
*Csc[e + f*x])"n/(axf*n)), x] + Dist[1/(a*d*n), Int[(a + b*Cscle + f*x]) “m*
(d*Cscle + f*x])~(n + 1)*Simp[a*B*n - A*bx(m + n + 1) + a*(A + Axn + C*n)*C
scle + f*x] + Axbx(m + n + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a, b, d,
e, f, A, B, C, m}, x] && NeQ[a"2 - b2, 0] && LeQ[n, -1]

Rubi steps
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—3b+2a csc(x)+2bcsc?(x)) sin?(z
/ sin®(z) cos(z)sin?(z) J ( fszbcsc(x) @)
2\ g -
a + besce(z) 3a 3a
—2(2a24-3b%) —ab csc(x)+3b2 csc?(z)) sin(z
_ beos(z)sin(z)  cos(z)sin’*(z) J = ) a~|—bc(sc)(z) D)) gy
B 2a? 3a 6a?
—3b(a?+2b%) —3ab? csc(x
_ (2a* 4 3b?) cos(x) N beos(z)sin(z)  cos(x)sin’(x) J ( a-l—szc(z) @ dg
B 3a3 2a? 3a 6a3
_ _b(a®+26°)z  (2a® + 3b?) cos(z) 4 beos(z) sin(z)  cos(z)sin®(z) N bt [ a—:l?((::(s:f:z$) |
2a4 3a3 2a2 3a at
3 1
b(a® +2b%)z  (2a® + 3b%) cos(z) bcos(x)sin(zx) cos(z)sin?(z) b*J 125
2a4 3a3 2a? 3a at

2a4 3a3 2a2 3a

b(a® +2b%)z  (2a® + 3b?) cos(x) N bcos(z)sin(z)  cos(x) sin®(z) N (2b°) Subst (

b(a® +2b*)x  (2a® + 3b%) cos() N beos(z)sin(z)  cos(z)sin’®(z) (45 )Subst(

2a4 3a3 2a2 3a

) ) 2b4 tanh™?! b(g+tan(3)) ) ) .
_ b(@*+20%)z Va2 -1 ) (2a* + 3b%) cos(z) + beos(z)sin(z)  c

2a* a*va2 — b2 3a? 2a?

Mathematica [A]
time = 0.26, size = 98, normalized size = 0.89

246 ArcTan (M>
V=0 + 5 ) _ 34302 4 4%) cos(z) + a® cos(3z) + 3a%bsin(2x)

2 2
—6b(a? + 20%) = + N awa

12a*
Antiderivative was successfully verified.

[In] Integrate[Sin[x]~3/(a + bxCsc[x]),x]

[Out] (-6*%bx(a~2 + 2%b~2)*x + (24*b~4*ArcTan[(a + b*Tan[x/2])/Sqrt[-a~2 + b~2]]1)/
Sqrt[-a”2 + b72] - 3*ax(3*a”2 + 4*b~2)*Cos[x] + a~3*Cos[3*x] + 3*a~2*b*Sin[
2xx])/(12xa~4)

Maple [A]

time = 0.12, size = 145, normalized size = 1.32

’ method ‘ result
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2 5(c 2 tan(
(-5 D) 2ot () (2007 e () B 2 i) b(a2) axctanton(3)) 2
n2(z 3 —b(a®+2b%) arctan (tan (g arctan

default (tan2(5)+1) — + i
atr/-
i(\/wbm_zﬂ) i<\/—_a

ib*In| e 4 : ib*In| ei®4
. . . . oV —a? + b2 oV

risch _mb _ b _ 3e® _ oh? _ 3emi® _ eh "

202 a? 8a 2a3 8a 2a3 V—a2 + b2 a V—a?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~3/(atb*csc(x)),x,method=_RETURNVERBOSE)

[Out] 2/a"4*((-1/2*a"2xb*tan(1/2*x) "5-a*b~2xtan(1/2*x) "4+ (-2*a~3-2*a*xb~2)*tan(1/2
*x) ~2+1/2%a"~2xbxtan (1/2%x)-2/3*%a~3-a*b~2) / (tan(1/2%x) ~2+1) ~3-1/2xb* (a~2+2%b
~2)*arctan(tan(1/2*x)))+2%¥b"4/a~4/(-a~2+b~2) " (1/2) *arctan(1/2* (2xb*tan (1/2*
x)+2%a)/(-a~2+b"2)~(1/2))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(atb*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Fricas [A]
time = 4.38, size = 329, normalized size = 2.99

+2(a° — @) cos (a)* + 3 (ah — %) cos (z) sin (z) — 3 (a*h + a2 — 26°)z — 6 (a” — ab*)cos (z) 6 v/=a? + 17 b*arctan &*—“’"‘*ﬁﬁ“,,‘) ~2(a® — a™?) cos (z)* — 3 (a%h — a®") cos (z) sin (z) + 3 (a% + a%" — 26%)z + 6 (a® — ab*) cos (z)

{Kmh”ng( -0 e 20

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(atb*csc(x)),x, algorithm="fricas")

[Out] [1/6%(3*sqrt(a”2 - b~2)*b~4xlog(-((a"2 - 2*xb~2)*cos(x) "2 + 2*ax*bxsin(x) + a
2 + b™2 - 2x(b*cos(x)*sin(x) + a*cos(x))*sqrt(a™2 - b~2))/(a"2*cos(x)"2 -
2xaxbxsin(x) - a”2 - b72)) + 2x(a”5 - a~3*b"2)*cos(x)"3 + 3*(a"4xb - a"2xb~
3)*cos(x)*sin(x) - 3*x(a~4*b + a"2*b”3 - 2*xb~5)*x - 6%(a”5 - a*b~4)*cos(x))/

(a"6 - a"4*b"2), -1/6x(6*sqrt(-a”2 + b~2)*b~4*arctan(-sqrt(-a~2 + b~2)*(b*s

in(x) + a)/((a"2 - b™2)*cos(x))) - 2*x(a”5 - a~3*b"2)*cos(x)”3 - 3*x(a~4*b -
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a~2xb~3) *xcos (x)*sin(x) + 3*%(a~4xb + a~2%b~3 - 2*b~5)*x + 6%(a~5 - a*xb~4)*co
s(x))/(a"6 - a~4xb~2)]
Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**3/(atb*csc(x)),x)
[Out] Timed out

Giac [A]
time = 0.43, size = 149, normalized size = 1.35

2 (7| & + 3] sen(b) + arctan btan(j )+ bt N R 15 5 14 N 12 5 12 1 N )
™ V—a2 + b2 (a®b+2%)x  3abtan (3z)’ +6b%tan (3z)" + 12a’tan (3 ) +126%tan (3 )" — 3abtan (3 ) +4a® +6b
- - 3
V—a? +b* a* 2at 3(tan(%z)2+1> a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~3/(atb*csc(x)),x, algorithm="giac")

[Out] 2*(pixfloor(1/2*x/pi + 1/2)*sgn(b) + arctan((bxtan(1/2*x) + a)/sqrt(-a"2 +
b~2)))*b~4/(sqrt(-a”2 + b~2)*a"4) - 1/2%x(a"2*%b + 2*b~3)*x/a"4 - 1/3%(3*axbx
tan(1/2*x) "5 + 6*%b~2*xtan(1/2*x)~4 + 12*a~2xtan(1/2%x)"2 + 12*%b~2*tan(1/2*x)

2 - 3*axbxtan(1/2*x) + 4*xa”~2 + 6%b~2)/((tan(1/2*x)"2 + 1)~3*a"3)

Mupad [B]
time = 0.95, size = 1218, normalized size = 11.07

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~3/(a + b/sin(x)),x)

[Out] - ((2*%(2*a"2 + 3*b~2))/(3*a~3) + (b*tan(x/2)75)/a"2 + (2*%b~2*tan(x/2)"4)/a~
3 + (4xtan(x/2)"2x(a"2 + b~2))/a~3 - (bxtan(x/2))/a~2)/(3*xtan(x/2)"2 + 3xta
n(x/2)"4 + tan(x/2)76 + 1) - (b™4*atan(((b"4*x(a"2 - b~2)~(1/2) *((8*(4*xa~3%*Db
"8 + 4*a"5%b"6 + a"7*%b~4))/a"8 + (8xtan(x/2)*(4*xa~5*b"7 - 8*xa~3*b"9 + T*xa"7
*b~5 + 2*%a”9%b~3))/a"9 + (b™4*x(a"2 - b~2)"(1/2)*((8*(2*a~8%b~4 + 2*a~10%b~2
))/a~8 + (64*b~5xtan(x/2))/a + (b™4*(a”2 - b~2)~(1/2)*(32*%a~3*%b~2 + (8xtan(
x/2)*(12*xa”~13*xb - 8*a~11*b~3))/a"9))/(a"6 - a~4%b~2)))/(a"6 - a~4*xb~2))*1i)
/(a"6 - a”4xb~"2) + (b~4*x(a"2 - b~2)"(1/2)*((8*x(4*a~3*b~8 + 4*a~5*b~6 + a~7x*
b~4))/a"8 + (8*tan(x/2)*(4*a"5%b~7 — 8*a~3%b~9 + 7*a~7*b~5 + 2*a~9%b~3))/a"
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9 - (b™4*x(a"2 - b™2)"(1/2)*((8%(2*a~8*b~4 + 2*xa~10*b~2))/a~8 + (64*b~5*tan(
x/2))/a - (b~4x(a"2 - b"2)"(1/2)*(32*xa"3*xb"2 + (8*tan(x/2)*(12*a"~13*b - 8*a
~11xb~3))/a"9))/(a"6 - a"4xb"2)))/(a"6 - a~4*b~2))*1i)/(a"6 - a~4%b~2))/((1
6%(2xb~10 + a~2xb~8))/a"8 + (16*xtan(x/2)*(8*b~11 + 8*a~2*%b~9 + 2*xa~4*b~7))/
a”9 + (b™4*x(a"2 - b™2)"(1/2)*((8*%(4*a~3*b"8 + 4*xa~bxb~6 + a~7*b"4))/a"8 + (
8*xtan(x/2)*(4*xa~5xb~7 - 8*a~3*%b~9 + 7*a~7*b~5 + 2*%a~9%b~3))/a"9 + (b~4*x(a"2
- b™2)"(1/2)*((8x(2*xa~8*b~4 + 2*a~10%b"2))/a"8 + (64*xb~5xtan(x/2))/a + (b~
4% (a2 - b™2)"(1/2)*(32*%a"3*%b~2 + (8*tan(x/2)*(12*xa~13*xb - 8*a~11*b~3))/a~9
))/(@"6 - a~4%b"2)))/(a"6 - a"4xb~2)))/(a"6 - a"4*b"2) - (b"4*x(a"2 - b~2)"(
1/2) *((8*(4*%a~3*b"8 + 4*a~5%b”"6 + a~7*b"4))/a"8 + (8xtan(x/2)*(4*a"5*xb"7 -
8*%a~3*b”"9 + 7*xa~7*b~5 + 2*%a~9%b"3))/a"9 - (b"4*x(a"2 - b~2)"(1/2)*((8%(2*a"8
*b~4 + 2%a”~10%b"2))/a"8 + (64xb~5xtan(x/2))/a - (b™4*x(a"2 - b~2)~(1/2)*(32%
a~3%xb"2 + (8xtan(x/2)*(12*a"13%b - 8*a~11*xb~3))/a"9))/(a"6 - a~4xb~2)))/(a~
6 - a~4%b"2)))/(a"6 - a~4*xb~2)))*x(a"2 - b"2)~(1/2)*2i)/(a"6 - a~4*%b~2) - (b
*xatan ((8*b~4*tan(x/2))/(8%b"4 + (40%b~6)/a"2 + (48*xb~8)/a~4) + (40*b~6*tan(
x/2))/(40%b"6 + 8*a~2*%b~4 + (48%b~8)/a"2) + (48*b~8*tan(x/2))/(48*b~8 + 40*
a~2*b”"6 + 8*a~4xb~4))*x(a"2 + 2%b~2))/a"4
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3.48 [l gy

Optimal. Leaf size=144

5 -1 a+btan(%)
(3a* + 4a%v® + 8v*) 20" tanh (\/aZ — b2 ) +b(2a2 +3b%) cos(x)  (3a® + 4b?) cos() sin(z) +bcos(m) i

8a’® + ad vV a2 — b2 3a4 8a3 30,2

[Out] 1/8*%(3*%a~4+4*a~2xb~2+8%b~4) *xx/a~5+1/3*b*(2*xa~2+3*xb~2) *cos(x) /a~4-1/8%(3*a"2
+4xb~2) *xcos (x) *sin(x) /a~3+1/3*b*cos (x) *sin(x) ~2/a~2-1/4*cos(x)*sin(x) ~3/a+2
*b~5xarctanh((a+bxtan(1/2*x))/(a~2-b"2)~(1/2))/a"5/(a"2-b"2)~(1/2)

Rubi [A]
time = 0.38, antiderivative size = 144, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.538,

steps used = 9, number of rules used = 7, integrand size = 13,
Rules used = {3938, 4189, 4004, 3916, 2739, 632, 212}

5 —1 ( a+btan(¥)
bsin®(z) cos(x) 20" tanh < a2 —b? ) + b(2a® + 3b°) cos(z)  (3a® + 4b°) sin(z) cos() + z(3a* +4a’? + 8b*)  sin’(z) cos(z)

3a? a’vVaZ — b2 3a* 8a? 8a® 4a

Antiderivative was successfully verified.

[In] Int[Sin[x]~4/(a + b*Csc[x]),x]

[Out] ((3*a"4 + 4*a~2*b~2 + 8%b~4)*x)/(8*a~5) + (2xb~5xArcTanh[(a + b*Tan[x/2])/S
grt[a”2 - p72]]1)/(a"5*Sqrt[a”2 - b~2]) + (b*(2*a~2 + 3*b~2)*Cos[x])/(3*a"4)

- ((3*%a"2 + 4%b~2)*Cos[x]*Sin[x])/(8*a~3) + (b*Cos[x]*Sin[x]~2)/(3*%a"2) -
(Cos[x]*Sin[x]~3)/(4*a)
Rule 212
Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*exx + ax
e™2xx72), x], x, Tan[(c + d*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ[
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a~2 - b2, 0]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)1/(cscl(e_.) + (£_)*(x_)]1*(_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b2, 0]

Rule 3938

Int[(cscl(e_.) + (£f_.)*(x_)1*(d_.))"(n_)/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[Cot[e + f*x]*((d*Csc[e + f*x])“"n/(axf*n)), x] - Dis
t[1/(a*d*n), Int[((d*Csc[e + f*x])~(n + 1)/(a + b*Csc[e + f*x]))*Simp[b*n -
ax(n + 1)*Cscle + fxx] - b*(n + 1)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,
b, d, e, f}, x] & NeQ[a"2 - b~2, 0] && LeQ[n, -1] && IntegerQ[2*n]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)1*(b_.) +
(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Csc[e + f*x

1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 4189

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
))*(cscl(e_.) + (£_)*(x_)1*(d_.))"(n_)*(cscl[(e_.) + (£_.)*(x_)I*(b_.) + (a
))~(m_), x_Symbol] :> Simp[A*Cot[e + f*x]*(a + bxCscle + f*x])~(m + 1)*((d
*Cscle + f*xx])"n/(axf*n)), x] + Dist[1/(a*d*n), Int[(a + b*Cscl[e + f*xx]) mx
(dxCscle + fxx])~(n + 1)*Simp[a*B*n - Axbx(m + n + 1) + a*(A + A*n + Cxn)*C
scle + fxx] + A*xb*x(m + n + 2)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a, b, d,
e, f, A, B, C, m}, x] && NeQ[a~2 - b~2, 0] && LeQ[n, -1]

Rubi steps
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—4b+3a csc(z)+3besc?(z)) sin(z
a+besc(z) 4a 4a
_ beos(z)sin®(z)  cos(z)sin’(z) J (_3(3“2+4b2)_“if2223b2 =) Se) gy
B 3a? 4a 12q?
—8b(2a%+3b?)+a (9a—4i
(30” +48%) cos(a)sin(x) _ beos(a)sin’(z) _ cos(a)sin*(z) _ | (C8b{e +3F ) o
B 8a3 3a? 4a

3a? 8a3 3a? 4a

b(2a% + 3b?) cos(z)  (3a® + 4b%) cos(z) sin(z) N beos(z)sin®(x)  cos(z)sin’(z)

/

_ (3a* +4a?* + 8b*) x N b(2a® + 3b?) cos(z)  (3a® + 4b%) cos(z) sin(z) N b cos(x) sin?(

8a® 3a4 8a3

_ (3a" +4a%* + 8b") x N b(2a% + 3b?) cos(z)  (3a® + 4b%) cos(z) sin(z) N bcos(z) sin

%

8ab 3a4 8a3

_ (3a* +4a?* + 8b*) x N b(2a% + 3b?) cos(z)  (3a® + 4b%) cos(x) sin(z) N bcos(z) sin?|

8a® 3a4 8a3

_ (3a* +4a%0* + 8b*) z N b(2a® + 3b?) cos(z)  (3a® + 4b%) cos(z) sin(z) N bcos(z) sin?|

8a® 3a* 8a3
2b5 tanh_l (b(‘i+tan(§))
T

_ (3a* 4 4a®b® + 8b")

8a’ + a’va? — b2 3at

Mathematica [A]
time = 0.33, size = 129, normalized size = 0.90

192b5ArcTan( atbton(§) )
T +' _bgz e AN 24ab(3a? + 4b?) cos(z) — 8a®b cos(3z) — 24a’sin(2z) — 24a?b? sin(2z) + 3a* sin(4z)
—a

36a’z + 48a%b%x + 96bix —

964
Antiderivative was successfully verified.

[In] Integrate[Sin[x]~4/(a + bxCsc[x]),x]

[Out] (36*%a~4xx + 48%a~2*%b~2xx + 96%b~4*x - (192*b~5*ArcTan[(a + b*Tan[x/2])/Sqrt
[-a”2 + p"2]])/Sqrt[-a"2 + b~2] + 24*axbx(3*a~2 + 4*b~2)*Cos[x] - 8*a~3*b*C
os[3*x] - 24*a~4xSin[2*x] - 24xa”~2%b~2*Sin[2*x] + 3*a~4*Sin[4%x])/(96*a"5)

Maple [A]
time = 0.15, size = 234, normalized size = 1.62

Va2 — b2 ) + b(2a% + 3b?) cos(z)  (3a® + 4b%)

8
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method | result

26 arctan< 2btan(§)+2a > 2((§e*+3a2?) (1an (5)) +a? (san® (§)) +(3a?? + H o) (1an® (5 ) )+ (a%043a0%) (1an (5
default | — 2V —a? + b7 +
asv/—a? + b2
b5 In <e”+ wv/a? — 5 ta?-e? ) b In <em+“’
risch by %’j + 2—24 + 32;? + b;Zf + 3ng_2” + b3;;w T \/a;ia;_aslﬁ ] B

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~4/(a+b*csc(x)),x,method= RETURNVERBOSE)

[Out] -2%b~5/a"5/(-a"2+b~2)~(1/2)*arctan(1/2*(2xbxtan(1/2*x)+2*a)/(-a~2+b"2)~(1/2

))+2/a” 5% (((3/8*a~4+1/2%a~2*b~2) *tan (1/2*x) ~7+a*b~3*tan(1/2*x) ~6+(1/2*a~2*b
~2+11/8*a"4) *tan(1/2*x) ~5+(2*a~3*b+3*a*b~3) *tan(1/2*x) ~4+(-1/2*a~2%b"2-11/8
*a~4)*tan (1/2*x) ~3+(3*a*xb~3+8/3*a"3*b) *tan (1/2*x) ~2+(-3/8*a~4-1/2*a"2%b"2) *
tan(1/2*x)+2/3*%a"3*b+a*b~3) /(tan(1/2*x) “2+1) “4+1/8% (3*xa"~4+4*a"2xb~2+8*b~4) *
arctan(tan(1/2+%x)))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(a+b*csc(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a

dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(4*a”2-4%b~2>0)’, see ‘assume?‘ for
more de

Fricas [A]

time = 3.39, size = 410, normalized size = 2.85

[

L

L ) = 8(0% — ) con )" 4330+ a8+ 400° — 80z + 24 (4% ) con () + 3 (2 ') con 1) = (o = ah? — 40" con () s ) 24V P aectan (S SHERIleie ) (0% a1%)con () 43 3+ + 4020 = )z + 28 (0% — o) on () + 3 (200 —a'¥)co 1)) = (50 — ! = 4470 on () st 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(a+b*csc(x)),x, algorithm="fricas")

[Out] [1/24*(12*sqrt(a™2 - b~2)*b~5*log(((a"2 - 2*b~2)*cos(x)~2 + 2*a*b*sin(x) +

a"2 + b™2 + 2x(b*cos(x)*sin(x) + a*cos(x))*sqrt(a”2 - b72))/(a"2*cos(x)"2 -
2*xaxbxsin(x) - a”2 - b72)) - 8*(a"5*%b - a"3*b"3)*cos(x)"3 + 3*(3*a”"6 + a~4
*b~2 + 4*%a~2*b"4 - 8xb”6)*x + 24*(a~b*b - a*b~5)*cos(x) + 3*(2*x(a”6 - a~4x*b
~2)*cos(x)"3 - (5%a”™6 - a~4*xb”2 - 4xa~2xb"4)*cos(x))*sin(x))/(a”7 - a~5%b~2
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), 1/24x(24*sqrt(-a”2 + b~2)*b~b*arctan(-sqrt(-a~2 + b~2)*(b*sin(x) + a)/((
a"2 - b™2)*cos(x))) - 8*%(a”5xb - a"3*%b~3)*cos(x)"3 + 3*(3*a”6 + a~4*b"2 + 4
*a"2%b"4 - 8*b"6)*x + 24*(a”"5%b - a*b”5)*cos(x) + 3*x(2*%(a”6 - a~4*b~2)*cos(
x)7"3 - (b*xa”6 - a~4%b~2 - 4*a”2*b"4)*cos(x))*sin(x))/(a”7 - a~5xb~2)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/%dw

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)**4/(at+b*csc(x)),x)
[Out] Integral(sin(x)**4/(a + b*csc(x)), x)

Giac [A]
time = 0.41, size = 252, normalized size = 1.75

g L Ba' 40 180z 9a’tan (32)" + 1208 tan (32)" + 248 tan (3 2)° + 336 tan (32)° + 1208 tan (12)° +48a%tan (12)* + 720 tan (12)* — 330% tan (3 2)° — 124t tan (32)° + 64a’btan (3 2)° + 726 tan (3 2)° — 9a* tan (3 z) — 120l tan (3 2) +164% + 240
7 12 (tan (}2)" + 1) ot

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)~4/(a+b*csc(x)),x, algorithm="giac")

[Out] -2x(pi*floor(1/2*x/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*x) + a)/sqrt(-a~2 +
b~2)))*b~5/(sqrt(-a”2 + b~2)*a~5) + 1/8%(3*%a"4 + 4%a~2*%b~2 + 8%b~4)*x/a"5

+ 1/12%(9*a"3*tan(1/2*x) "7 + 12*xaxb~2*tan(1/2*x)"7 + 24*xb~3*tan(1/2*x)"6 +
33*a~3*xtan(1/2*x) "5 + 12*axb~2xtan(1/2*x)~5 + 48*a~2xbxtan(1/2*x)~4 + 72xb~
3*xtan(1/2*x) "4 - 33*a~3xtan(1/2*x) "3 - 12*%axb~2xtan(1/2*x)"3 + 64*a”2*b*tan
(1/2%x)"2 + 72%b~3*tan(1/2*x) "2 - 9*a~3*tan(1/2*x) - 12xa*xb~2xtan(1/2*x) +
16*xa~2xb + 24*b~3)/((tan(1/2*x)"2 + 1) ~4*xa~4)

Mupad [B]
time = 1.26, size = 1639, normalized size = 11.38

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)~4/(a + b/sin(x)),x)

[Out] ((2x(2*a~2%b + 3*b~3))/(3*a~4) - (tan(x/2)*(3*a~2 + 4xb~2))/(4*a"~3) + (tan(
x/2)"7T*(3*%a~2 + 4%b~2))/(4*a~3) - (tan(x/2)"3*(11*a~2 + 4xb~2))/(4*a~3) + (
tan(x/2) 5% (11*xa~2 + 4xb~2))/(4%a~3) + (2xb~3*xtan(x/2)76)/a"4 + (2*xtan(x/2)
“4x(2*a”2%b + 3*b~3))/a"4 + (2*tan(x/2) 2% (8*a~2xb + 9*b~3))/(3*a"4))/(4xta
n(x/2)"2 + 6*xtan(x/2)"4 + 4*xtan(x/2)°6 + tan(x/2)"8 + 1) - (atan((81*b~3*ta
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n(x/2))/(8x((27*a~2*b)/8 + (81%b~3)/8 + (63*b~5)/(2*a~2) + (35*%b~7)/a"4 + (
40*b~9)/a"~6)) + (63*b~5*xtan(x/2))/(2x((27*a~4*b)/8 + (63*%b~5)/2 + (81*xa~2*b
~3)/8 + (35%b~7)/a"2 + (40%b~9)/a~4)) + (35xb~7xtan(x/2))/((27*a"6%b)/8 + 3
5xb~7 + (63*a~2xb~5)/2 + (81*a~4xb~3)/8 + (40*b~9)/a~2) + (40%b~9*tan(x/2))
/((27*a"8%b) /8 + 40*b~9 + 35*xa”~2*b~7 + (63*a~4%b~5)/2 + (81*a~6*xb~3)/8) + (
27*axbxtan(x/2))/(8*((27*a*b)/8 + (81%b~3)/(8*a) + (63*b~5)/(2*xa~3) + (35%b
~7)/a”5 + (40%b~9)/a"7)))*(a~4*31i + b~4%8i + a~2xb"2x4i)*1i)/(4*a~5) + (b"5
xatan(((b~5%(a"2 - b"2)~(1/2)*((32*%a~4*xb~10 + 32*a~6*b"8 + 32*xa”~8*b"6 + 12x%
a~10xb~4 + (9*%a~12%b~2)/2)/a"11 + (tan(x/2)*(18*%a~14%b - 128*a~4*xb~11 + 64x*
a~6*b”9 + 64*a~8*xb”~7 + 104*a~10%b~5 + 39*%a”~12*b~3))/(2*%a~12) + (b~5*%(a"2 -
b~2)"(1/2)*((12*%a~14%b + 16*a~10*%b~5 + 4*xa~12%b~3)/a"~11 + (64*xb~6xtan(x/2))
/a2 + (b75%(a"2 - b™2)"(1/2)*(32*a"3*b"2 + (tan(x/2)*(192*a~16%b - 128*a"1
4xb~3))/(2*a~12)))/(a"7 - a~5%b~2)))/(a”7 - a"5%b"2))*1i)/(a"7 - a~5xb”2) +

(b~5%(a"2 - b2)"(1/2)*((32*xa~4*b~10 + 32*a~6*%b"8 + 32*a”~8*b~6 + 12*xa~10%*b
~4 + (9*%a~12xb"2)/2)/a"11 + (tan(x/2)*(18*%a~14xb - 128*a~4*xb~11 + 64*a”~6xb~
9 + 64*%a”8*b~7 + 104*a~10%b~5 + 39*%a~12*b"3))/(2*xa~12) - (b~5*%(a"2 - b~2) " (
1/2)*x((12*xa~14xb + 16*%a~10%b"5 + 4*a~12*xb~3)/a~11 + (64*b~6*tan(x/2))/a"2 -

(b~5x(a"2 - b™2)"(1/2)*(32*xa~3*xb"2 + (tan(x/2)*(192*a"~16*b - 128*a~14xb~3)
)/ (2%a~12))) /(a7 - a~5%b"2)))/(a”7 - a~5*xb~2))*1i)/(a~7 - a~5*%b~2))/((32*b
13 + 40%a"2xb"11 + 24*a~4xb”9 + 9*a~6xb~7)/a"11 + (tan(x/2)*(128*b~14 + 12
8*%a~2*b~12 + 128*a~4*xb~10 + 48*a~6*b”"8 + 18*a~8*b~6))/a"12 + (b~"5%(a"2 - b~
2)"(1/2)*((32*xa~4*xb~10 + 32*a~6*%b"8 + 32*a~8*xb~6 + 12*a~10%b"4 + (9*a~12xb~
2)/2)/a"11 + (tan(x/2)*(18*a~14%b - 128*a”~4*xb~11 + 64*a~6*%b~9 + 64*a"~8*b~7
+ 104*a~10*%b~5 + 39*a~12%b"3))/(2*a"12) + (b~5*x(a"2 - b~2)~(1/2)*x((12*a~14x*
b + 16%a~10%b~5 + 4*a~12*b~3)/a"11 + (64*b~6*tan(x/2))/a"2 + (b"5*(a"2 - b~
2)~(1/2)*(32*%a~3%b"2 + (tan(x/2)*(192%xa~16%b - 128*a~14%b~3))/(2*a~12)))/(a
7 - a”5%b"2)))/(a"7 - a”5xb~2)))/(a”7 - a~5*b"2) - (b”5*x(a"2 - b~2)"(1/2)*
((32*%a~4%b~10 + 32*a”6*b~8 + 32*%a~8*xb~6 + 12*a”~10*b"4 + (9*a~12xb~2)/2)/a"1
1 + (tan(x/2)*(18*a~14*xb - 128*a~4*xb~11 + 64*a”~6*b~9 + 64*xa”~8*b~7 + 104*a~1
0*b~5 + 39*%a~12*xb~3))/(2*¥a~12) - (b"5x(a"2 - b"2)~(1/2)*((12*a~14%b + 16%*a~
10%b~5 + 4*a~12%b~3)/a"11 + (64xb~6*tan(x/2))/a"2 - (b~5x(a"2 - b~2)~(1/2)*
(32*%a~3*%b"2 + (tan(x/2)*(192*xa~16xb - 128*a~14*b~3))/(2*xa~12)))/(a”7 - a~b*
b~"2)))/(a”7 - a~5%b~2)))/(a"7 - a~5*xb"2)))*(a"2 - b~2)"(1/2)*2i)/(a"7 - a~5
*b~2)
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1
3.49 f (a+bcsc(c+dz))? dx

Optimal. Leaf size=108

9b(2a2 — b2) tanh~ (a—i—btan(é(c%—dx)))
( ) v/

LN B b% cot(c + dx)
a2 a2 (a2 — b2)*%d a(a? —b%)d(a+ bese(c+ dz))

[Out] x/a”2+2*b*x(2*xa~2-b~2)*arctanh((a+b*tan(1/2*d*x+1/2*c))/(a~2-b"2)"(1/2))/a"2
/(a"2-b"2)"(3/2) /d-b~2xcot (d*x+c) /a/(a~2-b"2) /d/ (a+b*csc (d*x+c))

Rubi [A]

time = 0.12, antiderivative size = 108, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 6, number of rules used = 6, integrand size = 12,
Rules used = {3870, 4004, 3916, 2739, 632, 212}

2 2 -1 a+btan(%(c+da:))

a2d (a2 — b2)*/? ad (a? — b?) (a+ besc(c+dz))  a?

b cot(c + dx) T

Antiderivative was successfully verified.
[In] Int[(a + b*Csc[c + d*x])~(-2),x]
[Out] x/a"2 + (2xbx(2*a~2 - b~2)*ArcTanh[(a + b*Tan[(c + d*x)/2])/Sqrt[a~2 - b~2]

1)/(@ 2%x(a”2 - b™2)"(3/2)*d) - (b~"2*Cot[c + d*x])/(a*x(a"2 - b"2)*d*(a + b*C
sclc + d*x]))

Rule 212
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symboll :> Simp[(1/(Rt[a, 2]1*Rt[-b, 2]))x*

ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*exx + ax
e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]
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Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2xCot[
c + dxx]*((a + bxCscl[c + d*x])"(n + 1)/(axd*(n + 1)*(a"2 - b72))), x] + Dis
t[1/(a*x(n + 1)*(@a”2 - b72)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”2 - b
“2)x(n + 1) - axbk(n + 1)*Cscl[c + d*x] + b™2*%(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && LtQ[n, -1] &% Intege
rQ[2*n]

Rule 3916
Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f

}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*x(x_)I*(b_.) +
(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(bxc - a*d)/a, Int[Csc[e + f*x

1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[bxc -
axd, 0]

Rubi steps
—a®+b*+abcsc(ctdz
/ 1 dr = — b? COt(C + dIL') N f :+b_<’:_sc(c+¢§z—)i_ ) d
(a + bese(c + dx))? a(a? — b?) d(a + besc(c + dz)) a(a? — b?)
oz b? cot(c + dx) 3 (b(2a® = %)) [ %dz
~a®>  a(a®-b?)d(a+besc(c+ dr)) a? (a® — b?)
2 _ 12 1
T b? cot(c + dz) _(2a —b)fH—de
a? a(a®—b%)d(a+ besc(c+ dx)) a? (a® — b?)
T b2 cot(c + dz) ~ (2(2a® — b%)) Subst (f —H%Jﬂﬂ dz,z,
~a?  a(a?—b?)d(a+ besc(c+ dr)) a?(a®—-bv%)d
4(2a® — b%)) Subst | [ ——1—d
_z b? cot(c + dx) (4(2a )) Subs (f —4(1-23) a2 T
~a®>  a(a®-b?)d(a+besc(c+ dr)) a? (a® — b?)
2 12 —1 [ b(§+tan((c+dx)))
I 2b(2a* — b*) tanh ( N/ ) b cot(c + dz)
T a2 a2 (a2 — b2)*2 d a(a? —b?)d(a+ besc(c+ dz

Mathematica [A]



time = 0.46, size = 139, normalized size = 1.29

ab? cot(c+dz)

2b(—2a2+b2) ArcTan (

a+btan<%(c+dm))

VvV —a? _|,_b2
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+ (c+dz)(a+ bese(c + dz)) —

(—a+b)(a+b)

csc(c + dz) (

> (a+bcsc(c+dz))
(b+ asin(c + dz))

a?d(a + besc(c + dx))?

Antiderivative was successfully verified.

[In] Integrate[(a + b*Csc[c + d*x])~(-2),x]

[Out] (Csclc + d*x]*((a*b~2*Cot[c + d*x])/((-a + b)*(a + b)) + (c + d*x)*(a + b*C

sclc + d*x]) - (2xbx(-2*a"2 + b~2)*ArcTan[(a + b*Tan[(c + d*x)/2])/Sqrt[-a~
2 + b~2]]*(a + b*Csclc + d*x]))/(-a"2 + b72)7(3/2))*(b + axSin[c + d*x]))/(

a~2xd*(a + b*Cscl[c + d*xx])~2)

Maple [A]
time = 0.17, size = 168, normalized size = 1.56

method result
dz 4 c
2b 312721)2 242 —2b2 N o/ —a _|_‘
Mﬂ+atan(%+%)+% (2G2—2b2)\/—a2 + b2
2 arctan (tan ( %@ + % ) )
derivativedivides PL _ —~
n(dz L c
a2 tan(%!+%)+ ab 2(2(12—172) arctan(w\/;—g)z;a)
2b 311272;,2 242 —2b2 N o/ —a _|_‘
Mﬂ+atan(%+%)+% (2G2—2b2)\/—a2 + b2
2 arctan (tan ( %@ + % ) )
default o2 . -
2bIn <ei(dz+”)+ibM+a2_b2> b3 ln (ei(dz+c)+“>
sch 5 - 20 i) VE—T. )
risc a? T a2(—a?+b2)d(2bei(dote) g e2i(dute) 1iq) + Va2 — b2 (a+b)(a—b)d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+b*csc(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] 1/d*x(2/a"2*arctan(tan(1/2*d*xx+1/2%c))-2/a"2xb*((1/2*a~2/(a"2-b"2)*tan(1/2*d

*x+1/2%c)+1/2*a*xb/(a~2-b"2) )/ (1/2%bxtan(1/2*d*x+1/2%c) ~2+a*xtan (1/2*xd*x+1/2x%
c)+1/2%b)+2% (2*%a~2-b"2) / (2%a~2-2%b"2) / (-a~2+b~2) ~(1/2) *arctan (1/2* (2*xb*xtan (

1/2xd*x+1/2*c)+2*a) /(-a~2+b"2) " (1/2))))

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(at+b*csc(d*x+c))~2,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4xb~2>0)’, see ‘assume?‘ for

more de

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 212 vs.

2(103) = 206.
time = 3.69, size = 493, normalized size = 4.56

[268 20 s abtyicsin g )+ 2008020 + Py + @ b1+ 2

L

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*csc(d*x+c))~2,x, algorithm="fricas")

[Out] [1/2%(2%x(a”5 - 2%a~3%b~2 + a*xb~4)*d*x*sin(d*x + c) + 2x(a"4*b - 2*%a~2*b~3 +
b~5)*d*x + (2%a”2*%b"2 - b"4 + (2*%a"3*b - a*b~3)*sin(d*x + c))*sqrt(a”2 - b
~2)*log(((a"2 - 2xb~2)*cos(d*x + c)~2 + 2%a*b*sin(d*x + c) + a”2 + b™2 + 2%
(bxcos(d*x + c)*sin(d*x + c) + axcos(d*x + c))*sqrt(a”2 - b~2))/(a"2*cos(d*
X + ¢)72 - 2%axbxsin(d*x + c) - a”2 - b72)) - 2%(a”3%b"2 - axb~4)*cos(d*x +
c))/((a”7 - 2*a”5%b"2 + a~3*b"4)*dxsin(d*x + c) + (a"6xb - 2xa"4xb~3 + a”2
*b~5)*d), ((a”5 - 2¥a”3%b~2 + axb~4)*d*x*sin(d*x + c) + (a~4*b - 2%a~2%b~3
+ b75)*d*xx + (2%a”2*%b"2 - b"4 + (2*%a"3*b - a*b~3)*sin(d*x + c))*sqrt(-a~2 +
b~2)*arctan(-sqrt(-a"2 + b~2)*(b*sin(d*x + c) + a)/((a"2 - b~2)*cos(d*x +
c))) - (a™3*b"2 - a*b~4)*cos(d*x + ¢))/((a”7 - 2*a~5xb~"2 + a~3*xb~4)*d*sin(d
*x + c) + (a”6*%b - 2*xa”4*b"3 + a~2*b"5)*d)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ ! 5 dr
(a+bcesc(c+dx))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*csc(d*x+c))**2,x)
[Out] Integral((a + bx*csc(c + d*x))**(-2), x)
Giac [A]

time = 0.44, size = 158, normalized size = 1.46

1 1
2 (2a%b—b%) (ﬂ' {%—l—%J sgn(b)+arctan (M> >

vV—a2 + b2 n 2 (abtan(3 dz+3 c)+b°) _ date

(a4—a2b2)\/—a2 + b2‘ (a3—ab2)(btan(% d:c+%c)2+2atan(%dz+%c)+b> a?

d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(at+b*csc(d*x+c))~2,x, algorithm="giac")

[Out] -(2x(2*a"2xb - b~3)*(pi*floor(1/2*(d*x + c)/pi + 1/2)*sgn(b) + arctan((b*ta
n(1/2*%d*x + 1/2%c) + a)/sqrt(-a”2 + b~2)))/((a"4 - a~2%b"2)*sqrt(-a~2 + b~2

)) + 2%(axbxtan(1/2xd*x + 1/2xc) + b~2)/((a"3 - a*b™2)*(b*tan(1/2*d*x + 1/2

*C)"2 + 2%axtan(1/2xd*x + 1/2xc) + b)) - (d*x + c)/a"2)/d

Mupad [B]
time = 4.18, size = 2677, normalized size = 24.79

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b/sin(c + d*x))~2,x)

[Out] (b*atan(((b*(2*xa"2 - b~2)*((a + b)~3*(a - b)~3)~(1/2)*((32*x(a*xb”™6 - 2*a~3*b
4 + a”5%b~2))/(a”6 + a"2%b"4 - 2*%a~4*xb"2) - (32*tan(c/2 + (d*x)/2)*(2*axb”
7 - 2%a”7*b - 8%a~3*%b~5 + 9*xa~5xb~3))/(a”7 + a~3*b”4 - 2xa”~5%b"2) + (b*(2*a
"2 - b™2)*((a + b)"3x(a - b)~3)"(1/2)*((32%(a"8*b - a~6xb~3))/(a"6 + a~2%b~
4 - 2%xa~4xb"2) + (32xtan(c/2 + (d*x)/2)*(2*xa~4*b"6 - 6*a~6*b~4 + 4*xa~8*b~2)
)/(a”7 + a~3%b"4 - 2*%a"5xb”"2) + (b*x(2*a"2 - b"2)*((a + b)~"3*(a - b)~3)~(1/2
)*((32%(a"5*%b"6 - 2*a”7*b"4 + a~9*b~2))/(a"6 + a~2*%b"4 - 2*%a"4*xb"2) + (32*t
an(c/2 + (d*x)/2)*(3*a~11xb - 2%a~5xb~7 + 7*a~7*b~5 - 8%a~9%b~3))/(a"7 + a~
3*b"4 - 2*%a~5%xb"2)))/(a”8 - a~2*%b"6 + 3*a"4*xb"4 - 3*xa~6xb"2)))/(a"8 - a~2*b
6 + 3*a"4%b"4 - 3*a~6xb"2))*1i)/(a”8 - a~2%b"6 + 3*a~4*xb~4 - 3*xa~6xb"2) -
(bx(2%a"2 - b~2)*((a + b)~3*(a - b)~3)~(1/2)*((32xtan(c/2 + (d*x)/2)*(2*xa*xb
7 - 2*%a”7*b - 8*a”~3%b~5 + 9*a~5%b~3))/(a”7 + a~3*b"4 - 2*a~5xb"2) - (32x(a
*b"6 - 2*%a~3*b~4 + a~5*b~2))/(a"6 + a"2%b"4 - 2*a~4xb”2) + (bx(2*¥a"2 - b”2)
*((a + b)"3%(a - b)"3)"(1/2)*((32%(a"8*%b - a~6*b~3))/(a"6 + a~2%b"4 - 2*a~4
*b~2) + (32xtan(c/2 + (d*x)/2)*(2*a~4*xb”"6 - 6*a~6*xb"4 + 4*xa~8*xb~2))/(a”~7 +
a~3%xb”"4 - 2*xa~bxb"2) - (b*(2*a"2 - b"2)*((a + b)~3x(a - b)"3)"(1/2)*((32*x(a
“B5*%b~6 - 2*%a"7*b"4 + a"9*b”"2))/(a"6 + a"2*%b"4 - 2*%a~4*xb"2) + (32*tan(c/2 +
(d*x)/2)*(3*a~11*b - 2*a~5xb~7 + 7*a~7*b~5 - 8*a~9*xb~3))/(a”7 + a~3*b"4 - 2
*a~5xb~2)))/(a"8 - a"2%b"6 + 3*a~4%b~4 - 3*a"6%b"2)))/(a"8 - a"2*b"6 + 3*xa”
4xb~4 - 3*%a~6x%b"2))*1i)/(a"8 - a~2*xb"6 + 3*a~4xb~4 - 3*a~6*xb"2))/((64*x(b"5
- 2xa"2*b"3))/(a"6 + a"2%b~4 - 2*a~4xb"2) + (64xtan(c/2 + (d*x)/2)*(2%b"6 -
6*%a~2*%b"4 + 4*a~4xb~"2))/(a”7 + a~3*%b"4 - 2*a"5xb"2) + (b*(2*xa"2 - b"2)*((a
+ b)"3x(a - b)~3)"(1/2)*((32%(a*b”"6 - 2*xa~3*b~4 + a~5*%b~2))/(a"6 + a~2xb~4
- 2xa"4*b"2) - (32*tan(c/2 + (d*x)/2)*(2*a*b™7 - 2*xa”~7*b - 8*a~3*b~5 + 9*a
~5%b~3)) /(a7 + a~3*xb~4 - 2*xa~5xb"2) + (b*(2*a"2 - b"2)*x((a + b)"3*%(a - b))~
3)"(1/2)*((32x(a"8*%b - a~6%b~3))/(a"6 + a~2*xb~4 - 2xa~4xb~2) + (32*tan(c/2
+ (d*x)/2)*(2*a~4%b"6 - 6*%a”6*%b~4 + 4*a~8*xb~2))/(a”7 + a~3*%b"4 - 2*a”~5xb”"2)
+ (bx(2*¥a"2 - b"2)*((a + b)"3*(a - b)~3)"(1/2)*((32*x(a"5*%b"6 - 2*a~7*b~4 +
a~9%b"2)) /(a6 + a~2%b~4 - 2%a~4%xb~2) + (32xtan(c/2 + (d*x)/2)*(3*a~11xb -
2%a"5*%b"7 + 7*a~7*b"5 - 8*xa~9%b~3))/(a"7 + a"3*b"4 - 2xa~5xb"2)))/(a"8 - a
~2%b"6 + 3*%a"4*b"4 - 3%a~6*%b"2)))/(a”8 - a"2*b”"6 + 3*xa~4*b~4 - 3*a~6%b"2)))
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/(a"8 - a”2*xb"6 + 3*xa~4xb~4 - 3*a"6*b"2) + (b*x(2*a~2 - b~"2)*((a + b)"3*(a -
b)"3) " (1/2)*((32*%tan(c/2 + (d*x)/2)*(2*a*b~7 - 2*a"7*b - 8*a~3*b~5 + 9*a”5
*b~3))/(a"7 + a~3%b~4 - 2%xa”~5%b~2) - (32%(axb”6 - 2*a~3*%b~4 + a~5%b~2))/(a”
6 + a"2%b”"4 - 2*xa~4*xb"2) + (b*(2*%a"2 - b"2)*((a + b)~3*x(a - b)~3)"(1/2)*((3
2%(a"8%b - a~6*%b~3))/(a"6 + a~2xb~4 - 2*%a~4xb~2) + (32*xtan(c/2 + (d*x)/2)*(
2*%a"~4*b”"6 - 6*xa~6xb~4 + 4%a~8%b"2))/(a”7 + a~3*b~4 - 2*a~5*%b"2) - (b*(2*xa”~2
- b™2)%((a + b)"3x(a - b)~3)"(1/2)*((32*(a"5*b"6 - 2*xa~7*b~4 + a~9*%b~2))/(
a6 + a"2*b”4 - 2*xa”~4*b"2) + (32*tan(c/2 + (d*x)/2)*(3*a”~11%b - 2*xa~5*b~7 +
T*a~7*b~5 - 8%a~9%b~3))/(a”~7 + a~3*%b™4 - 2%a~5%xb~2)))/(a"8 - a~2%b~6 + 3*a
~4xb~4 - 3*a~6%b"2)))/(a"8 - a"2*%b"6 + 3*a~4xb~4 - 3*%a~6*b"2)))/(a”8 - a"2%
b~6 + 3*a~4%b~4 - 3*a”~6*b"2)))*(2*xa"2 - b~2)*((a + b)"3*(a - b)"3)"(1/2)*2i
)/(@*(a”8 - a"2*b"6 + 3*a"4*b~4 - 3*a"6%b"2)) - ((2*b*tan(c/2 + (d*x)/2))/(
a”2 - b72) + (2xb"2)/(a*x(a”2 - b2)))/(d*x(b + 2*axtan(c/2 + (d*x)/2) + bxta
n(c/2 + (d*x)/2)"2)) - (2*xatan((64*a~5*bxtan(c/2 + (d*x)/2))/((64*a~3*b~9)/
(2”6 + a™2x%b~4 - 2*a~4xb”"2) - (192*%a~5*xb~7)/(a"6 + a~2*%b~4 - 2*xa~4%b~2) + (
128*a”~7*b~5)/(a”6 + a~2*%b"4 - 2*a~4*xb~2) + (64*a~9%b"3)/(a"6 + a~2xb"4 - 2%
a~4*xb~2) - (64*xa~11xb)/(a”6 + a~2*%b"4 - 2*%a~4*xb~2)) - (64*axb~5*tan(c/2 + (
d*x)/2))/((64*%a~3%b"9) /(a6 + a~2*xb~4 - 2xa~4xb~2) - (192*%a"5*xb"7)/(a"6 + a
“2%b"4 - 2%a"4*b"2) + (128*%a~7*b~5)/(a"6 + a"2*b"4 - 2*xa~4xb~2) + (64*a”9*b
~3)/(a"6 + a~2%b"4 - 2*%a~4xb~2) - (64*xa~11*xb)/(a"6 + a~2xb~4 - 2xa~4*xb~2))
+ (64*a~3*b~3*tan(c/2 + (d*x)/2))/((64*xa~3%b~9)/(a"6 + a~2*xb"4 - 2*a~4*xb~2)
- (192*%a"5%b"7)/(a"6 + a~2*%b~4 - 2*%a~4*xb~2) + (128*a~7*b~5)/(a”6 + a~2*b"4
- 2%a"4xb"2) + (64*xa~9*%b~3)/(a”6 + a~2«b"4 - 2*a~4xb~2) - (64*xa~11%b)/(a"6
+ a”2xb~4 - 2%a~4xb~2))))/(a”2*d)
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3.50 s dx

1
f (a+bcsc(c+dx))

Optimal. Leaf size=170

4 _ £.272 4 —1 [ atbtan((c+dz))
b(6a* — 5a*b* + 2b*) tanh (—/—GQ — 12 ) b2 cot(c + dz) b2(5a2 _ 262)00

a? (a2 — b2)*%d  2a (a2 — %) d(a+ besc(c+ dz))? 242 (a2 — b2)* d(a +

~+
a3

[Out] x/a”3+b*(6*a~4-5*%a~2*xb~2+2*b~4) *arctanh ((a+b*tan(1/2*d*x+1/2*c))/(a"2-b~2)"
(1/2))/a~3/(a"2-b"2)~(5/2) /d-1/2xb"2*cot (d*x+c) /a/(a~2-b"2) /d/ (atb*csc (d*x+
c))"2-1/2%b" 2% (5%a~2-2xb~2) *cot (d*x+c) /a~2/(a"2-b"2) ~2/d/ (a+b*csc (d*x+c))

Rubi [A]
time = 0.21, antiderivative size = 170, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.533,

steps used = 7, number of rules used = 7, integrand size = 12,
Rules used = {3870, 4145, 4004, 3916, 2739, 632, 212}

Va2 — b2

add (a2 _ b2)5/2

4 _ 5a2b? + 2b% ~1 ( atbtan(z(ctdz))
T b2(5a2 _ 2b2) cot(c + dzx) B2 cot(c + dz) b(6a* — 5ab* + 2b*) tanh ( )

E B 2a2d (a2 — b2)2 (a + bcsc(c + dm)) B 2ad (a2 — b2) (a + bCSC(C + d:c))2

+

Antiderivative was successfully verified.
[In] Int[(a + b*Cscl[c + d*x])~(-3),x]

[Out] x/a"3 + (b*(6*xa~4 - 5*xa~2*b~2 + 2*b~4)*ArcTanh[(a + b*Tan[(c + d*x)/2])/Sqr
t[a™2 - b72]])/(a"3*(a"2 - b72)"(5/2)*d) - (b"2*Cot[c + d*x])/(2*¥ax(a"2 - b
~2)*dx(a + b*Csc[c + d*x])~2) - (b"2x(5*%a~2 - 2xb~2)*Cot[c + d*xx])/(2*a~2x*(

a2 - b"2)"2+d*(a + b*Csc[c + d*xx]))

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*x(e/d), Subst[Int[1/(a + 2*bke*x + ax
e~2xx~2), xJ], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
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a~2 - b2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2xCot[
c + d*x]*((a + b*Csclc + d*x])"(n + 1)/(a*d*(n + 1)*(a"2 - b~2))), x] + Dis
t[1/(ax(n + 1)*(a"2 - b™2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a™2 - b
“2)*x(n + 1) - axbx(n + 1)*Cscl[c + d*x] + b™2x(n + 2)*Cscl[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2*n]

Rule 3916

Int[cscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscle + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc -
axd, 0]

Rule 4145

Int[((A_.) + cscl(e_.) + (£_.)*(x_)I*(B_.) + cscl(e_.) + (£_.)*(x_)]1"2x*(C_.
))*(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(Axb~2 -

a*xb*xB + a”"2+C)*Cot[e + f*x]*((a + b*Cscle + f*x])"(m + 1)/(a*xfx(m + 1)*(a"2
- b72))), x] + Dist[1/(ax(m + 1)*(a"2 - b"2)), Int[(a + b*Csc[e + f*x]) (m
+ 1)*Simp[A*(a™2 - b™2)*(m + 1) - ax(Axb - a*B + bxC)*(m + 1)*Csc[e + f*x]
+ (A*b~2 - axb*B + a~2xC)*(m + 2)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a,

b, e, f, A, B, C}, x] && NeQ[a"2 - b2, 0] && LtQ[m, -1]

Rubi steps
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f —2(a2—b2)+2ab csc(c+dz)—b? csc? (c+dx) dr

/ 1 dr = — b? COt(C + dl’) N (a+bcsc(ctdz))?
(a + besc(c+ dx))3 2a (a? — b?) d(a + besce(c + dx))? 2a (a? — b?)
_ b cot(c + dz) B b%(5a% — 2b?) cot(c + dz) n J 2
2a (a? — b?) d(a + besc(c + dx))? 242 (a2 — b2)* d(a + besc(c + dx))
T b cot(c + dx) B b%(5a2 — 2b%) cot(c + dx) B
a®  2a(a?—b%)d(a+besc(c+dx))? 242 (a? — b2)* d(a + bese(c + dx))
T b? cot(c + dx) b%(5a* — 2b?) cot(c + dz)

@ 2a (a? — b?) d(a + bese(c + dx))? 942 (a2 — b2)* d(a + bese(c + dx)) -

T b? cot(c + dx) b%(5a* — 2b?) cot(c + dz)

@  2a (a2 —b%)d(a+besc(c+dz))? 202 (a2 — b2)* d(a + besc(c + dx)) -

z b cot(c + dx) B b%(5a% — 2b?) cot(c + dz)

a®  2a(a?—b%)d(a+besc(c+dx))? 242 (a? — b2)* d(a + bese(c + dx))
4 g 212 4 —1 [ b(§+tan(3(ct+dr)))

b(6a* — 5a*b* + 2b*) tanh ( i = ) ) b cot(c + da

a3 a? (a2 — b2)°%d 2a (a? — b?) d(a + besc

Mathematica [A]
time = 1.18, size = 216, normalized size = 1.27

20 atbtan(}(ctds)) .
Zb(Sa“75a2b1+2b“)AI‘CT&n<%) csc(c+dz)(b+asin(ctdz))?
—Z 10

(—a2+b2)%/2

esc?(c + dz) (b + asin(c + dz)) “?:f‘;‘)((ca:dbf) _ G (Zai_bz)(:’_t;;zzi),f)b;“Ni"(cﬂz)) +2(c+ dz) esc(c + dz) (b + asin(c + dz))? —

2a%d(a + besc(c + dzx))?
Antiderivative was successfully verified.

[In] Integrate[(a + b*Csc[c + d*x])~(-3),x]

[Out] (Csclc + d*x]~2*(b + a*Sin[c + d*x])*((axb~3*Cot[c + d*x])/((a - b)*x(a + b)
) - (3*axb~2%(2*%a"2 - b"2)*Cot[c + d*x]*(b + a*Sin[c + d*x]))/((a - b)"2x(a

+ b)~2) + 2+(c + d*x)*Csc[c + d*x]*(b + a*Sin[c + d*x])~2 - (2%bx(6*a~4 -
5*a~2xb~2 + 2xb~4)*ArcTan[(a + bxTan[(c + d*x)/2])/Sqrt[-a"2 + b~2]]*Csclc

+ d*x]*(b + a*Sin[c + d*x])"2)/(-a"2 + b72)7(5/2)))/(2*xa~3*d*(a + b*Csc[c +
d*x])~3)

Maple [A]
time = 0.26, size = 314, normalized size = 1.85
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method result

4a2b(4a2—b2) (tan3(d7w+%>) 4a(10a4+a2b2—2b4) (tanQ(dTw+%)) 4a2b(16a2—7b2) tan(dTw-Q—%) 4a b2 (5a2—2b2)
8a%—16a2b248b% + 8a%—16a2b248b% + 8a%—16a2b248b% 8a%4—16a2b248b%

(b(tan2(g}+%))+2atan(d{+%)+b)2

2b

derivativedivides o d

4a2b(4a2—b2) (tan3(d7w+%>) 4a(10a4+a2b2—2b4) (tanQ(dTw+%)) 4a2b(16a2—7b2) tan(dTw-Q—%) 4a b2 (5a2—2b2)
8a%—16a2b248b% + 8a%—16a2b248b% + 8a%—16a2b248b% 8a%4—16a2b248b%

(b(tan2(g}+%))+2atan(d{+%)+b)2

2b

default v

. h b2 (7ia3b e3i(dz+c) _giq pBe3i(drte) _17;43peil(dz+c) +8ib3a eildz+c) _gade2i(drtc) __gq2p2¢2i(dztc) +6b4e2i(dz—
T'1SC. a3 (2bei(da:+c) —iaezi(d“""c)+ia)2(_a2+b2)2da3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*csc(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*x(-2/a"3*bx(4*(1/8*a~2xb*(4*a~2-b"2)/(a"~4-2*xa"~2*b"2+b~4)*tan (1/2*d*x+1/2
*c) "3+1/8*a* (10*xa~4+a~2xb~2-2*b"4) / (a~4-2*%a"2%b~2+b~4) *tan (1/2*d*x+1/2*c) "2
+1/8*%a”~2xb*x (16*%a~2-7*b"2) / (a~4-2*%a"~2*xb"2+b~4) *tan (1/2*d*x+1/2%c)+1/8*%axb”~2x*
(5%a~2-2%b"2) / (a"4-2*a"2%b"2+b~4)) / (b*tan (1/2*d*x+1/2%c) “2+2*axtan (1/2*d*x+
1/2*xc)+b) ~2+2* (6*a~4-5%a"~2%b~2+2*b~4) / (4*xa~4-8*a~2%b~2+4*b"4) / (-a~2+b~"2) ~ (1

/2) *arctan(1/2* (2xbxtan (1/2*d*x+1/2%c)+2*a)/(-a~2+b~2)~(1/2)))+2/a"3*arctan
(tan(1/2*d*x+1/2%c)))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*csc(d*x+c))~3,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 433 vs.

2(161) = 322.
time = 3.33, size = 933, normalized size = 5.49
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*csc(d*x+c))~3,x, algorithm="fricas")

[Out] [1/4%(4%(a”8 - 3*a~6*%b~2 + 3*a~4*b~4 - a~2*b~6)*d*x*cos(d*x + c)~2 - 4x(a"8
- 2*xa"6*b"2 + 2*xa"2*b”"6 - b~8)*d*x - (6*a"6*b + a~4*xb"3 - 3*a"2*xb”"5 + 2*b~
7 - (6*xa”6%b - 5*xa”~4*b~3 + 2*a”~2*b~5)*cos(d*x + c)~2 + 2*%(6*%a~5xb"2 - 5%a”~3
*b~4 + 2*axb~6)*sin(d*x + c))*sqrt(a”2 - b~2)*log(((a"2 - 2xb~2)*cos(d*x +
c)"2 + 2%axb*sin(d*x + c) + a”2 + b2 + 2*(b*cos(d*x + c)*sin(d*x + c) + ax*
cos(d*x + c))*sqrt(a™2 - b~2))/(a"2*cos(d*x + c)~2 - 2*axb*sin(d*x + c) - a
"2 - b72)) + 2%(5*a”5xb"3 - 7*a~3*b~5 + 2*a*xb~7)*cos(d*x + c) - 2*(4*x(a~7*b
- 3*%a”5*%b"3 + 3*a"3*b"5 - axb”7)*d*x - 3*(2*a"6%b"2 - 3*a"4*b~4 + a~2%b”"6)
*cos(d*x + c))*sin(dxx + c))/((a”11 - 3*a”~9*%b"2 + 3*a~7*b~4 - a~5*b~6)*d*co
s(dxx + ¢)72 - 2*x(a"10%b - 3*a"8%b~3 + 3*a"6*b~5 - a~4*b~7)*d*sin(d*x + c)
- (a”"11 - 2*a”9*b"2 + 2*a~5*%b"6 - a~3*b”"8)*d), 1/2*x(2*x(a”8 - 3*a"6*b”2 + 3%
a~4*xb”4 - a~2*xb”~6)*d*x*cos(d*x + c)”2 - 2x(a"8 - 2*xa~6*%b"2 + 2*%a”~2*%b”"6 - b~
8)*dxx — (6*a”6xb + a”~4%b~3 - 3*a”2%b~5 + 2*xb”7 - (6*xa"6*b - 5*%a~4*xb"3 + 2%
a~2xb~5)*cos(d*x + c)”2 + 2x(6*a”5*%b"2 - 5*a”3%b~4 + 2*ka*b”6)*sin(d*x + c))
xsqrt(-a”2 + b~2)*arctan(-sqrt(-a"2 + b~2)*(b*sin(d*x + c) + a)/((a"2 - b~2
Y*xcos(d*x + c))) + (6*a”"5xb~3 - 7xa~3*%b~5 + 2*a*b~7)*cos(d*x + c) - (4x(a”7
*b - 3*%a"5*%b”~3 + 3*a~3*b"5 - a*b”7)*d*x - 3*(2*%a"6%b~2 - 3*a~4*xb”"4 + a"2xb”
6)*cos(d*x + c))*sin(d*x + c¢))/((a"11 - 3*a"9*b~2 + 3*a~7*b~4 - a~5*b~6)*xdx*
cos(d*x + ¢c)72 - 2*(a”10*%b — 3*a"8%b~3 + 3*a"6*%b~5 - a"4*b~7)*d*sin(d*x + c
) - (2”11 - 2%a"9%b"2 + 2*a~5xb~6 - a~3*b"8)*d)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1
3 dz
(a + bese (¢ + dr))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*csc(d*x+c))**3,x)
[Out] Integral((a + b*csc(c + d*x))**(-3), x)

Giac [A]
time = 0.42, size = 297, normalized size = 1.75

Laetd
(6a*b-5a267+26%) (m| 422¢4-1 |sgn(8) +arctan ben(hdrh o)t B . ) " )
V—a?+ b2 + 40 tan(§ do+3 o)’ —ab? tan(} da+3 ¢)*+10a%btan(§ de+] c)*+a%b% tan(§ de+] ¢)*—20° tan(§ da+] ¢)*+16 0% tan(§ da+] ¢) T ab? tan(§ da+5 ¢)+5a%6*—26°  gpie
— a3
(a7—2a56+a3b1) v/ —a2 + b2 (u572a4b2+a254)(btalx(%dr+%u)z+2amn(% d.r+%c)+b) @

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(d*x+c))~3,x, algorithm="giac")

[Out] -((6*%a~4*b - 5%a~2*b~3 + 2%b~5)*(pi*floor(1/2*(d*x + c)/pi + 1/2)*sgn(b) +
arctan((b*tan(1/2*d*x + 1/2xc) + a)/sqrt(-a"2 + b~2)))/((a"7 - 2xa~5%b~2 +
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a~3*b~4)*sqrt(-a”2 + b~2)) + (4*a”~3*b~2xtan(1/2xd*x + 1/2%c)~3 - axb~4*tan(
1/2%d*x + 1/2%c)”3 + 10*a"4*bxtan(1/2*d*x + 1/2%c)"2 + a~2xb~3*tan(1/2*xd*x
+ 1/2%c)”2 - 2%b~5xtan(1/2*d*x + 1/2%c)"2 + 16*a”3*b~2xtan(1/2*d*x + 1/2%*c)
- Txaxb~4xtan(1/2*xd*x + 1/2xc) + 5%a~2xb~3 - 2%b~5)/((a"6 - 2*xa~4*b"2 + a~
2*%b~4) * (bxtan(1/2xd*x + 1/2%c) "2 + 2*axtan(1/2xd*x + 1/2%c) + b)~2) - (d*x
+ c)/a~3)/d

Mupad [B]
time = 8.80, size = 2500, normalized size = 14.71

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b/sin(c + d*x))~3,x)

[Out] ((2*b~5 - 5*xa”2%b~3)/(a"2*%(a"4 + b™4 - 2*a~2*b"2)) + (tan(c/2 + (d*x)/2)*(7
*b~4 - 16*%a~2*b"2))/(ax(a”4 + b~4 - 2*%a~2+%b"2)) + (tan(c/2 + (d*x)/2)"3*(b~
4 - 4xa~2xb"2))/(ax(a”4 + b"4 - 2*%a~2*xb"2)) - (tan(c/2 + (d*x)/2) " 2*x(5*xa”~2x*
b - 2%b~3)*(2*%a"2 + b~"2))/(a"2x(a”4 + b~4 - 2*%a~2*%b"2)))/(dx(tan(c/2 + (d*x
)/2)"2%(4*a~2 + 2%b"2) + b 2*tan(c/2 + (d*x)/2)"4 + b~2 + 4xaxb*tan(c/2 + (
d*x)/2)"3 + 4xaxbxtan(c/2 + (d*x)/2))) + (2*xatan((((8*(4*a~2*b~10 - 16%a~4x*
b~8 + 24*xa~6*%b"6 - 16*%a”8*b"4 + 4*xa~10*b~2))/(a”13 + a"5*b”"8 - 4*xa”~7*b"6 +
6*a”~9*%b"4 - 4*xa~11xb"2) - (((8*%(4*a~14*b + 2*a~6*xb~9 - 4*a~8*b~7 + 6*a”~10*b
~5 - 8%a~12%b"3))/(a"13 + a~5*b~8 - 4*a"T7*b"6 + 6%a"9*b"4 - 4xa~11xb"2) - (
((8%(4*a~8%b~10 - 16*a”~10*b~8 + 24*xa~12%b"6 - 16*%a”14*xb~4 + 4*xa~16xb"2))/(a
13 + a"5%b"8 - 4*a"T7*b"6 + 6*%a”"9%b~4 - 4*a~11%b"2) + (8*tan(c/2 + (d*x)/2)
*(12*xa~18%b - 8*a~8xb~11 + 44*a~10%b~9 - 96*%a~12%b~7 + 104*xa~14*xb~5 - 56%a”
16%b~3))/(a"14 + a~6*b"8 - 4*xa”8%b~6 + 6*a”~10*b"4 - 4*xa”~12%b~2))*1i)/a"3 +
(8xtan(c/2 + (d*x)/2)*(8*xa~6*b~10 - 36*a”8%b~8 + 72*a”~10%b~6 - 68*a~12*xb~4
+ 24*xa”~14xb"2))/(a"14 + a~6*%b"8 - 4*a~8*b~6 + 6*xa~10%b"4 - 4*a”~12%b"2))*1i)
/a~3 + (8*tan(c/2 + (d*x)/2)*(8*a"~12%b - 8*a~2*%b~11 + 44*a~4%b~9 - 105*a~6%
b~7 + 124%a"8%b"5 - 72*a~10*b"3))/(a"14 + a~6%b"8 - 4*a~8*b"6 + 6*xa~10*%b~4
- 4%a”12*b~2))/a"3 + ((8*x(4*a~2*xb~10 - 16*a~4*b~8 + 24*a~6*b~6 - 16*a~8*b~4
+ 4*xa~10*b"2))/(a”13 + a~5%b~8 - 4*a"T7*b"6 + 6*%a~9*b~4 - 4*xa”~11xb"2) + (((
((8%(4*a~8%b~10 - 16*a”~10*b~8 + 24*a~12%b~6 - 16*a”14*b~4 + 4*xa~16xb~2))/(a
13 + a"5%b"8 - 4*a"7*b"6 + 6*%a”"9%b~4 - 4*a~11%b"2) + (8*tan(c/2 + (d*x)/2)
*(12*xa~18%b - 8*a~8xb~11 + 44*a~10*%b~9 - 96*a~12*%b~7 + 104*xa~14*xb~5 - 56%a”
16x%b~3))/(a"14 + a~6*xb~8 - 4*xa~8*b~6 + 6*xa”~10*b~4 - 4*xa~12*b~2))*1i)/a"3 +
(8% (4*a~14*b + 2*xa~6*b~9 - 4%a~8xb~7 + 6*a~10*%b~5 - 8*a~12%b~3))/(a~13 + a~
5%b~8 - 4*a"T7*b"6 + 6*%a”9*%b~4 - 4*a~11xb"2) + (8*tan(c/2 + (d*x)/2)*(8*a~6%
b~10 - 36*%a~8%b"8 + 72*a"10*b~6 - 68*a~12%b"4 + 24%a"14*xb"2))/(a"14 + a~6%*b
"8 - 4*a"8%b~6 + 6*%a”~10%b~4 - 4*a~12xb”2))*1i)/a~3 + (8*tan(c/2 + (d*x)/2)*
(8*%a~12xb - 8xa~2%b~11 + 44xa~4*xb~9 - 105*%a"~6*xb~7 + 124*a~8*xb~5 - 72*a~10%*b
~3))/(a"14 + a”6*b"8 - 4*a~8*%b~6 + 6*a”~10*b"4 - 4*xa~12*xb~2))/a~3)/((16*%(2*b
"9 - 13*%a"2*%b"7 + 26*a~4*xb~5 - 24*a~6*%b"3))/(a"13 + a~5*xb~8 - 4*a~T7*b"6 + 6
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*a"9%b"4 - 4*%a”~11%b"2) - (((8*(4*a~2%b~10 - 16*a"4*b~8 + 24*a~6xb~6 - 16*a”
8*b~4 + 4*xa~10%b~2))/(a”13 + a~5%b"8 - 4*a”~7*b"6 + 6*xa”9*%b"4 - 4%a”~11*xb"2)
- (((8%(4*a~14xb + 2*a~6xb~9 - 4*a~8%b~7 + 6%a~10%b~5 - 8*a~12%b~3))/(a"13
+ a~5*%b"8 - 4*a~7*b"6 + 6*%a~9*%b"4 - 4*%a”~11x%b"2) - (((8*%(4*%a~8xb~10 - 16*a"1
0*%b~8 + 24*a”~12*b~6 - 16*a~14%b"4 + 4*a~16*b"2))/(a"13 + a~5*%b~8 - 4*a~7*b~
6 + 6%a"9%b"4 - 4xa~11xb"2) + (8*tan(c/2 + (d*x)/2)*(12*a~18%b - 8*a~8*b~11
+ 44%a”~10%b~9 - 96*a~12%b"7 + 104*a”~14*xb~5 - 56*a~16%b"3))/(a"14 + a~6xb”8
- 4xa”~8*%b"6 + 6*xa~10*%b"4 - 4*a~12%b"2))*1i)/a"3 + (8xtan(c/2 + (d*x)/2)*(8
*a"6xb~10 - 36*%a"8*%b"8 + 72*a~10*%b"6 - 68*a~12%b"4 + 24*a”~14xb~2))/(a"14 +
a~6xb~8 - 4%a~8xb"6 + 6*a~10*b"4 - 4*a~12*xb"2))*1i)/a"3 + (8*tan(c/2 + (d*x
)/2)*(8*a~12%b - 8*a~2*%b~11 + 44*a~4xb~9 - 105*%a~6*b~7 + 124*a”~8*xb~5 - 72*a
~10%b"3))/(a"14 + a~6*xb~8 - 4*xa~8%b"6 + 6*a~10*b"4 - 4xa~12%b"2))*1i)/a"3 +
(((8x(4*xa~2%b"10 - 16*a"4*b"8 + 24*a~6*xb~6 - 16*a"~8*b~4 + 4*xa~10*xb~2))/(a”
13 + a”~5%b~8 - 4%a~7*b"6 + 6%a~9%b~4 - 4xa~11xb"2) + (((((8*(4*a~8*xb~10 - 1
6*%a~10*%b~8 + 24*xa~12*b"6 - 16*a”~14*%b~4 + 4*xa~16%b~2))/(a"13 + a~5xb~8 - 4xa
“T%b"6 + 6*%a”~9%b"4 - 4*xa~11xb"2) + (8*tan(c/2 + (d*x)/2)*(12*a~18%b - 8*a"8
*b~11 + 44%a”10%b"9 - 96%a~12*%b~7 + 104*a~14*b"5 - 56*a~16*xb~3))/(a"14 + a~
6*%b~8 — 4*a”8%b~6 + 6*%a”~10*%b~4 - 4*a~12xb”2))*1i)/a"3 + (8*(4*xa”~14*b + 2xa~
6*%b~9 - 4*a~8%b~7 + 6*%a”~10*%b~5 - 8*a~12xb~3))/(a"13 + a~“5*%b"8 - 4*a”~7*b"6 +
6*%a~9*b"4 - 4xa~11*b~2) + (8xtan(c/2 + (d*x)/2)*(8*a~6*b~10 - 36*a”~8%b~8 +
72%a~10*xb"6 - 68*a~12*b~4 + 24*a~14%b"2))/(a"14 + a~6*xb"8 - 4*xa~8*xb"6 + 6%
a~10*xb"4 - 4*a~12*xb"2))*1i)/a"3 + (8*tan(c/2 + (d*x)/2)*(8*a~12xb — 8*a~2%b
~11 + 44%a~4%b"9 - 105%a~6xb~7 + 124*a~8%b"5 - 72*a~10*%b~3))/(a"14 + a~6%b~
8 - 4*xa”8*b"6 + 6*xa~10%b"4 - 4*xa~12%b"2))*1i)/a"3 + (16*xtan(c/2 + (d*x)/2)*
(8*%b~10 - 36*a"2*%b"8 + 72*xa~4*b~6 - 68*a"6*%b"4 + 24*a~8*b~2))/(a"14 + a~6%*b
"8 - 4*a"8%b"6 + 6*%a”~10%b~4 - 4*a~12%b"2))))/(a"3*d) + (b*atan(((b*x((a + b)
“Bx(a - b)"5)"(1/2)*(6*xa~4 + 2x¥b~4 - 5*%a~2*%b~2) *((8*(4*xa~2xb~10 - 16*a~4*b~
8 + 24*%a”6*b"6 - 16*%a~8*b~4 + 4*a~10%b"2))/(a"13 + a~5*%b"8 - 4*a"7*b"6 + 6%
a~9*xb~4 - 4*a~11xb~2) + (8xtan(c/2 + (d*x)/2)*(8*a~12*b - 8*a~2xb~11 + 44xa
~4%xb~9 - 105%a~6%b~7 + 124*a~8xb~5 - 72%*a~10%b~3))/(a"14 + a~6%b~8 - 4*xa~8x
b"6 + 6*¥a~10*b"4 - 4xa~12*b~2) - (b*((a + b)~5x(a - b)~5)~(1/2)*((8*x(4*a~14
*b + 2*%a”6*%b"9 - 4*a~8*b~7 + 6*%a~10*%b"5 - 8*%a~12*b~3))/(a"13 + a~5*%b"8 - 4%
a~7*b"6 + 6*a”9*b~4 - 4*a~11xb"2) + (8xtan(c/2 + (d*x)/2)*(8*a~6xb~10 - 36%
a~8%b~"8 + 72*xa~10*b~6 - 68*a~12%b"4 + 24*a”14xb"2))/(a"14 + a~6%b"8 - 4*a”8
*b~6 + 6*%a”~10*b"4 - 4*a~12*xb"2) - (b*((8%(4*a~8*b~10 - 16*a~10*%b~8 + 24#*a”~1
2xb~6 - 16*a~14%b"4 + 4*a~16*b~2))/(a"13 + a~5%b"8 - 4*a~7*b”6 + 6*¥a~9*b~4
- 4xa”~11*%b"2) + (8xtan(c/2 + (d*x)/2)*(12*xa”~18%...
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1
f (a+bcsc(c+dx))

Optimal. Leaf size=239

3.51 . dx

6 _ g dp2 L 7214 _ op6 ~1 ( atbtan(s(ctds))
b(8a® — 8a’b? + Ta?b* — 2b°) tanh ( Vaz— b2 > b? cot(c + dz) b*(8a

at (a? — b2)? d 3a(a? —b?)d(a+besc(c+ dz))® 6a? (a2 —1

“ 4
(14

[Out] x/a”4+b*x(8*a~6-8*a”~4*b~2+7*a”2*¥b~4-2xb~6) *arctanh ((a+b*tan(1/2xd*x+1/2%c))/
(a"2-b"2)"(1/2))/a"4/(a"2-b"2)~(7/2) /d-1/3*b"2*xcot (d*x+c) /a/(a"2-b"2) /d/ (a+
bxcsc(d*x+c)) "3-1/6%b" 2% (8*%a~2-3*b~2) *cot (d*x+c) /a~2/(a"2-b"2) ~“2/d/ (a+b*csc
(d*x+c))~2-1/6*b" 2% (26*%a~4-17*a"2*¥b~2+6*b~4) *cot (d*x+c) /a~3/(a"2-b"2)~3/d/ (
a+bxcsc(d*x+c))

Rubi [A]
time = 0.34, antiderivative size = 239, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.533,

steps used = 8, number of rules used = 7, integrand size = 12,
Rules used = {3870, 4145, 4004, 3916, 2739, 632, 212}

atbtan(3(c+dz))
z b?(8a? — 3b?) cot(c + dz) b? cot(c + dz) Va? — b2 ) _ b*(26a" — 17a%b" + 6b*) cot(c + d)

b(8aS — 8a'h? + 7ab* — 2b°) tanh ™" (
. - +
a' 6a2d (a2 — b2)* (a + besc(c+ dz))?  3ad (a? — b%) (a + besc(c + dx))? atd (a2 — b2)"2 6a3d (a2 — b2)° (a + bese(c + dz))

Antiderivative was successfully verified.
[In] Int[(a + b*Csc[c + d*x])~(-4),x]

[Out] x/a"4 + (b*(8*a~6 - 8*a~4*b~2 + 7*a"2*xb~4 - 2*%b~6)*ArcTanh[(a + b*Tan[(c +
d*x)/2])/Sqrt[a~2 - b"2]]1)/(a"4*x(a"2 - b~2)"(7/2)*d) - (b~2*Cot[c + d*x])/(
3*xax(a”2 - b"2)*d*x(a + b*Csclc + d*x])~3) - (b"2%(8*xa"2 - 3*b~2)*Cot[c + dx*
x])/(6*xa~2*(a"2 - b~2)"2*d*(a + b*Csc[c + d*x])~2) - (b"2*(26%a~4 - 17*a~2%

b"2 + 6%b~4)*Cot[c + d*x])/(6*a~3*(a"2 - b~2) 3*xd*(a + bxCscl[c + d*x]))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*x(e/d), Subst[Int[1/(a + 2*bke*x + ax
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e"2¥x"2), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a™2 - b~2, 0]

Rule 3870

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + d*x]*((a + bxCsclc + d*x])"(n + 1)/(a*d*x(n + 1)*(a"2 - b"2))), x] + Dis
t[1/(ax(n + 1)*(a"2 - b~2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”™2 - b
“2)*%(n + 1) - axbx(n + 1)*Cscl[c + d*x] + b™2%(n + 2)*Csclc + d*x]~2, x], x]
, x]1 /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2#n]

Rule 3916

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]1), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(@d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)1*(b_.) +
(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x

1/(a + b*Cscle + f*x]), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 4145

Int[((A_.) + cscl(e_.) + (£_.)*(x )]1*(B_.) + cscl(e_.) + (£f_.)*x(x_)]"2x(C_.
Nx(cscl(e_.) + (£_)*(x_)]1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -

a*xbxB + a~2+C)*Cot[e + f*x]*((a + b*Cscle + f*x])"(m + 1)/(a*xfx(m + 1)*(a"~2
- b72))), x] + Dist[1/(ax(m + 1)*(a"2 - b"2)), Int[(a + b*Cscl[e + f*x]) (m
+ 1)*Simp[A*(a”2 - b™2)*(m + 1) - a*(Axb - a*B + b*C)*(m + 1)*Cscle + f*x]
+ (A*b~2 - axb*B + a~2*%C)*(m + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a~2 - b~2, 0] && LtQ[m, -1]

Rubi steps
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/ 1 e B2 cot(c 4 dx) ) f —3(a?—b )+I(3Z—l")_<;sc<:s(cc(—ic—_t’i_a(ci)w;)23b csc?(c+dz) da
(a+besc(c+dz))* ™~ 3a(a?— b2)d(a+ besc(c+ dz))3 3a (a? — b?)
_ b cot(c + dz) B b*(8a? — 3b?) cot(c + dx) N i
3a (a? — b%) d(a +besc(c +dz))®  6a2 (a2 — b2)? d(a + besc(c + dz))?
_ b? cot(c + dz) B b?(8a? — 3b?) cot(c + dx) b
3a (a? — b%)d(a+besc(c+dz))® 642 (a2 — b2)? d(a + besc(c + dz))2
T b? cot(c + dzx) B b*(8a? — 3b?) cot(c + dx)
ot 3a(a?—b?)d(a+besc(c+dr))®  6a2(a? — b2)°d(a + besc(c+ dx))?
T b cot(c + dx) b%(8a* — 3b?) cot(c + dz)

a*  3a(a2 —b?)d(a+besc(c+dr))®  6a2 (a2 — b2)* d(a + besc(c + dx))?

z b cot(c + dx) B b%(8a* — 3b?) cot(c + dz)
ot 3a(a®—b%)d(a+besc(c+dr))®  6a2 (a2 — b2)*d(a + besc(c+ dx))?

T b? cot(c + dz) B b*(8a? — 3b?) cot(c + dx)

ot 3a(a®—b?)d(a+besc(c+dr))®  6a2 (a2 — b2)°d(a + besc(c+ dx))?
6 Q Ap2 214 016 —1 [ b(§+tan(3(c+de)))

z b(8a® — 8a’b* + Ta’b* — 2b°) tanh ( a1 ) ) B

at at (a2 — b2)"*d 3a(a? —b?)c

Mathematica [A]
time = 2.13, size = 279, normalized size = 1.17

5 “+Ba‘b‘77a‘b‘72b";ArCTan(o +otan(d crde)) ) csolc+de) (b+asin(c+dz)®
a+)7

6b(~8a!
csc*(c+ dz)(b -+ asin(c + d)) (ﬁ‘:xﬁm) LT el dGrasin(eids) _ B0l S )Ml g Gtaslet ) 4 6(c + ) escle + da) (b+ asin(c + dx))° - Vil 1

6a'd(a + bese(c + dz))t

Antiderivative was successfully verified.

[In] Integrate[(a + b*Csc[c + d*x])~(-4),x]

[Out] (Csclc + d*x]~3*(b + a*xSin[c + d*x])*((2*axb~4*Cot[c + d*x])/((-a + b)*(a +
b)) + (axb~3*%(12*%a"2 - 7*b~2)*Cot[c + d*x]*(b + a*Sin[c + d*x]))/((a - b)~

2%(a + b)"2) - (a*xb™2*%(36*%a~4 - 32*%a"2*%b"2 + 11*%b~4)*Cot[c + d*x]*(b + a*Si

nlc + d*x])~2)/((a - b)"3*(a + b)~3) + 6%(c + d*x)*Csc[c + d*x]*(b + a*Sin[

c + d*x])"3 - (6*bx(-8*a"6 + 8*xa~4*xb~2 - T*a~2*b”"4 + 2xb~6)*ArcTan[(a + b*T
an[(c + d*x)/2])/Sqrt[-a"2 + b~2]]1*Csc[c + d*x]*(b + a*Sin[c + d*x])~3)/(-a

~2 + b"2)7(7/2)))/(6xa~4xd*x(a + b*Csc[c + d*x])~4)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 544 vs.
2(228) = 456.
time = 0.39, size = 545, normalized size = 2.28 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*csc(d*x+c))~4,x,method=_RETURNVERBOSE)

[Out] 1/d*x(2/a"4*arctan(tan(1/2*xd*xx+1/2*xc))-2/a~4*b* (8% (1/16*%b~2*%a"~ 2% (6*xa~4-2*xa~2
*b~2+b"4) / (a~6-3*a"4*b~2+3*a"2*b"4-b"6) *tan (1/2*d*x+1/2%c) “5+1/16*a*b* (28*a
~6-4*a"4%b"2-a"2*b"4+2xb"6) / (a~6-3*a"4*b"2+3*%a"2*xb"4-b"6) *tan (1/2*d*x+1/2*c
) "4+1/24*a" 2% (52%a"~6+44*a”~4xb~2-39*a~2xb"4+18%b"6) / (a~6-3*a~4*xb~2+3*a~2*¥b"4
-b~6) *tan (1/2*xd*x+1/2*c) ~3+1/8*axb* (38*a~6-19%a~4*xb~2+4*a~2xb~4+2%b~6) /(a6
-3*%a~4*xb~2+3*a"2*xb"4-b"6) *tan (1/2*d*x+1/2*xc) "2+1/16* (46*a~4-32*xa"~2*xb~2+11%b
~4)*a”2*%b"2/(a"6-3*%a"4*b"2+3*a"2*%b~4-b"6) *tan (1/2*xd*x+1/2*c)+1/48*a*b~3* (26
*a~4-17*a"2%b~2+6*b"4) / (a~6-3*a"4*b~2+3*a"2*b"4-b"6) ) / (b*tan (1/2*xd*x+1/2*c)
~2+2xaxtan (1/2xd*xx+1/2%c)+b) “3+4* (8*%a~6-8*a"~4*b~2+7*a”~2*b~4-2*xb~6) / (8*a~6-2
4xa”4xb"2+24*a~2%b~4-8*b~6) / (-a~2+b~2) ~(1/2) *arctan (1/2* (2xb*tan (1/2*d*x+1/
2xc)+2*a)/(-a~2+b~2)~(1/2))))

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*csc(d*x+c))~4,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 744 vs.
2(228) = 456.
time = 4.26, size = 1554, normalized size = 6.50

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*csc(d*x+c))~4,x, algorithm="fricas")

[Out] [1/12%(36*(a”10*b - 4*a~8*xb~3 + 6*a~6xb”~5 - 4*a~4*xb~7 + a~2xb~9)*xd*x*cos (dx*
X + ¢c)”2 - 2%(36*%a"9%b"2 - 68*a"7*b"4 + 43*a~5*%b"6 - 11*a”~3*b”"8)*cos(d*x +

c)"3 - 12%(3*a”~10*b - 11*a~8*b~3 + 14*a~6*b”5 - 6*a~4*xb~7 - a~2%b~9 + b~11)

*d*x - 3*%(24*%a”8*b"2 - 16*a~6*%b~4 + 13*a"4*b"6 + a~2*xb"8 - 2xb~10 - 3*(8*a”

8*%b~2 — 8*a"6%b~4 + T*a"4%b~6 - 2*a~2*%b~8)*cos(d*x + c)”2 + (8*xa~9*b + 16*a
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“T*%b"3 - 17*a"5*%b”"5 + 19%a~3*%b~7 - 6*a*b”9 - (8*a~9%b - 8xa~T7*b~3 + T*a~5*b
~5 - 2%a”~3*b~7)*cos(d*x + c)~2)*sin(d*x + c))*sqrt(a”2 - b~2)xlog(((a"2 - 2
*b~2)*cos(d*x + c)”2 + 2*xaxbxsin(d*x + c) + a2 + b~2 + 2% (b*xcos(d*x + c)*s
in(d*x + c) + a*cos(d*x + c))*sqrt(a”2 - b~2))/(a"2*cos(d*x + c)~2 - 2%axb*
sin(d*x + ¢c) - a”2 - b72)) + 12%(6*%a"9%b"2 - 7*a~7*b"4 + 2*xa~3*%b~8 - a*b~10
Y*xcos(d*x + c) + 6%(2x(a"11 - 4%a~9*b"2 + 6*a~7*b"4 - 4xa~5xb”"6 + a~3*b~8)*
d*x*cos(d*x + ¢c)72 - 2*(a"11 - a"9*%b"2 - 6*a”~7*b"4 + 14*a”5%b"6 - 11*a”3*b~
8 + 3*axb~10)*d*x + 5*%(4*a~8*xb~3 - 7*a~6xb”~5 + 4*a~4*xb”7 - a~2*xb~9)*cos(d*x
+ ¢))*sin(d*x + c))/(3*(a"14*b - 4*a~12*%b~3 + 6*%a~10*%b~5 - 4*a~8*xb~7 + a~6
*b~9) *d*cos(d*x + ¢c)"2 - (3*a~14xb - 11*%a"12*%b"3 + 14*a~10*b~5 - 6*a~8*b~7

- a"6*b”"9 + a"4xb~11)*d + ((a”15 - 4*a~13*b"2 + 6*xa~11*%b"4 - 4*%a~9*b"6 + a~
7¥b~8) *d*cos(d*x + c)~2 - (a”15 - a”~13*b"2 - 6%xa~11*%b~4 + 14*%a~9%b"6 - 1lxa
“7T+%b~8 + 3*%a”~5%b~10)*d)*sin(d*x + c)), 1/6%(18%(a~10%b - 4*a~8*b~3 + 6*a"6%
b~5 - 4*%a~4%b”7 + a”2*%b”9)*d*x*cos(d*x + c)”2 - (36*%a”"9*%b"2 - 68*a~7*b"4 +
43%a~5*b~6 - 11*a~3*b~8)*cos(d*x + c)~3 - 6%(3*a~10*xb - 11%a~8*b~3 + 14*a"6
*b~5 - 6*%a”4xb"7 - a"2%b"9 + b~11)*d*x - 3*(24*a"8*xb”"2 - 16*a"6*xb"4 + 13*a”
4%xb”6 + a~2x%b~8 - 2*%b~10 - 3*(8%a"8*b"2 - 8*xa~6xb"4 + T*a~4*b”"6 - 2*%a~2xb~8
Yxcos(d*x + c)”2 + (8*xa~9%b + 16*a~7*xb"3 - 17*a~5*xb”5 + 19*a”~3*b~7 - 6*xa*xb”
9 - (8*a”9%b - 8*a”~7*b~3 + 7*a"5*b~5 - 2*xa~3*b~7)*cos(d*x + c)~2)*sin(d*x +
c))*sqrt(-a~2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin(d*x + c) + a)/((a"2 -
b~2)*cos(d*x + c))) + 6%(6%a"9*%b"2 - 7*a~7*b~4 + 2*a~3*b"8 - a*b~10)*cos(d
*x + c) + 3*%(2x(a”"11 - 4*xa~9*b"2 + 6*a”~7*b"4 - 4xa~5xb”"6 + a~3*b~8) *d*x*cos
(d*x + ¢)72 - 2%(a"11 - a~9%b~2 - 6*%a~7*b~4 + 14*%a"5*%b”"6 - 11*xa~3*b~8 + 3*a
*b~10) *d*x + 5x(4*a"8%b~3 - 7*a"6%b~5 + 4*a~4*b~7 - a”~2*%b"9)*cos(d*x + c))*
sin(d*x + ¢))/(3*(a"~14%b - 4*a~12%b~3 + 6*a”~10%b~5 - 4*a~8*b~7 + a~6%b~9)x*d
*cos(d*x + ¢c)”2 - (3*a"14xb - 11*a~12%b"3 + 14*a”~10*b~5 - 6*%a~8*b~7 - a~6*b
"9 + a~4%b"11)*d + ((a”15 - 4*%a~13%b"2 + 6*a”11*b"4 - 4*a~9*b~6 + a~T7*b"8)*
d*cos(d*x + c)~2 - (a”15 - a”~13*b"2 - 6*xa~11*%b"4 + 14*%a~9*b"6 - 11*xa”~7*b"8

+ 3*a~5xb~10) *d) *sin(d*x + c¢))]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

d/ 1
7 dx
(a + bese (¢ + dx))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+bx*csc(d*x+c))**4,x)
[Out] Integral((a + b*csc(c + d*x))**(-4), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 535 vs. 2(228) =
456.
time = 0.45, size = 535, normalized size = 2.24
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*csc(d*x+c))~4,x, algorithm="giac")

[Out] -1/3%(3*(8*a~6%b - 8*a~4%b~3 + 7*a~2%b~5 - 2xb~7)*(pi*floor(1/2*(d*x + c)/p
i + 1/2)*sgn(b) + arctan((b*tan(1/2*d*x + 1/2%c) + a)/sqrt(-a”2 + b~2)))/((
a~10 - 3*a"8%b”2 + 3*a"6%b”"4 - a~4*b”6)*sqrt(-a”2 + b~2)) + (18*a”~5*b~3x*tan
(1/2*%d*x + 1/2*c)”5 - 6*a~3*b~5*tan(1/2*xd*x + 1/2*c)”5 + 3*axb”~7*tan(1/2xdx*
X + 1/2xc)”5 + 84xa~6xb~2*tan(1/2xd*x + 1/2*c)”4 - 12*xa~4xb~4xtan(1/2xd*x +
1/2*c)~4 - 3*a~2*%b"6*tan(1/2*xd*x + 1/2*c)~4 + 6*%b~8*tan(1/2*d*x + 1/2*c)~4
+ 104*a”7*b*tan(1/2xd*x + 1/2*c)”3 + 88*a~bxb~3*tan(1/2*d*x + 1/2xc)"3 - 7
8*a~3*xb~5*xtan(1/2xd*x + 1/2xc)”3 + 36*axb”~7*tan(1/2xd*x + 1/2xc)”3 + 228%a”
6*%b~2xtan(1/2*d*x + 1/2%c)"2 - 114*a~4xb~4xtan(1/2*d*x + 1/2%c)~2 + 24*a~2%
b 6*xtan(1/2xd*x + 1/2*c)”2 + 12*%b~8xtan(1/2*d*x + 1/2%c)~2 + 138*a~5xb~3*ta
n(1/2xd*x + 1/2%c) - 96*a”3*b~5xtan(1/2*d*x + 1/2%c) + 33*axb~7xtan(1/2*d*x
+ 1/2%c) + 26*xa”4xb”"4 - 17*a”~2*%b~6 + 6*xb~8)/((a”9 - 3*a”~7*b"2 + 3*a~bxb~4
- a”~3*b"6) *(bxtan(1/2*xd*x + 1/2%c)"2 + 2*axtan(1/2xd*x + 1/2%c) + b)~3) - 3
*(d*x + c)/a"4)/d

Mupad [B]
time = 12.38, size = 2500, normalized size = 10.46

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b/sin(c + d*x))~"4,x)

[Out] (2*xatan((((8*(4*a~3*%b~14 - 24*a”5*b~12 + 60*a~7+*b~10 - 80*a~9*b"8 + 60*a~11
*b~6 - 24*%a”13*b"4 + 4*xa~15%b"2))/(a”20 + a”~8*b~12 - 6*a~10*%b~10 + 15*a~12%
b~8 - 20*a~14#b"6 + 15%a”~16*b~4 - 6*xa~18*%b"2) - (((8%(4*a~20*b + 2*xa~8*b~13
- 14%a~10%b"11 + 30*%a~12*%b~9 - 30*a~14%b~7 + 20*a”~16*xb~5 - 12*%a~18%b~3))/(
a”"20 + a”8xb"12 - 6*%a~10*xb"10 + 15*%a~12*xb"8 - 20*a~14*b~"6 + 15*%a~16*xb"4 - 6
*a~18%b~2) - (((8%(4*a~11%b~14 - 24*a~13*xb~12 + 60*a~15%b~10 - 80*a~17*b"8
+ 60*%a~19%b~6 - 24*a~21%b"4 + 4*a~23*xb"2))/(a”20 + a~8%b~12 - 6%a~10*b~10 +
15%a~12%b~8 - 20*%a"~14*b"6 + 15*xa~16*%b~4 - 6*a~18%b~2) + (8*xtan(c/2 + (d*x)
/2)%(12%a”~25%xb - 8*a~11%b~15 + 60*%a”~13*b~13 - 192%a~15%b~11 + 340%a~17*b"9
- 360*%a~19*%b~7 + 228*a~21%b~5 - 80*%a~23*b~3))/(a"21 + a~9%b~12 - 6*a”~11*b~1
0 + 15%a~13*%b~8 - 20*a~15%b~6 + 15%a~17%b~4 - 6%a~19*xb~2))*1i)/a~4 + (8*tan
(c/2 + (d*x)/2)*(8*%a"~8*b~14 - 52*xa~10*%b~12 + 140*%a~12*b~10 - 220*a~14*b"8 +
220*%a"16*%b"6 - 128*a~18*b~4 + 32%a~20%b"2))/(a"21 + a~9*b~12 - 6*a~11%b~10
+ 156%a”~13*xb~8 - 20*a~15%b"6 + 15%a”~17*b"4 - 6*xa~19*b~2))*1i)/a"4 + (8*tan(
c/2 + (d*x)/2)*(8*a”~17*b - 8*a~3*%b~15 + 60*a~5*b~13 - 189*a~7*b~11 + 344%*a"
9%b~9 - 396%a~11xb~7 + 272%a”~13%b~5 - 116*%a~15%b"3))/(a"21 + a~9*%b~12 - 6%*a
~11%b~10 + 15*%a”13*b"8 - 20*a~15%b~6 + 15*%a~17*b"4 - 6*a~19*b~2))/a~4 + (((
(((8*x(4*a~11%b"14 - 24*a~13*b"12 + 60*a~15%b~10 - 80*a~17*b"8 + 60*a~19*b~6
- 24%a"21*%b"4 + 4*xa~23*%b"2))/(a”20 + a~8*b"12 - 6*xa~10%b~10 + 15%a~12*b"8
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- 20*%a”14*b"6 + 15*xa~16*%b~4 - 6*%a~18*b"2) + (8xtan(c/2 + (d*x)/2)*(12*%a"~25%
b - 8%a~11*xb"15 + 60*%a~13*xb"13 - 192*xa~15%xb~11 + 340*%a”~17*b"9 - 360*%a~19*b~
7 + 228%a”21xb~5 - 80*%a~23%b"3))/(a"21 + a~9%b~12 - 6*%a~11%b~10 + 15%a~13*b
~8 - 20*%a"15*%b"6 + 15%a~17*b~4 - 6*a~19%b"2))*1i)/a"4 + (8*(4*a~20%b + 2*a”
8xb~13 - 14%a~10xb"11 + 30*%a~12%b"9 - 30*a~14xb~7 + 20*%a~16*b~5 - 12*%a~18%*b
~3))/(a"20 + a~8*b~12 - 6*%a~10%b~10 + 15%a~12*b~8 - 20*a~14*b~6 + 15*%a”~16x*b
4 - 6*%a”18%b"2) + (8*tan(c/2 + (d*x)/2)*(8*%a"8*b~14 - 52%a~10*b~12 + 140*a
~12%b"10 - 220*%a”14*xb"8 + 220*a~16*b"6 - 128*a”~18*b~4 + 32*xa~20%b"2))/(a"21
+ a”9*%b"12 - 6*%a”"11xb~10 + 15*%a~13*%b"8 - 20*%a~15*xb"6 + 15*xa~17*b"4 - 6*a”1
9%b~2))*1i)/a"4 + (8*x(4*a~3%b~14 - 24*a~5*b~12 + 60*a~7*b~10 - 80*a~9*b~8 +
60*a~11*b"6 - 24*xa~13*b~4 + 4*a~15%b"2))/(a"20 + a~8*b~12 - 6*a~10*%b~10 +
15%a~12xb~8 - 20*a~14%b"6 + 15%a”~16*b~4 - 6*xa~18*%b~2) + (8*tan(c/2 + (d*x)/
2)%(8%a”~17xb - 8*a~3*b~15 + 60*a"~5%b~13 - 189*%a~7*b~11 + 344*a"9%b~9 - 396x%
a~11%b~7 + 272*%a~13*b~5 - 116*a~15%b~3))/(a"21 + a"9*b~12 - 6*%a~11%b~10 + 1
5%a~13*b"8 - 20*a~15%b~6 + 15*%a~17*b"4 - 6*a~19*b~2))/a~4)/((16*%(2*b~13 - 1
1*a~2%b~11 + 34*a~4*b"9 - 66*a~6xb”~7 + 64*a~8*xb"5 - 48*a~10*b"3))/(a"20 + a
“8%b"12 - 6*%a”10%b"10 + 15%a”12%b"8 - 20*%a"14xb"6 + 15%a~16*%b"4 - 6*%a~18*b”~
2) - (((8%(4*xa~3xb~14 - 24*a~5%b"12 + 60*a”~7*b~10 - 80*a~9%b~8 + 60*a”~11xb~
6 - 24%a~13%b"4 + 4*%a~15%b"2))/(a"20 + a“8*b~12 - 6*%a~10*b~10 + 15*%a~12xb"8
- 20%a~14%b"6 + 15%a~16*b"4 - 6*a”~18+%b~2) - (((8*(4*a~20%b + 2*xa~8%b~13 -
14*xa~10*b~11 + 30*a~12%b~9 - 30*%a”~14*b~7 + 20*a~16*%b~5 - 12*%a~18*b~3))/(a"2
0 + a™8*%b™12 - 6*a~10%b~10 + 15%a~12%b"8 - 20*a~14*xb"6 + 15*xa~16*xb"4 - 6*a”
18%b~2) - (((8*(4*a~11%b"14 - 24*a”13*b~12 + 60*a~15%b~10 - 80*a~17*b"8 + 6
0*a~19%b~6 - 24*xa~21%b~4 + 4*xa~23*b"2))/(a"20 + a~8*%b~12 - 6*a~10%b~10 + 15
*a~12%b"8 - 20*%a”~14*b"6 + 15%a~16%b~4 - 6*a”~18*b~"2) + (8*tan(c/2 + (d*x)/2)
*(12*%a~25%b - 8*%a~11*b~15 + 60*a~13*%b~13 - 192*%a”~15*%b~11 + 340*a~17*%b"9 - 3
60*%a~19*%b~7 + 228*a~21*xb~5 - 80*%a~23*b"3))/(a"21 + a~9*b~12 - 6*a~11%b~10 +
15%a~13*%b~8 - 20*%a"~15%b”6 + 15%xa~17*b~4 - 6*a~19%b"2))*1i)/a"4 + (8xtan(c/
2 + (d*x)/2)*(8*a~8*%b~14 - 52%a”~10%b~12 + 140*a~12*%b~10 - 220*a~14*xb"8 + 22
0*a~16%b~6 - 128*a~18*b~4 + 32*xa~20*xb~2))/(a"21 + a~9*%b~12 - 6*xa~11*xb~10 +
15%a~13*b~8 - 20*a~15%b~6 + 156%a”~17*b~4 - 6*xa~19*%b~2))*1i)/a"~4 + (8*tan(c/2
+ (d*x)/2)*(8*a~17*b - 8*a~3*b~15 + 60*a~5xb~13 - 189*a~7*b~11 + 344*a”~9*b
9 - 396*%a"11%b"7 + 272*xa~13*b~5 - 116*%a~15%b"3))/(a"21 + a~9*b~12 - 6*a~11
*b~10 + 15%a”13*b"8 - 20*a~15*%b~6 + 15%a~17+%b"4 - 6*a”~19%xb~2))*1i)/a~4 + ((
(((((8*x(4*a~11x%b~14 - 24*a”~13%b~"12 + 60*a~15%b~10 - 80*a~17*b~8 + 60*a~19%*b
6 - 24*a”21*b"4 + 4xa~23%b~2))/(a”"20 + a~8*b~12 - 6*a~10*%b"10 + 15*xa”12xb”
8 - 20*a”14%b"6 + 15*%a”16%b"4 - 6*a~18*b~"2) + (8+tan(c/2 + (d*x)/2)*(12*a"2
5%b - 8*%a"11x%b"15 + 60*%a”~13*%b"13 - 192*%a”15%b"11 + 340*%a~17*b"9 - 360*a~19x%
b~7 + 228*a~21%b"5 - 80*%a~23*xb~3))/(a"21 + a~9%b"12 - 6*a~11*xb~10 + 15*xa~13
*b~8 - 20*%a”15%b"6 + 15*%a~17x*b~4 - 6*a~19%b"2))*1i)/a"4 + (8x(4*xa~20%b + 2%
a~8xb"13 - 14*xa~10xb~11 + 30*%a~12xb"9 - 30*a~14*xb~7 + 20*%a~16*b"5 - 12*xa~18
*b~3))/(a"20 + a"8*b~12 - 6*%a~10%b~10 + 15%a~12*b"8 - 20*a~14*b~6 + 15*%a~16
*b~4 - 6*%a”18*b”"2) + (8xtan(c/2 + (d*x)/2)*(8*a~8xb~14 - 52*a~10*b~12 + 140
*a~12%b~10 - 220*%a”~14*xb~8 + 220*a~16%b"6 - 128*a”~18*xb~4 + 32*xa~20%b"2))/(a”
21 + a79%b"12 - 6*%a"11%b"10 + 15*%a"13*xb"8 - 20*%a~15%b~"6 + 15*%a~17*b"4 - 6%*a
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~19%b~2))*1i)/a"4 + (8x(4*a~3xb~14 - 24xa~5*%b~12 + 60*a~7*b~10 - 80*a~9*b~8
+ 60*%a~11*%b"6 - 24*a~13*b~4 + 4*a~15%b~2))/(a"20 + a~8%b~12 - 6*a~10%b~10
+ 15%a”12xb"8 - 20*a”~14*b"6 + 15%a”16%b"4 - 6*a...
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1
3.92 3+5 csc(c+dx) dz

Optimal. Leaf size=31
5ArcTan ( cos(etdz) )

_£ _ 3+sin(c+dz)
12 6d
[Out] -1/12%x-5/6*arctan(cos(d*x+c)/(3+sin(d*x+c)))/d

Rubi [A]
time = 0.02, antiderivative size = 31, normalized size of antiderivative = 1.00, number of

number of rules _ 167
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3868, 2736}

cos(c+dx)
5ArCTan ( m )

6d 12

Antiderivative was successfully verified.

[In] Int[(3 + 5*Csclc + d*x])~(-1),x]

[Out] -1/12xx - (5*ArcTan[Cos[c + d*x]/(3 + Sin[c + d*x])])/(6*d)
Rule 2736

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)])~(-1), x_Symbol] :> With[{q = Rt[
a~2 - b™2, 21}, Simp[x/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ bxSin[c + d*x]1))]1, x]1 /; FreeQl{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &&
PosQ[al

Rule 3868

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a~2 - b~2, 0]

Rubi steps

/ 1 d z 1 / 1 d
T=_——= x
3 + 5csc(c + dx) 3 3/ 1+ 2sin(c+dz)
-1 cos(c+dzx)
T Stan <3+sin(c+da:))

12 6d
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Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 66 vs. 2(31) =

62.
time = 0.05, size = 66, normalized size = 2.13

. 2(005(%(c+d9:)) +sin(%(c+dm))) )
2(0 + dx) 5ArcTan( cos(3 (c+dz)) —sin (% (c+dz))

6d

Antiderivative was successfully verified.

[In] Integrate[(3 + 5*Csc[c + d*x])~(-1),x]
[Out] (2*%(c + d*x) - 5xArcTan[(2*(Cos[(c + d*x)/2] + Sin[(c + d*x)/21))/(Cosl(c +
d*x)/2] - Sin[(c + d*x)/2])1)/(6%d)

Maple [A]
time = 0.07, size = 34, normalized size = 1.10

method result size
5tan ( de + %) 3
5arctan< 4 +Z 4 2 arctan (tan(de+%))
derivativedivides 5 ! 3 34
5tan dz + £
5arctan<4 (T 7)+%) 2arctan(tan(d7w+%))
- +
default & i 3 34
. z  Biln(e¥d+9)43i)  5iln(eildmt)41)
risch 3 12d + 12d 43

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3+5*csc(d*x+c)) ,x,method=_RETURNVERBOSE)
[Out] 1/d*(-5/6*arctan(5/4*tan(1/2*d*x+1/2xc)+3/4)+2/3*arctan(tan(1/2*d*x+1/2%*c))
)
Maxima [A]
time = 0.48, size = 49, normalized size = 1.58
5 sin(dz+c) 3 sin(dz+c)
5 arctan (4(cos(dx+c)+1) + Z) — 4 arctan (cos(dz-i—c)—i—l)

6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5%csc(d*x+c)),x, algorithm="maxima")

[Out] -1/6%*(5*%arctan(5/4*sin(d*x + c)/(cos(d*x + c) + 1) + 3/4) - 4xarctan(sin(dx*
x + c)/(cos(d*x + c) + 1)))/d
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Fricas [A]
time = 3.44, size = 33, normalized size = 1.06

4dx — 5 arctan <%>

12d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*csc(d*x+c)),x, algorithm="fricas")
[Out] 1/12%(4*d*x - 5*arctan(1/4*(5*sin(d*x + c) + 3)/cos(d*x + c)))/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ seserarss’
x
5csc(c+dzr) + 3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*csc(d*x+c)),x)

[Out] Integral(1l/(5%csc(c + d*x) + 3), x)
Giac [A]

time = 0.43, size = 49, normalized size = 1.58

3 cos(dz+c)+sin(dz+c)+3
_ dz + ¢ + 10 arctan (_ cos(dz+c)—3 sin(dm+c)—9)

12d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5%csc(d*x+c)),x, algorithm="giac")
[Out] -1/12%(d*x + ¢ + 10*arctan(-(3*cos(d*x + c) + sin(d*x + c) + 3)/(cos(d*x +
c) - 3*sin(d*x + ¢) - 9)))/d

Mupad [B]
time = 0.25, size = 39, normalized size = 1.26

7tan(§+42) 15
24tan(§+d2‘”)+20>

6d

5 atan (

w8y

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5/sin(c + d#*x) + 3),x%)
[Out] x/3 - (5*atan((7*tan(c/2 + (d*x)/2) - 15)/(24*tan(c/2 + (d*x)/2) + 20)))/(6

*d)
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1
3.93 5+3 csc(c+dx) dz

Optimal. Leaf size=68

z  3log (3cos (3(c+dz)) +sin (3(c +dz))) _ 3log (cos (3(c+ dz)) + 3sin (1(c + dz)))

5 20d 20d

[Out] 1/5*%x+3/20*%1n(3*cos(1/2*d*x+1/2*c)+sin(1/2*d*x+1/2*c))/d-3/20%1n(cos(1/2*dx*
x+1/2%c)+3*sin (1/2%d*x+1/2%c))/d

Rubi [A]
time = 0.03, antiderivative size = 68, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.333,

steps used = 5, number of rules used = 4, integrand size = 12
Rules used = {3868, 2739, 630, 31}

3log (sin (3(c +dz)) +3cos (3(c+dz)))  3log (3sin (3(c+dx)) + cos (3(c +dz))) g
20d 20d

Antiderivative was successfully verified.
[In] Int[(5 + 3*Csclc + d*x])~(-1),x]

[Out] x/5 + (3*Log[3*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]1])/(20%xd) - (3*Log[Cos[(c
+ d*x)/2] + 3%Sin[(c + d*x)/2]]1)/(20%d)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI

Rule 630

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Dist[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Dist[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]1] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xa*xc, 0] && PosQ[b~2 - 4xa*c] && PerfectSquareQ[b~2 - 4*axc]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2*b*exx + a*
e"2%x"2), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3868

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]1), x], x] /; FreeQ[{a, b, c, d}, x



1 && NeQ[a~2 - b~2, 0]

Rubi steps
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/ ! =T 1/ ! dz
5+ 3csc(c+ dx) 5 5/ 1+ Ssin(c+dz)
o 2Subst (f H%ﬁ dz,z,tan (3(c + da:)))
I 5d
oz 3Subst (f %ﬁ dz,z,tan (3(c+ dm))) N 3Subst( [ 51 dz, z, tan (5(c + dx)
5 20d 20d
T 310g (3+tan (3(c+dz))) 3log(1+ 3tan (3(c+dz)))
—5 20d 20d

Mathematica [A]
time = 0.06, size = 67, normalized size = 0.99

4(c + dz) + 3log (3 cos (3(c + dz)) +sin (3(c+ dz))) — 3log (cos (3(c + dz)) + 3sin (1 (c+ dz)))
20d

Antiderivative was successfully verified.

[In] Integrate[(5 + 3*Csclc + d*x])~(-1),x]

[Out] (4x(c + d*x) + 3%Log[3*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]] - 3x*Log[Cos[(c
+ d*x)/2] + 3*Sin[(c + d*x)/2]1]1)/(20%d)

Maple [A]
time = 0.07, size = 48, normalized size = 0.71
method result size
3ln(tan(d7z+%>+3> 31n(3tan<d§+%)+l)
norman 5 50d — T 41
. 3ln(—é+&+ei(d’”+c)) 3ln(ei(d’”+c)+é+&)
risch g 50d 0d 43
2arctan(tan(%§+ )) 31n(3tan( ) )+31n(tan(%§+%)+3)
derivativedivides 5 20 48
2arctan(tan(%@+ )) 31n(3tan( ) )+31n(tan(%ﬁ+$)+3)
default 20 20 48

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5+3*csc(d*x+c)),x,method=_RETURNVERBOSE)
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[Out] 1/d*(2/5%arctan(tan(1/2*d*x+1/2*c))-3/20%1n(3*tan(1/2*%d*x+1/2%c)+1)+3/20*1n

(tan(1/2*d*x+1/2%c)+3))
Maxima [A]
time = 0.48, size = 71, normalized size = 1.04

sin(dz+c) 3 sin(dz+c) sin(dz+c)
8 arctan (cos(dac—i—c)—i—l) -3 10g (cos(dx—i—c)—}-l + 1) +3 lOg (cos(dac+c)+1 + 3)
20d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*csc(d*x+c)),x, algorithm="maxima")

[Out] 1/20*(8*arctan(sin(d*x + c)/(cos(d*x + c) + 1)) - 3*log(3*sin(d*x + c)/(cos
(d*x + c) + 1) + 1) + 3%log(sin(d*x + c)/(cos(d*x + c) + 1) + 3))/d

Fricas [A]
time = 3.88, size = 52, normalized size = 0.76

8dz + 3 log (4 cos (dzx + ¢) + 3 sin (dz + ¢) + 5) — 3 log (—4 cos (dz + ¢) + 3 sin (dz + ¢) + 5)
40d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*csc(d*x+c)),x, algorithm="fricas")
[Out] 1/40%(8*d*x + 3*log(4*cos(d*x + c) + 3xsin(d*x + c) + 5) - 3xlog(-4*cos(d*x
+ ¢c) + 3*sin(d*x + ¢) + 5))/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ sesterames
x
3esc(c+dz) +5
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*csc(d*x+c)),x)
[Out] Integral(1/(3*csc(c + d*x) + 5), x)

Giac [A]
time = 0.43, size = 45, normalized size = 0.66
ddz+4c—3log (|3 tan(idz+ic) +1|) +3log (|tan (3 dz + L c) +3|)
20d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*csc(d*x+c)),x, algorithm="giac")



271

[Out] 1/20%(4xd*x + 4*c - 3*log(abs(3*tan(1/2xd*x + 1/2xc) + 1)) + 3*log(abs(tan(

1/2%d*x + 1/2%c) + 3)))/d

Mupad [B]
time = 0.29, size = 27, normalized size = 0.40

1
200tan(§+i§)
—Trz/

3atanh
2 < +%

41
)"

SRS
|

10d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3/sin(c + d*x) + 5),x)

[Out] x/5 - (3*atanh(1/(2*x((200*tan(c/2 + (d*x)/2))/27 + 20/9)) + 41/40))/(10%d)
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3.54 [esc®(e+ fz)(a+besc(e + fx))" dx
Optimal. Leaf size=274

cot(e + fo)(a+ besele + fa))*™ | V2 ala+b)F (53, —1—mi §; 11— csc(e + fa)), W=t ) ot
bf(2+m) b2f(2+m)+/1+ csc(e +

[Out] -cot(f*x+e)*(atb*csc(f*x+e))” (1+m)/b/f/(2+m)+ax*(a+b)*AppellF1(1/2,-1-m,1/2,
3/2,bx(1-csc(fxx+e))/(a+b) ,1/2-1/2*%csc(f*x+e) ) *cot (f*x+e) * (a+b*csc(f*xx+e))”
m*2~(1/2) /b~2/f/(2+m) / (((a+b*csc(f*x+e)) /(a+b)) "m) /(1+csc(f*x+e))~(1/2)-(a~
2+b~2% (1+m) ) *AppellF1(1/2,-m,1/2,3/2,b*(1-csc(f*x+e))/(a+b) ,1/2-1/2xcsc(f*x

+e) ) xcot (fxx+e) * (a+b*csc(f*x+e)) "m*x2~(1/2) /v~2/f/(2+m) / (((a+b*csc(f*x+e) )/ (

a+b)) "m)/(1+csc(f*x+e))~(1/2)

Rubi [A]
time = 0.24, antiderivative size = 274, normalized size of antiderivative = 1.00, number of

1, number of rules _ 0.238,
integrand size

steps used = 8, number of rules used = 5, integrand size = 2
Rules used = {3925, 4092, 3919, 144, 143}

VZ (@2 + 8(m + 1) cotle + fa)a + besele + o) (“22) Ry (14 i 3401 - esele + f2), W) VT a(a+ b)cot(e + fa)(a+ besele + fa))" (22U) TR (5 —m - 15310 escle o f2)), KIS e pscle o fa))
B+ 2)Vosle + o) +1 N W f(m+2) Vescle + 1) £ 1 - ofm+2

Antiderivative was successfully verified.
[In] Int[Cscle + f*x] 3*%(a + b*Cscl[e + f*x]) m,x]

[Out] -((Cot[e + fxx]*(a + bxCscle + £xx])~(1 + m))/(b*f*(2 + m))) + (Sqrt[2]*ax(
a + b)*AppellF1[1/2, 1/2, -1 - m, 3/2, (1 - Csc[e + f*x])/2, (b*(1 - Cscle

+ fxx]))/(a + b)]*Cot[e + f*x]*x(a + b*Cscle + f*x])"m)/(b~2*f*(2 + m)*Sqrt[

1 + Cscle + fxx]]*((a + b*Csc[e + f*x])/(a + b))"m) - (Sqrt[2]*(a”2 + b~2%(

1 + m))*AppellF1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (bx(1 - Cscle + £
*x]))/(a + b)]*Cot[e + fxx]*(a + bxCscle + fxx])"m)/(b~2*f*(2 + m)*Sqrt[1 +
Cscle + f*x]]*((a + b*Csc[e + f*x])/(a + b)) "m)

Rule 143

Int[((a)) + (b_)*(x_))"(m_)*x((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Simp[((a + b*x)~"(m + 1)/(bx(m + 1)*(b/(b*c - a*d)) n*x(b
/(b*xe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - axd
)), (-f)*((a + bxx)/(b*e - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p]l && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - ¢
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*xa - exb), 0] && GtQ[f
/(f*c - exd), 0] && SimplerQ[e + f*x, a + b*x])

Rule 144
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Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart([p]), Int[(a + b*x) m*(c + d*x) n*x(b*(e
/(bxe - axf)) + bkxfx(x/(b*e - a*f)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,

m, n, p}, x] && !IntegerQ[m] && !'IntegerQ[n] && !'IntegerQ[p] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(b*e - axf), 0]

Rule 3919

Int[cscl(e_.) + (£_.)*(x_)]*(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_))"(m_), x_
Symbol] :> Dist[Cot[e + f*x]/(f*Sqrt[1 + Cscle + f*xx]]*Sqrt[1 - Cscle + f*x
11), Subst[Int[(a + b*x) m/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Cscle + f*x]],
x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a~2 - b2, 0] && !IntegerQ[2+m]

Rule 3925

Int[cscl(e_.) + (f_.)*(x_)]1"3*(cscl(e_.) + (£_.)*x(x_)I*(b_.) + (a_))"(m_),
x_Symbol] :> Simp[(-Cot[e + f*x])*((a + b*Cscle + f*x])“(m + 1)/(b*f*(m + 2
))), x] + Dist[1/(b*(m + 2)), Int[Csc[e + f*x]*(a + b*Cscle + f*x]) “m*(b*(m
+ 1) - axCscl[e + f*x]), x], x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a"2 - b
=2, 0] & 'LtQ[m, -1]

Rule 4092

Int[cscl(e_.) + (£_.)*x(x_)]*(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_))"(m_)*(cs
clCe_.) + (£_.)*(x_)1*(B_.) + (A_)), x_Symbol] :> Dist[(A*b - a*B)/b, Int[C
scle + fxx]*(a + bxCscl[e + f*x])"m, x], x] + Dist[B/b, Int[Cscl[e + f*x]*(a
+ bxCscle + f*x])"(m + 1), x], x] /; FreeQ[{a, b, A, B, e, f, m}, x] && NeQ
[Axb - axB, 0] && NeQ[a"2 - b~2, 0]

Rubi steps
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cot(e + fz)(a+ besc(e + fxz))t™ N [ esc(e+ fz)(b(1+m) —

/csc3(e + fz)(a+besc(e+ fx))"dz = —

bf(2+m)
_ _cot(e + fz)(a+ besc(e + fz))Hm™ B a [csc(e + fz)(a+ besc(e
bf(2+m) b2(2 +m)

_ _cot(e+ fz)(a+besc(e+ fx))™ (acot(e + fz))Subst (f N

bf(2+m) b2f(2+m)+/1 — csc
(a(—a —b) cot(e + fz)(a

_ cot(e+ fr)(a+besc(e+ fx))t™ N
o bf(2+m)

_cot(e+ fz)(a+besc(e + fz)) V2 a(a + b)F1<%; 5»—1-

bf(2+m)

+

Mathematica [F]
time = 4.68, size = 0, normalized size = 0.00

/csc3(e + fz)(a + besc(e + fx)™dx

Verification is not applicable to the result.

[In] Integrate[Csc[e + f*x]~3%(a + b*Cscl[e + f*x]) m,x]
[Out] Integrate[Cscl[e + f*x]~3x(a + b*Cscl[e + f*x])"m, x]

Maple [F]
time = 0.12, size = 0, normalized size = 0.00

/ (csc® (fz+e)) (a+besc(fz+e))” do

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) " 3*x(atbxcsc(f*x+e)) "m,x)
[Out] int(csc(fxx+e) 3% (a+tb*csc(f*x+e)) "m,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(f*x+e) ~3*(atb*csc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((bxcsc(f*x + e) + a) “mxcsc(f*x + e)~3, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e) 3*(atb*xcsc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((b*csc(f*x + e) + a) m*csc(f*x + e)~3, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a+besc(e+ fz))" csc® (e + fr)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**3*(atb*csc(f*x+e))**m,x)

[Out] Integral((a + b*csc(e + f*xx))**mkxcsc(e + f*x)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e) ~3*(atb*csc(f*x+e)) m,x, algorithm="giac")
[Out] integrate((bxcsc(f*x + e) + a) mxcsc(f*x + e)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

( :
a sine+a:)
/ T Sn(e+7a) l

sin (e + f z)°
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b/sin(e + f*x)) m/sin(e + f*x)~3,x)

[Out] int((a + b/sin(e + f*x))"m/sin(e + f*x)~3, x)
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3.55 [esc?(e+ fz)(a+besc(e + fx))" dx

Optimal. Leaf size=220

V2 (a+b)F (%, 2, —1—m;3;1(1 — csc(e + fx)), W) cot(e + fz)(a + besc(e + fx))™ (%

bf/1+ cscle+ fr)

[Out] -(a+b)*AppellF1(1/2,-1-m,1/2,3/2,bx(1-csc(f*x+e))/(a+b),1/2-1/2*csc(f*x+e))
xcot (f*x+e) * (a+bxcsc(f*x+e)) "m*2~(1/2) /b/f/ (((atb*csc(f*x+e))/(a+b))"m)/(1+
csc(fxx+e))~(1/2)+axAppellF1(1/2,-m,1/2,3/2,b*(1-csc(f*x+e))/(a+b) ,1/2-1/2%
csc(f*x+e)) *cot (fxx+e) * (a+bxcsc(f*x+e)) m*2”(1/2) /b/f/ (((atbxcsc(f*x+e))/(a
+b))"m) / (1+csc(fxx+e))~(1/2)

Rubi [A]
time = 0.16, antiderivative size = 220, normalized size of antiderivative = 1.00, number of

number of rules _ (190
’ integrand size ’

steps used = 7, number of rules used = 4, integrand size = 21
Rules used = {3923, 3919, 144, 143}

m -m

V2 acot(e + fz)(a+besc(e + fz))™ (%)7 Fl(%;%,fm;%:%(lfcsc(e+fz-)),”“’"ﬂ;*f’”) VZ (@ +b) cot(e + fz)(a + bese(e + fz))™ (%) F](H,fmf1;%;%(1fcsc(e+fz)),w)
bf Jesc(e + ) + 1 bffesele + fz) + 1

Antiderivative was successfully verified.
[In] Int[Cscle + f*x] 2x(a + b*Cscl[e + f*x]) m,x]

[Out] -((Sqrt[2]*(a + b)*AppellF1[1/2, 1/2, -1 - m, 3/2, (1 - Cscle + £*x])/2, (b
*(1 - Cscle + £xx]))/(a + b)]*Cot[e + fxx]*(a + bxCscl[e + f*x]) m)/(bxf*Sqr

t[1 + Cscle + fxx]]1*((a + b*Csc[e + f*x])/(a + b))"m)) + (Sqrt[2]*axAppellF
1(1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (b*x(1 - Cscle + f*x]))/(a + b)]*

Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(b*f*Sqrt[1 + Cscle + f*xx]]*((a + b*Cs

cle + f*x])/(a + b))"m)

Rule 143

Int[((a_) + (b_D)*(x_))"(m )*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_))
~“(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*(b/(b*c - axd)) n*(b
/(b*xe - a*f))~p))*AppellFli[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - axd
)), (-f)*((a + bxx)/(b*e - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p]l && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - ¢
xf), 0] && SimplerQ[c + d*x, a + bxx]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - e*xd), 0] && SimplerQ[e + f*x, a + b*x])

Rule 144

Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]*
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(bx((e + f*xx)/(b*e - axf))) FracPart[p]), Int[(a + b*x) m*(c + d*x) n*(b*(e
/(b*e - axf)) + bxf*(x/(bxe - axf)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, p}, x] & !'IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
xc — a*xd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 3919

Int[cscl(e_.) + (£_.)*x(x_)]*(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_))"(m_), x_
Symbol] :> Dist[Cot[e + f*x]/(f*Sqrt[1 + Cscle + fxx]]*Sqrt[1 - Cscle + f*x
11), Subst[Int[(a + b*x) m/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Cscle + f*x]],
x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a"2 - b"2, 0] && !IntegerQ[2*m]

Rule 3923

Int[cscl(e_.) + (£_.)*x(x_)]1"2x(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_))"(m ),

x_Symbol] :> Dist[-a/b, Int[Csc[e + f*x]*(a + b*Csc[e + f*x])"m, x], x] + D
ist[1/b, Int[Cscle + f*x]*(a + bxCscle + f*x])~(m + 1), x], x] /; FreeQ[{a,
b, e, £, m}, x] && NeQ[a"2 - b~2, 0]

Rubi steps

e+ fz)(a+bescle+ fz))"™dz  a [cscle+ fz)(a+b

/cscz(e + fz)(a+bescle+ fx))" dx = J esel 7

b

cot(e + fx)Subst (f (@tb)™ ™ gz, z, csc(e + fx)) (ac

Vi—-z V142

bf\/1—csc(e+ fr) \/1+csc(e+ fr)

(a cot(e + fr)(a+besc(e + fz))™ (‘%

))_m) Subst

bf\/1—csce+ fr) \/1+csc

ﬁ(a + b)Fl(%; %, -1 —-—m; %; %(1 —csc(e + fz)),

b(1—csc(e+fx)

a+b

bf

Mathematica [F|
time = 2.94, size = 0, normalized size = 0.00

/ csc’(e + fx)(a + besc(e + fx))™dzx

Verification is not applicable to the result.

[In] Integrate[Csc[e + f*x]~2*(a + b*Csc[e + f*x]) m,x]

1 + csc(e +
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[Out] Integrate[Cscl[e + fxx]~2x(a + b*Cscl[e + f*x])"m, x]

Maple [F]
time = 0.10, size = 0, normalized size = 0.00

/ (esc® (fz+e)) (a+besc(fr+e))” do

Verification of antiderivative is not currently implemented for this CAS.
[In] int(csc(f*x+e) 2% (a+tb*csc(f*x+e)) "m,x)
[Out] int(csc(fxx+e) 2% (a+tb*csc(f*x+e)) "m,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e) ~2*(atb*csc(f*x+e)) m,x, algorithm="maxima")
[Out] integrate((bxcsc(f*x + e) + a) mxcsc(f*x + e)~2, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 2% (atb*csc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((b*csc(f*x + e) + a) m*csc(f*x + e)~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a+besc(e+ fx))"esc? (e + fx)dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**2x(atbxcsc(f*x+e))**m,x)

[Out] Integral((a + bxcsc(e + f*xx))x**mxcsc(e + f*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e) 2% (atb*csc(f*x+e)) m,x, algorithm="giac")
[Out] integrate((bxcsc(f*x + e) + a) mxcsc(f*x + e)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

b m
/ (a + sin(e+f w)) dr

sin (e + f z)°
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b/sin(e + f*x)) m/sin(e + f*x)~2,x)

[Out] int((a + b/sin(e + f*x)) m/sin(e + f*x)~2, x)
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3.56 [ csc(e + fx)(a+ besc(e + fx))™

Optimal. Leaf size=104

fFl (2’ 3 —M; 5 3(1 — csc(e + fz)), %W) cot(e + fz)(a+ besc(e + fx))™ <—“+b°2‘3£z+fm)>_
f/1+csc(e+ fr)

[Out] -AppellF1(1/2,-m,1/2,3/2,b*(1-csc(f*x+e))/(at+b),1/2-1/2*%csc(f*x+e))*cot (f*x
+e) *x (at+bxcsc(fxx+e)) m*2"(1/2) /£f/ (((a+bxcsc(f*x+e))/(a+b)) "m)/(1+csc(f*x+e)
)~ (1/2)

Rubi [A]
time = 0.05, antiderivative size = 104, normalized size of antiderivative = 1.00, number of

number of rules — 0.158,
’ integrand size

steps used = 3, number of rules used = 3, integrand size = 19
Rules used = {3919, 144, 143}

V2 cotfe+ fo)la+ besc(e+ fo))" (5 ) A (3] —mi i (1 - escle + o), M)

fy/esc(e+ fz) +1

Antiderivative was successfully verified.

[In] Int[Cscl[e + f*x]*(a + b*Cscl[e + f*x]) "m,x]

[Out] -((Sqrt[2]*AppellF1[1/2, 1/2, -m, 3/2, (1 - Cscle + f*x])/2, (b*(1 - Cscle
+ fxx]))/(a + b)]*Cot[e + f*x]*(a + b*Cscl[e + f*x])"m)/(fxSqrt[1 + Cscle +
f*x]]1*((a + bxCscle + fxx])/(a + b))"m))

Rule 143

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*x(m + 1)*(b/(b*c - axd)) n*(b
/(bxe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - a*d
)), (-f)*x((a + b*x)/(b*e - a*f))], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p},
x] && !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p]l && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - c
*f), 0] && SimplerQ[c + d*x, a + bxx]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - e*xd), 0] &% SimplerQ[e + fx*x, a + b*x])

Rule 144

Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart([p]), Int[(a + b*x) m*(c + d*x) n*x(b*(e
/(bxe - a*xf)) + bxf*x(x/(bxe - a*xf)))"p, x], x] /; FreeQl{a, b, c, d, e, f,
m, n, p}, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b
xc - axd), 0] & !GtQ[b/(b*e - axf), 0]
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Rule 3919

Int[cscl(e_.) + (£_.)*x(x_)1*(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_))"(m_), x_
Symbol] :> Dist[Cot[e + f*x]/(f*Sqrt[1 + Cscle + fxx]]*Sqrt[1 - Cscle + fx*x
11), Subst[Int[(a + b*x) m/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Cscle + f*x]],
x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a"2 - b~2, 0] && !IntegerQ[2+*m]

Rubi steps

cot(e + fz)Subst (f 7 _(a;bi}q — dx,x,csc(e + fx))

fV/1—cscle+ fr) \/1+cscle+ fx)
<cot(e + fxz)(a+ besc(e + fx))™ (—%W) _m) Subst (f f
fv/1—csc(e+ fx) \/1+cscle+
V2 Fy (%; 3 —m; 55 3(1 — ese(e + fx)), —b(l_cicﬁ,”x))) cot(e + f
f/1+csc(e+ fxr)

/Csc(e + fz)(a+besc(e + fz))"dx =

Mathematica [F]
time = 2.12, size = 0, normalized size = 0.00

/csc(e + fz)(a+ besc(e + fz))™ dx

Verification is not applicable to the result.

[In] Integrate[Cscle + fx*x]*(a + bxCsc[e + f*x]) m,x]
[Out] Integrate[Cscl[e + fxx]*(a + bxCsc[e + f*x])"m, x]

Mabple [F]
time = 0.09, size = 0, normalized size = 0.00

/csc (fz+e)(a+bese(fz+e))™ dr

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e)*(at+b*csc(f*x+e)) m,x)
[Out] int(csc(f*xx+e)*(atb*csc(f*x+e)) "m,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate



Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e)*(atbxcsc(f*x+e)) m,x, algorithm="maxima")
[Out] integrate((b*csc(f*x + e) + a) m*csc(f*x + e), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e)*(a+bxcsc(f*x+e)) m,x, algorithm="fricas")
[Out] integral((b*csc(f*x + e) + a)~m*csc(f*x + e), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(a +besc(e+ fz))™ csc (e + fz)dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e)*(atb*csc(f*x+e))**m,x)
[Out] Integral((a + b*csc(e + f*x))**mxcsc(e + f*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e)*(atb*csc(f*x+e)) m,x, algorithm="giac")
[Out] integrate((bxcsc(f*x + e) + a) mxcsc(f*x + e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

<a+ sineb T )m
/ (+/) dx

sin (e + f x)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b/sin(e + f*x)) "m/sin(e + f*x),x)

[Out] int((a + b/sin(e + f*x)) m/sin(e + f*x), x)

282



283

3.57 [(a+besc(e + fz))"dx

Optimal. Leaf size=15
Int((a + besc(e + fz)™, )

[Out] Unintegrable((at+b*csc(f*x+e)) "m,x)

Rubi [A]

time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

steps used = 0, number of rules used = 0, integrand size = 0, number of rules _ ) oo
integrand size

Rules used = {}

Y

/(a +besc(e + fx))™ dx

Verification is not applicable to the result.
[In] Int[(a + b*Cscl[e + f*x]) "m,x]
[Out] Defer[Int] [(a + b*Cscl[e + f*x]) m, x]

Rubi steps

/(a +besc(e + fz))"dx = /(a +besc(e + fz))™ dx

Mathematica [A]
time = 1.70, size = 0, normalized size = 0.00

/(a +besc(e + fx))™ dx

Verification is not applicable to the result.

[In] Integrate[(a + b*Csc[e + f*x]) m,x]

[Out] Integratel(a + b*Cscl[e + f*x])"m, x]

Maple [A]
time = 0.09, size = 0, normalized size = 0.00

/(a+bcsc (fr+e)" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*csc(f*x+e)) m,x)



[Out] int((a+b*csc(f*x+e)) m,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(f*x+e)) m,x, algorithm="maxima")
[Out] integrate((bxcsc(f*x + e) + a)”m, x)

Fricas [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(f*x+e)) m,x, algorithm="fricas")
[Out] integral((b*csc(f*x + e) + a)“m, x)
Sympy [A]

time = 0.00, size = 0, normalized size = 0.00

/(a-l— besc (e + fx))™ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(f*x+e))**m,x)
[Out] Integral((a + b*csc(e + f*x))**m, x)
Giac [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(f*x+e)) m,x, algorithm="giac")
[Out] integrate((b*csc(f*x + e) + a)”m, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.07

/(“*W)md"”

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b/sin(e + f*x)) m,x)
[Out] int((a + b/sin(e + f*x))"m, x)
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3.58 [(a+besc(e + fz))"sin(e + fx)dx

Optimal. Leaf size=22

Int((a + besc(e + fx))"sin(e + fz), x)

[Out] Unintegrable((a+b*csc(f*x+e)) m*sin(f*x+e),x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/(a +besc(e+ fx))"sin(e + fz) dz

Verification is not applicable to the result.
[In] Int[(a + b*Csc[e + f*x]) m*Sin[e + fx*x],x]
[Out] Defer[Int] [(a + b*Csc[e + f*x]) m*Sin[e + f*x], x]

Rubi steps

/(a + besc(e + fx))™sin(e + fx)dr = /(a + besc(e+ fx))"sin(e + fz) dx

Mathematica [A]
time = 8.44, size = 0, normalized size = 0.00

/(a + besc(e + fx))"sin(e + fr) dx

Verification is not applicable to the result.

[In] Integrate[(a + b*Cscl[e + f*x]) m*Sin[e + f*x],x]
[Out] Integratel[(a + b*Cscl[e + f*x]) m*Sin[e + f*x], x]

Maple [A]
time = 0.11, size = 0, normalized size = 0.00

/(a+bcsc(fx+e))msin(fx+e) dz

Verification of antiderivative is not currently implemented for this CAS.



[In] int((a+b*csc(f*x+e)) m*sin(f*x+e),x)

[Out] int((at+b*csc(f*x+e)) m*sin(f*x+e),x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*csc(f*x+e)) m*sin(f*x+e),x, algorithm="maxima")
[Out] integrate((b*csc(f*x + e) + a) m*sin(f*x + e), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*csc(f*x+e)) m*sin(f*x+e),x, algorithm="fricas")
[Out] integral((b*csc(f*x + e) + a) m*sin(f*x + e), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/(a +besc(e+ fz))"sin (e + fz)dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*csc(f*x+e))**m*sin(f*x+e),x)
[Out] Integral((a + b*csc(e + f*x))**m*sin(e + f*x), x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*csc(f*x+e)) m*sin(f*x+e),x, algorithm="giac")
[Out] integrate((b*csc(f*x + e) + a) m*sin(f*x + e), x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.05

/sin(e—l—fa:) (wm)m(m
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x)*(a + b/sin(e + f*x)) "m,x)

[Out] int(sin(e + f*x)*(a + b/sin(e + f*x))"m, x)
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3.59 [(a+besc(e + fz))™sin?(e + fz) dz

Optimal. Leaf size=24

Int((a + besc(e + fz))™ sin’(e + fz),z)

[Out] Unintegrable((atb*csc(f*x+e)) “m*sin(f*x+e)”2,x)

Rubi [A]
time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ g
integrand size ’

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/(a + besc(e + fx))™sin*(e + fz)dx

Verification is not applicable to the result.

[In] Int[(a + b*Csc[e + f*x]) m*Sinl[e + f*xx]~2,x]

[Out] Defer[Int] [(a + b*Csc[e + f*x]) m*Sin[e + f*x]~2, x]
Rubi steps

/(a + besc(e + fz))™sin’(e + fz) dx = /(a + besc(e + fz))™sin’(e + fz) dx

Mathematica [A]
time = 6.17, size = 0, normalized size = 0.00

/(a + besc(e + fx))™sin’(e + fz)dzx

Verification is not applicable to the result.

[In] Integratel[(a + b*Cscl[e + f*x]) m*Sin[e + f*x]~2,x]
[Out] Integrate[(a + b*Cscle + f*x]) m*Sin[e + fx*x]~2, x]

Maple [A]
time = 0.31, size = 0, normalized size = 0.00

/ (a+besc(fz+e€))™ (sin® (fr+¢)) do

Verification of antiderivative is not currently implemented for this CAS.



[In] int((at+b*csc(f*x+e)) m*xsin(f*x+e)~2,x)

[Out] int((at+b*csc(f*x+e)) m*sin(f*x+e)~2,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+bxcsc(f*x+e)) m*sin(f*x+e)”2,x, algorithm="maxima")
[Out] integrate((b*csc(f*x + e) + a) m*sin(f*x + e)72, x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="fricas")

[Out] integral(-(cos(f*x + e)~2 - 1)*(b*csc(f*x + e) + a)”m, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ (a+besc(e+ fx))"sin® (e + fz)dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*csc(f*x+e))**m*sin(f*x+e)**2,x)
[Out] Integral((a + b*csc(e + f*x))**m*sin(e + f*x)**2, x)

Giac [A]

time = 0.00, size = 0, normalized size = 0.00
could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*csc(f*x+e)) m*sin(f*x+e)~2,x, algorithm="giac")
[Out] integrate((b*csc(f*x + e) + a) m*sin(f*x + e)~2, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

/sin(e+fa:)2 (a—l—m)mdx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x)~2%(a + b/sin(e + f*x)) "m,x)

[Out] int(sin(e + f*x)~2%(a + b/sin(e + f*x))"m, x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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